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1 Introduction

1.1 Beyond QM

Quantum Mechanics cannot be the ultimate theory of subatomic particle interac-
tions for several reasons:

— QM is a non-relativistic theory (the Schrodinger equation is a transcription
of the NR law Ey;, = p*/2m plus the deBroglie relations)

— QM assumes a fixed number of particles

— QM cannot treat particle production processes (which occur in accelerator
experiments)

— QM cannot, in particular, properly treat light (a) which is necessarily relativis-
tic and (b) with photons continuously being produced and annihilated (radiation
of matter, thermodynamics with N(T) ~ U(T)/E ~ T*/T = T3,

— QM started from the observation that light and matter have the same cor-
puscular and wave features. However, the wave function is a probability amplitude
which is conceptually very different from the electromagnetic field amplitude: the
former is part of the description of a state, while the latter is an observable on the
same footing as observables like momentum = operators in Schrodinger QM.

— QM should be a relativistically invariant theory which treats radiation (“light”)
and matter (“particles”) in the same way.

1.2 How to quantize fields?

Ignore relativistic invariance for the moment. A prototype of a nonrelativistic
classical field is sound (the amplitude of displacement of gas molecules) or any
other amplitude
()

that is defined at every point in space. As a dynamical quantity, it will vary with
time:

pr(x) = p(z,t).
We regard this temporarily as a limit of finitely many amplitudes ¢; in a discrete
space, ie, we assume a discrete set of points x; where the amplitude is

pi(t) = (i t),

and have in mind a continuum limit. The variable x is therefore just a label for
infinitely many “field amplitudes” ¢(x), rather than a dynamical variable like the
position of a point particle in QM. The dynamical variables are the field amplitudes
@i or ().

Regarding a classical field as the continuum limit of a system of many am-
plitudes (generalized degrees of freedom) attached to points x, we should treat a
quantum field like the continuum limit of many quantum degrees of freedom.
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Finitely many degrees of freedom are quantized by the canonical commutation
relations for the canonical variables and momenta:

(X, P;] = ihd;;

which can be cast into the equivalent form in terms of creation and annihilation
operators which are suitable linear combinations of X; and P;, A; = pu; X; + i\ P;
where \;ju; = 1/2h:

A “field” is now a continuous system of degrees of freedom, labelled by the
position z. It is quantized according to

[p(x), m(y)] = ihd(z —y)

or respectively in terms of a continuum of creation and annihilation operators

[A(z), A(y)'] = 0(x —y).

Several questions arise:

—what is the dynamics (field equation) of a quantum field, ie, the time evolution
o(x) = () such that ¢ = i[H, p]/h?

— what are the continuum analogs 7(x) of the canonical momenta P;?

— how can one realize the commutation relations by operators on a Hilbert
space?

In addition, one should keep in mind that we are ultimately interested in a
relativistic version of the problem.

1.3 Towards QFT

Our approach to QFT is (1) to look at the Lagrangean treatment of classical field
theory. This tells us in particular what 7(z) is. Then (2) we shall construct a
Hilbert space representation of a continuous system of oscillators. This leads us
to the notion of Fock space: a Hilbert space containing states with any particle
number, which is the obvious arena for dynamical processes with particle creation
and annihilation. It also familiarizes us with the idea that one should no longer
of states as being represented by wave functions, but develop a more abstract
understanding.

In case of free fields (no interaction), the Fock space approach is most approriate
for this purpose, and allows to explicitly construct the quantum fields.

Only after these preliminary steps we shall turn (3) to more realistic problems
concerning relativistic invariance, the electromagnetic field, spinor fields, and their
couplings. All of these present us with some new complications, which have to
be controlled all at the same time (but we shall address them one-by-one). In
particular, the Lagrangean approach will in retrospect not always be satisfactory.
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The historical road to QFT was different. Actually, it consisted of many com-
plementary and highly entangled roads. Some textbooks follow a different line of
argument which takes the Schrodinger equation as the point of departure and tries
to find relativistic versions of it. This is how the Dirac equation was discovered,
along with its theoretical explanation of the spin. These equations bring along in-
terpretational difficulties (unwanted “negative energy solutions”), which were first
pragmatically resolved by the idea of the “Dirac sea”, and later by a conceptional
re-interpretation called “second quantization” (bringing along the notion of an
“anti-particle”): The wave function ¥(x) is no longer a probability amplitude but
an obervable = operator on a Hilbert space of abstract (Fock space) state vectors.
The description of a relativistic particle by a quantum field is therefore forced upon
us by the resolution of these difficulties.

At this point, the two roads eventually merge. Both approaches have their
advantages and disadvantages, and neither can be fully appreciated without the
other.

2 Classical field theory
We want to adapt classical Lagrangean mechanics to a field ¢. We call a function
v x— ()
(subject to a suitable boundary condition) a “(field) configuration”, and a family
t = pr

of configurations a “trajectory” (in the infinite-dimensional configuration space).

Lagrangean density

The Lagrangean will be a functional of the configuration and its time derivative
(“generalized velocity”)

L[SOt: Spt] .

A discrete system of amplitudes ¢(x;) will in general possess neighbour interactions
involving ¢(x;) — ¢(x;11). In the continuum limit, this becomes the spatial deriva-
tive 0, (which is part of the configuration!). At the same time, the Lagrange
function which is a sum over the degrees of freedom at the points z;, will turn into
an integral over the points x. One shall therefore expect a Lagrangean of the form

Ligl = [ dz Lipla), Do), o(2))

In a nonrelativistic system, it could actually look much more complicated, eg the
integrand could also involve higher than first z-derivatives. Because the kinetic
energy is always given by first-order derivatives wrt time, in a relativistic system we
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also expect only first-order derivatives wrt space. Moreover, L could be a multiple
integral whose integrand depends on the field value and its derivatives at different
points. In this case, one would have nonlocal interactions. Such interactions would
violate the causality principle of a relativistic theory. Therefore, we restrict the
subsequent discussion to local first-order Lagrangean densities as displayed.

As a class of instructive examples, we choose

2

£ =50(@) = S(V) = V()

1
2
where V() is an amplitude-dependent “potential energy density”.

Equation of motion

As in Lagrangean mechanics with a finite number of degrees of freedom, the
dynamics of the field, ie the actual trajectory of field configurations is determined
by Hamilton’s principle that the action functional

S— /t2 dt L

t1

is extremal among all trajectories ¢, with fixed initial and final configurations
o, (x) and @, (z). This condition is evaluated by comparing the actual solution
with all infinitesimally neighbouring trajectories

i (x) = pi(x) +e - ne(x)
such that n;, = 1, = 0 but otherwise arbitrary, and requiring
!
0:S[¢]|e=0 = 0.

This leads after partial integrations wrt ¢ and x to

farae ((38) -2(58) - 50 (o) e =

and hence, because n,(x) is arbitrary, to the Euler-Lagrange equation

0 (3) 2 (@) = (o6m) = 3

This is the dynamical equation of motion. In our examples, it gives

Bo(r) — & V(Veu(x)) = =V'(1(2)).

For V' =0, it is just the wave equation with wave velocity c¢. The potential in £
disturbs the wave dynamics by the “force” term —V’' = —9V /0.
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We notice that for ¢ the velocity of light, both the Lagrangean density
2

c
L=750,p0" =V(p)
and the field equation
a,ua‘u%p(t? Q?) ==V (@(u LIT))/CZ

are relativistically invariant equations if ¢ is a scalar field.

Another relativistic example is the Lagrangean for a Lorentz vector field A4, =
(A¥) = (¢/c, A) X
L(A,0A x) = ——F, F" — j,(x)A",
441

Here F,, = 0,A, — 0,A,, hence E; = c Fy; and B; = —%Eijk;ij;, and
——F, F"=—F ——B*=—(—V¢—0,A)°" — —
dpo " 27 2p 2 (YOm0 5,
and (j") = (cp, j), hence
Ju(@) A (z) = p(x)p(x) — j(2) A(w).
This gives, by the same rules, the Maxwell equations

O™ = po 5"

(V x A),

for the electromagnetic field in the presence of a current.

Noether’s Theorem

Continuous symmetries of the Lagrangean give rise to conservation laws. Con-
sider a symmetry p(z) — @(x) + edp(z): If L is invariant, then

0oL = % - (%) So(z) + (g—g) () + (%) Vo (x).

Using the equation of motion, this is

oL oL
(5:52) 7 (aw #¢) =

which is a continuity equation 0;p + Vj = 0, hence the quantity
oL
Q= / dz (— 5cp>
¢

If £ is not invariant, but changes only by a gradient: 6£ = VK, then the total
Lagrangean L is still invariant (assuming that the fields decay sufficiently fast at
spatial infinity), but the continuity equation changes:

oL oL
9% s 5o—K ) =0.
at(w S”)*V(aww ? ’C) 0

is conserved.
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Momentum and energy

Classical field theory defines the (physical) momentum as the conserved quan-
tity related to the translation invariance of the Lagrangean due to Noether’s The-
orem. That point particles have a momentum, is clear. That fields also carry
momentum is necessary because fields exert a force on particles and change their
momentum at the cost of the field momentum. This universality feature of mo-
mentum to be exchangable between different constituents of matter requires its
definition along the same lines as for particles, as follows. Under a translation by
a distance a, the fields p(x) change into ¢, (t,x) = ¢(t,z — a), hence dp = —Vp,
and 0L = —V L, thus we may apply Noether’s Theorem with K = —L, giving the

momentum of the field ar
Pz—/dx(—,)Vgp.
0P

It is conserved if and only if the field Lagrangean is translation invariant. If the
theory contains several fields, one has to sum over all fields, ie, the field momentum
can be exchanged among the fields but the sum is conserved. If a point particle
with position X is coupled to the field, eg by an interaction energy Vi, ~ (X, t) =
[dzé(z — X (t))p(x,t) = [ dxp(x,t)p(z,t) as for a charged particle in an electric
potential, then L is invariant under the combined transformation X — X + a,
o(x) = ¢(xz — a). Physically this means that field momentum can be converted
into particle momentum: the field exerts a force on the particle.

Similarly, one can define the energy as the conserved quantity associated with
time translation invariance. As in classical point mechanics, one regards the am-
plitude as generalized coordinates and defines the generalized momenta (not to be
confused with the physical momentum!)

oL

and the field energy

H= /d:vw(x)gb(x) — L= /dxH(@, 0, V).
For the scalar field this gives simply
™= .
(The field energy can as well be obtained by Noether’s Theorem for time trans-

lation invariance, which however requires another modification of the theorem for
transformations that involve the time.)



Quantum Field Theory, Uni Gottingen 2013, KH Rehren 9

Canonical variables, Hamiltonian density

In the Hamiltonian approach, one regards the generalized momentum 7 (z) to-
gether with the amplitude ¢(x) as canonical variables. Eliminating ¢ in favour of
7 (Legendre transform), the energy H|p, ¢| becomes the Hamiltonian

Hip.x) = [ daH(p.Vo,m),
and the equation of motion is equivalent to the Hamiltonian equations
oF ={F H}

where F' is either ¢ or 7 or any function(al) thereof, provided one imposes the
canonical Poisson bracket

{()O(y),ﬂ'(l’)} = 6('37 - y)7 {7T77T} = {()07 90} =0
and uses the algebraic properties of the bracket as a bilinear antisymmetric deriva-
tion.

The idea of Canonical Quantization

This observation is the clue to “canonical quantization”: replace Poisson brack-
ets by commutators of non-commuting operators:

{A,B} — %[A,B].

Thus, starting from the classical Lagrangean, one defines the canonical momenta
and the Hamiltonian. One then imposes the canonical commutation relations

lo(y), m(x)] = ihdé(z —y),  [m7]=]p,¢] =0,
and postulates the dynamics of the quantum field to be
iho, X = [X, H|.

The problem is to realize the CCR by Hilbert space operators, and to solve the
dynamical equations. We shall turn to this in the next section.

By this approach, we have placed ourselves naturally into the “Heisenberg pic-
ture” where quantum operators are regarded as the dynamical objects, and not
the state vectors as in the Schrodinger picture. This seems most reasonable be-
cause already the classical fields depend on (space and) time.

In the case of electromagnetism, another problem appears. One finds
oL oL

= —— = —&o Ly, WOZ—._O
0A" 0A0

The latter equation is clearly inconsistent with the CCR between 7y and A°. Be-

cause this problem requires a very special treatment, and because similar problems

arise with fields with spin, we shall postpone the treatment of spinor and vector

fields to a later section (Sect. 4.6, 4.7) when the general techniques and features of
QFT have been clarified.

Uy
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3 Free scalar quantum fields

3.1 Canonical commutation relations and Fock space

We want to realize the canonical commutation relations (CCR)

i[m0(Z), po(9)] = hé(T — 7)), [0, ™o] = [0, 0] =0

(at any given time t = 0) by hermitean operators on a Hilbert space. Because
of the J-function, the objects ¢(x) at a point (where ¢ = ¢ or = m) cannot be
operators themselves. But the fields ¢ are “operator-valued distributions’, meaning
that [ dxf(z)p(z) are operators for arbitrary (Schwartz) test functions f. (Such
integrations are called “smearing”. If f > 0, one may regard it as an “averaging”.)

We first pass to the Fourier transforms
e0(®) = (2m) 72 / dk o) €

mo(Z) = (2m) / &k 7o (k) €5
so that the desired CCR take the form
iﬁo@)»@o(ly)] = hd(l;:'—i— E/)7 [0, o] = [@0, Po] = 0.

Hermiticity of the fields implies $(k)* = ¢(—k), and the same for #. Next, we form
combinations

and their conjugates

where p and A are real even functions such that u(k)A(k) = 1/2k, to be specified
later.

The desired CCR now take the form
[A(E), A*(K)] = 6(k — k'), [A, A] = [A*, A*] = 0.

These are the relations of the ladder operators for a continuous infinite system of
oscillators.

In order to deal with the singular nature, we consider integrals with complex
test functions

A = [ @@
and their conjugates

Af) = / Pk fR)AR).
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Now the CCR become

A(S), A*(g)] = / PEFRgk) = (f.9), (A A] = [A%, A" = 0.

These relations extend to functions f,g € H; = L*(R? d*k) for which the scalar
product is well-defined. In this form, they can be realized by operators on a Hilbert
space H = F(H;) (the Fock space), by the following standard construction for
any Hilbert space H,.
We postulate the presence of a unit vector 2 € ‘H which is annihilated by all
A(f):
A(f)2=0.

From this we can compute the scalar products between vectors A*(f)§2:

(A*(1)2, A%(9)Q) = (Q, A(f)A™(9)Q) = (2, [A(9), A™(9)]2) = ([, 9)-(2, Q) = (£, 9),

ie the vectors A*(f)2 in the physical Hilbert space have the same scalar products
as the functions f € H;. This gives rise to a natural unitary identification of these
spaces:

A (f)QeH < [ € H,
ie we may regard H; as a subspace of H.

We turn to higher excited vectors of the form A*(f)--- A*(fnx)S2. Inductively,
one finds that two such vectors A*(fi)---A*(fn)Q and A*(g1)--- A*(gum)2 are
always orthogonal when N # M. Moreover, because A*(f)A*(g) = A*(g9)A*(f),
they do not depend on the order of the entries fi,..., fy. Finally, one verifies the
scalar products

(A*(f1) - AT (fn)Q, A% (g1) - A(gn) ) = Z (f1:9x1) -+ (fN, gan)-

TESN

This is the same as the scalar products between the symmetrized tensor products
of the form VN!S (fi ® --- ® fx), where S is the symmetrization operator (=
1/N! times the sum over all permutations). We therefore have a natural unitary
identification

A (f1) - A (f)QEH < VNIS(Hi® - ® fy) € Hy = SHPY.

The subspaces Hy C H are mutually orthogonal, and we obtain the Fock space
(associated with the Hilbert space H1)

H:f(Hl):CQ@Hl@HQ@”-.

It is easy to see that on this Hilbert space, all operators A(f) and A*(f) are
represented by

A(f)S(fr@--@fn) =VN+1S(fR® L® @ fy)
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ANSH®--® fy) =N Z(f, fS(he-fi @ fn)

where f; means omission of this factor. One may take these relations as definitions
of the operators, and verify that A(f)* = A*(f) and [A(f), A*(9)] = (f, g)1 on the

Fock space.

If fi € Hy (i =1,...n) is an orthonormal basis, one may put AY = A*(f;), such
that [A;, A5] = (fi, f;)0i; and [A;, Aj] = [A}, A5] = 0. Hy is spanned by orthonor-
mal vectors [Ny, Ny, ...) = ([ Ne!) 2A:NM ... A*N2Q where N, is the excitation
number of the kth mode, and N = N; + --- + N,, is the total excitation number.

Eg, if H; = C with basis vector f = 1, then A = A(f) and its adjoint
A* satisfy the relations of a single oscillator, and the spaces Hy are all one-
dimensional, spanned by the vectors |N) = (N1)~2A*N(Q. The Fock space is thus
H = F(C) = @, C|N) = ¢2. On the other hand, in the Schrodinger representa-
tion the vectors |IV) are represented by the Gaussian wave function e~ 121 times
Hermite polynomials, the well-known eigenstates of the harmonic oscillator Hamil-
tonian H = hw(AA* + A*A), where A = \/mw/2hX + iP/v/2mwh. The present
Fock representation is more abstract, by just registering the excitation number N,
but perfectly equivalent because all observables of interest (functions of X and P)
can as well be expressed in terms of A and A*.

For a finite number n of oscillators, H; = C" and Hy = Czn+D) ete.

In our case, H; = L*(R3 d3k) is itself the Hilbert space of a QM particle in
three dimensions. Then HYY = L2(R3N, d%k, ... d°ky), and Hy = SHEY contains
precisely the symmetric N-particle wave functions, ie it is the Hilbert space of
N indistinguishable particles. The Fock space therefore is a Hilbert space which
describes all particle numbers at the same time, in contrast to QM. The ladder
operators are creation and annihilation operators for particles with a given wave
function, and no longer operators changing the excitation of a single (or fixed
number of ) particle(s), as in QM. The excitation number N has become the particle
number, and the ground state is a state with zero particles, called the vacuum.

The present formalism avoids to mention the wave functions altogether by just
keeping track of the ladder operators needed to generate it from the ground
state. This is particularly useful when one turns to continuously many degrees of
freedom, which would naively require to consider wave functions in continuously
many arguments.

Actually, in order to justify the interpretation as multi-particle states, we have
to study energy and momentum of these states, which requires to understand their
dynamics.
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3.2 Free fields

From the Fock space realization of the CCR, we recover the time ¢ = 0 fields ¢
and 7o in terms of oscillators: ¢o(k) = (A(k) + A*(=k))/2u(k), 7o(k) = (A(k) —
A*(—k))/2i\(k), and hence

©o(Z) = (27r)_3/2/% (A(E)eiﬁa?_'_A*(E)e_iE.f)

7o(Z) = (2@—3/2/% (A(E)eiﬁ-f_ A*(E>e—iﬁ-5)'

The dynamics is specified by the Lagrangean, or by the Hamiltonian. We choose
the potential V(¢) to be of the quadratic form

m264

V(o) =
where m is a mass parameter. Then the Hamiltonian will be

=5 [ @alwl@? + STo@) + (met12)p()).

giving rise to the equations of motion
p18) =n(t, @),  #(t,T) = FAp(t, T) — (mPct)p(t, 7),

or

(0F = *A)p = —(m*c" /%)

with the initial values (0, %) = ¢o(Z), 7(0,Z) = mo(Z). This implies that the time
evolution of the Fourier modes is given by the frequency

w(k) = /2k2 4+ m2ct/h2,

and that the coefficient functions A, p must satisfy the relation 1/\ = w/u, which
(together with u\ = 1/2h) fixes their values. Hence

ot F) = (2m)Y2Vh /
\/2w
and
m(t,T) = (2m) 3/2\/_/d3/£\/w )/2 (= iA(R)e  CEERD L gx (F) e ®ED),

Notice that ¢, and m; satisfy the CCR at every fixed time ¢.

-

A(K)e —i(w(k)t—k-7) _|_A*(];>ei(w(k)t)flz-f)

1
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This is the prototype of a quantum field. It is represented in terms of creation
and annihilation operators (labelled by wave numbers k) on a Fock space.
However, the described passage from the “time-zero” fields ¢(x), 7(z) to the dy-
namical field (¢, ) (by solving the equation of motion) works only thanks to the
linear field equation. Thus, interacting fields will not be representable by creation
and annihilation operators! The difficulty of QFT precisely consists in finding ap-
propriate alternative ways to describe and compute interacting quantum fields.

Remark: The (singular) field operator ¢(Z), acting on the vacuum vector, yields
a one-particle state. But the particle is not localized at the point Z! Indeed,
0(Zg)2 = A*(f)Q = f € Hy = L*(R3, d3k) with

f(lg) -~ w(lg)—lﬂ 6_“2'50.

The corresponding z-space wave function (“Newton-Wigner wave function”)
@D(f) ~ /dgk w(%)_l/Q ei(lz.f_,;',fo)

is strongly peaked around 7 ~ ¥y with a width of the order of the Compton wave
length i/mc (= 107!?m).!

3.3 Particle states

It is our intention to interpret the state €2 as the “vacuum”, and states like A*(k)2
as quantum states containing a particle of mass m with momentum p = hk and
energy F = hw(k) = /p?c® + m2c*. For this, we need to define operators on the
Fock space that measure energy and momentum.

First we insert our solution for ¢(¢,z) and 7 (¢, x) into the classical formula for
the Hamiltonian. This gives the quantized Hamiltonian

H= g / dk w(k)(A* (k) A(k) + A(k)A* (k).

From this we try to compute the energy of the state €2 and find the divergent
integral

h 1
Fy = (O, HQ) = §/dkw(k)[A(k),A*(k)] =3 /dk hw(k) - 8(0).
This should not really be a surprise since we have a system of infinitely many
oscillators, each having a zero-point energy. The problem can be circumvented by

subtracting this infinite energy and redefining

n="! / e wo(k) (A" (k) Ak)+-A(R) A* (k) —[A(k), A*(R)]) = h / dhwo(k) A" (k) A(K).

10ne might “absorb” the factor w='/? into the momentum wave function, so as to obtain an

xz-space O-function. But then the scalar product in z-space is given by some non-local kernel
instead of [ |¢|?, which is at variance with the interpretation as a probability density.
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The subtraction amounts to a reordering such that the annihilation operators are
to the right of the creation operators. This prescription is called “normal ordering’
or “Wick product’ and is usually written as :(...):.

The effect of the normal ordering is that {2 is an eigenstate of energy zero:
HQ =0.
Moreover, any state of the form A*(k)S) is also an eigenstate
HA*(k)Q = hw(k) - A*(k)Q,
and

HA (k) - AY(kn)Q = (hw(ky) + -+ + hw(kn)) - A7 (k) - - A" (kv )S2.

Likewise, we want to compute the momentum. We insert all our formulae into

the classical expression
P=— /dx(—) Vi
9 . )

giving the quantized momentum operator

pl g / di k (A" (R)A(K) + A(K) A" (k).

Again, this results in divergent integrals (which formally add up to zero) already
for the expectation value in the state €2, and better has to be normal ordered,
giving
P = h/dkkA*(k)A(k:).
Now we find finite eigenvalues
PQ =0,
PA*(ky)--- A" (kn)Q = (Rky + - -+ + hky) - A" (k) - - - A" (kn)S2

The interpretation imposes itself: €2 is a state without energy and momentum —
therefore called the “vacuum”. A*(ky) .-+ A*(ky)(Q is a state containing N particles,
each with energy E; = hw(k;) and momentum p; = hk; such that

E = \/p?*c? + m2ct.

This is the energy relation for a relativistic particle of rest mass m.

We have found that the state space of a quantum field is spanned by states describ-
ing particles. This is the final meaning of the “particle-wave dualism”, emerging
naturally in quantum field theory. In the same way, the states of the electromag-
netic field will describe photons, and the particles (electrons and positrons) will
arise as states of the Dirac field.
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The application of a field operator adds or removes particles from a state,
while the energy and momentum operators, expressed as normal-ordered quadratic
expressions in the fields, preserve the particle content.

We have defined energy and momentum as integrals over densities:

pr(2) = p(a)’ - L(z): = i%(sb(iv)Q +A(Vp(a))? + (m*c! /1)p(x)?):
and or
pp(r) = — (%)(x)ﬁgo(:c) = —:p(2)Ve(z):.

We can now compute, eg, the expectation value of the energy density in a one-
particle state:

The computation gives an expression proportional to

/ dky dky €= ETD) () 4 PEy - Ky + (M2 R2)) F(RL) f(Ra) v/,

The energy is not sharply distributed. Even if f (the wave function in momentum
space) were the Fourier transform of a d-function in Z-space, the energy density is
not concentrated in a point at any time. But as |t| — oo, (pr(t,z = vt)) behaves
like ~ | f(k,)|?* (by virtue of the stationary phase approximation), ie, if f is sharply
peaked around some momentum k, then the energy density is peaked around the
classical track x = vy - t. (The same holds for all other densities). The spread is
slower than in Schrodinger QM because of the relativistic dispersion relation w(k).

We see that the “position” of a particle is a delicate concept, even more so
than in QM. Namely, field operators (corresponding to measurements) possess
a localization in space and time indicating where and when the measurement is
performed (eg, the energy density at a point x). The “position” of a particle is
reveiled by the expectation values of density fields in the corresponding state,
and describes a “track” only at asymptotic times > hi/mc* &~ 10~?!sec.

3.4 Fluctuations and correlations
By construction, the VEV of a field operator vanishes:
(€, p(z)2) = 0.

How about the fluctuations (ie the width of the statistical distribution of individual
field strength measurements)? We need to compute the VEV of the square:

(0, p(2)20) = h(27) / 233&).
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This integral diverges: a field operator ¢(x) has infinite fluctuations around its
expectation value zero (due to the contribution of infinitely many oscillators). This
singular behaviour corresponds to ¢ being an op-valued distribution rather than a
function. We compute instead the correlation between fields at different points:

d3k ; N_ L
(97 @(ta f)gp(t', f/)Q) _ h(27r)_3/ 2w(k> e Hw(k)(t=t")—k-(T-7")) _. Am(t _ t/, 7 g_j'/)

This is a distribution in the variables (¢,Z) and (¢/,2’). It gives rise to finite
fluctuations of “smeared” field operators ¢(F') = [ dtd*zF(t,x)p(t, Z):

o0 = n [ T, B

This quantity gives the size of the quantum fluctuations of the operator ¢(F). It
is < oo since F has rapid decay < the smearing function F' is smooth.

We shall also need higher-order correlations (N-point functions).They are com-
parably simple for free fields. In principle, one only has to “commute all annihi-
lation operators to the right, and collect the commutators”. Because one has to
perform this step again and again, a more efficient approach is desired.

Weyl’s formula and Wick’s Theorem

We start from a simple form of the Baker-Campbell-Hausdorff formula:
XYe X =Y +[X,)Y] & [X,Y]=[X,Y]e",

whenever [X,Y] commutes with X. From this, we derive Weyl’s formula

1
eXe¥ = XY XY

whenever [X,Y] commutes with X and with Y, as follows:
Consider f1(t) = eXe®¥ and fo(t) = e XY &) We have to show that

f1(t) = fo(t) for all t. Using 9,e'* = Xe!™, both functions satisfy
Of(t) = (X +Y + X, Y] f (D),

where in the case of f;, we have used e'*Y = (Y +¢[X, Y])e!* by the BCH formula.
Since the differential equation is first-order, its solution is uniquely determined by
the initial value at ¢t = 0. Clearly, f1(0) = f2(0) = 1, hence fi(t) = fo(t).  QED

Now we consider one or more operators of the form Z = A~ + A" where A~ and

AT are any linear combinations of annihilation and creation operators, respectively,
eg Z =X and Z = P in QM, or field operators Z = o(x). This implies

(. Z,2,0) = (O (A7 + A7) (A; +AD)Q) = (2, A7 AFQ) = (,[A7, ATQ) = [A], AF].

The Weyl formula gives

+ oA _LllA- AH] At4A- _lq.z2
‘ Z: — AT AT — g bAT AT AT AT _ —1(,2%0) 2 ‘
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We compute

AT ZN. _ Q,Z22Q) 7y ZN

e el ceft et
)

eZ1 ... 4N — H eé[Zij} el 2N

i<j

(by induction in N), and
eZ1ttIN e%(97(21+~-+21v)29) el tIN .

Collecting the numerical prefactors, we get Wick’s Theorem (raw version)

el N = H eZiZiY) ol t I ()

1<j

An immediate consequence is the

Corollary:
N/2
Q2 Zv) = > []2,2,9)
partitions, i, <jg k=1
if N = 2n is even, and = 0 otherwise. Here, a partition of the set {1,...,2n} is a

decomposition into n disjoint subsets {i, ji} with two elements each.

(Several further consequences will be derived later (cf Sect. 5.6).)

Proof: Replace Z; by t;Z; in (%) and take vacuum expectation values:

(97 :et121: L :6tNZN:Q> _ H etitj(Q,ZiZjQ)7
i<j

then expand both sides in power series in ¢; and compare coefficients of the term
t -ty

Conversely, the formula in the corollary implies that the commutator is a mul-

tiple of 1:

For N-point functions of free fields, this yields the factorization into 2-point
functions:

N/2

(2, (1) - pan)) = Z H xlk Ijk)Q)

partitions, iy <jir k=1

if NV is even, and = 0 otherwise (Wick’s Theorem for free fields). In particular,
knowing the 2-point function of a free field, one knows all its correlations.

One also gets
(Q 6 F)Q) 1o.z(F,F)
where p(F) = [dtdx F(t,z)¢(z) and w(F, G) is the smeared 2-point correlation
w(F,G) = [dtde F(t,z) dt'de’ G{t',2") Ap(t — t',2 — 2') (hence w(F, F) is the
vacuum fluctuation as above).
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3.5 Charged fields

Consider a classical field theory with two real free fields ¢; and @5 of the same
mass, ie the Lagrangean is

1 2 m2ct

£ = S(61(@) + ea(2)?) = S(Ver) + (Vo)) —

5 (p1(x)? + @a(2)?).

This Lagrangean density possesses an inner symmetry

ZEANR goga) [ cosa —sina V1
Do (pgo‘) ~ \ sina  cosa ws )
Associated with this symmetry is again a Noether conserved charge? which is
an integral over a charge density:

oL or |
’ Z (0%) Opi+ VZ (av%) dp; = Op(t, z) + Vj(t,x) =0,

i

where dy; is the infinitesimal change under the symmetry. Thus, the charge density
is

p(t,z) = Z Pidpi = Pap1 — P1p2
and the current density is
x4
jlt,x) = —c Z Vb = = (Vapr — Viorpe) = CpaVer.
Consequently, the total charge

Qz/MMMﬁ

is a conserved quantity.
It is more convenient to work with complex fields

¢ = (o1 +102)/V2, ¢ = (1 —ip2)/V2,
so that the symmetry becomes a complex phase:
6= o) =i,

Then o
- ] . .92
p=1id*¢—9¢"d), j=ic"¢"V¢.
2The term “charge” is here just a name for the conserved quantity. Its interpretation as an
electric charge requires that it couples to the electromagnetic field, see below.
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We want to translate these classical statements into QFT. The quantization
proceeds as before with the help of annihilation operators A;(k) and As(k) and
their conjugates. Ag*) commute with Ag*). This yields two commuting quantum
fields 1 and 5. Taking complex combinations, we find

o(t, ) = (2m)~**Vh / \/27

-,

E —i(w(k)t— kx)_‘_B*(E)ei(w(k)t)fE-:E‘)

E —i(w(k)t— kw)_'_C*(E)ez(w(k)t)fEf)

¢ (t,x) = (2m) Y2V /

whemaB(k)::L4ﬂk)—iA2())/vr,CX ) = (A1(k) +iAy(k))/V/2 satisfy the CCR
[B(k), B*(K')] = [C(k), C"(K)] = 6(k — k'),

while all other commutators vanish. To quantize the charge and density operators,
one has again to use normal ordering, in particular

Q= /d?’:)s p(t,x): = /d3k (B(k:)*B(k) — C(k)*C(k))
From this we see, that
Q.Cl=+C, [Q.C]=-C", [QB]=-B, [Q B]=+B",

hence ¢ and ¢* are ladder operators for the charge operator: [Q,¢(z)] = ¢(x),
(Q, ¢o*(x)] = —¢*(x), changing the eigenvalue of Q) by 1 unit: B* creates particles
of charge +1, while C* creates particles of charge —1. The complex field ¢ creates
a positive or annihilates a negative particle, so it always changes the charge by +1.

The commutation relations imply that @ is the “generator of the symmetry”,
namely

eiaQ¢e—iaQ _ (b(a) _ eia ¢
One also has
QN =0 & e?0 =Q
It follows that the vacuum expectation values (€2, pp€2) and (2, p*¢*() must van-
ish (by the standard invariance argument (£, p¢€2) = (e@?Q), ppei@Q)) = =2 .
(Q, p¢€2)), while only the “neutral ones” are non-zero:

(2,07 (2)(y)Q2) = (2, 6(2)0*(1)Q) = An(z —y).
The factorization of higher correlation functions holds as for neutral free fields
(Wick’s Theorem still applies), but only the neutral pairings are non-zero, thus
the sum extends only over “neutral partitions”. In particular, all correlations of
different numbers of fields ¢ and ¢* must vanish (“charge conservation”).

Notice that the invariance argument applies, whenever there is an operator )
such that [Q, ¢(z)] = o(x), [Q, ¢*(x)] = —¢*(z) and Q2 = 0, hence only neutral
correlation functions can be non-zero. This may be the case even when the fields
are not free fields and their VEV do not factorize.



Quantum Field Theory, Uni Gottingen 2013, KH Rehren 21

4 Relativistic QFT

Here and from now on, z* = (ct, Z) is a four-vector.

The Poincaré group are all transformations R* > x — Axz + a which leave
dx,dz" invariant. It is generated by the translations  — x + a and the Lorentz
transformations z# +— (Az)* = A, z”. In terms of the metric n = diag(+ — — —),
the condition is

nunA#uAn)\ = Tlux-
This implies |det A| = 1 and |A%] > 1.

The Lorentz group is generated by the rotations R;(«) of # (with matrix A =

( cosa  sina coshf sinh@) .

Csina cos a> in the j-k plane), the boosts B;(6) (A = (sinh& cosh 6) in the

0-i plane), and the space and time inversions P : Z — —Z and T : 2° — —2°.
(Here, ijk is a cyclic permutation of 123. The boost velocity is v = ctanh6.) The
boosts and rotations have det A = +1, the inversions have det A = —1. Only LT
involving a time inversion have A% < —1. Those LT with A% > 41 form the

orthochronous subgroup.

4.1 Relativistic Invariance

Classical relativistic invariance (for a scalar field) means that along with ¢(x), also

Pra(r) = p(Az +a)

satisfies the respective equation of motion.

Classical relativistic invariance is an automatic consequence of Lorentz invari-
ance of the Lagrangean density and absence of explicit z-dependence, ie Lorentz
and translation invariance of the action

S = 0_1/d4x£(g0,890).

Therefore, it holds for every Lagrangean of the form

2

C
L=70up0" = V(p)

with equation of motion

9,0"p = =V'(p) /.

While we have started from a relativistically invariant classical field theory, it
is not obvious that the resulting quantum field theory preserves this invariance:
the new elements are the vacuum vector and the canonical commutation relations
holding at any fixed time: therefore the step of “quantization” might break the
invariance.
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Covariance

Quantum relativistic invariance is a much stronger property than an invariant
equation of motion. It requires a unitary representation

(a,A) — Ul(a, A)
of the orthochronous Poincaré group, satisfying the composition law
U(CLQ, AQ)U(CH, Al) = U(CLQ + AQCLl, A2A1>,

which leaves the vacuum state invariant and implements the transformation of the
fields
U(a,N)Q=Q and U(a,N)p(z)U(a,A)" = o(Azx + a).

This clearly implies that all vacuum expectation values are invariant.

For free fields, U(a, A) is defined by its action on the Fock space: U(a,A) =
U(a)U(A) with

U(a)A* (ky) - - A" (k) o= o 2on b A% () - A" ()92,
where always k? = w( ) /c, and
U(N)A (ky) - A (k)= T/ (Ak)O/RG A"(Ak1) ) - A7 (M) 7).
The square root fa(itorE are necessary to make U unitary (it must preserve the
inner products ~ §(k—£&')), because the Jacobi determinant is | det(9(Ak)"/Ok?)| =
\/W . This formula suggests to re-define
a(k) =/ (27)32w(k) - A(K)
so that the LT transformation law simplifies to
UN)a*(kp)---a*(kn)Q = a*(Aky) - - a”™(Aky)Q.
Here k* = (w(k)/c, E) lies on the Lorentz invariant mass hyperboloid
={keR": k,k"=m>3/n* k° > 0}.

It follows

Ula)a(k)U(a)* = e *a(k), UN)a(k)U(A)* = a(AEk).

In terms of these relativistic creation and annihilation operators, the field is
= \/h/c/ dk (a(k)e ™" + a*(k)e™ ")
Hp,

where dk is the Lorentz invariant measure on the mass hyperboloid
N 3

L

(2m)32k0°

kO=w (k)
such that

/ dk f(k) = (2m) 3 /R 4 Ak 6 (K, k" — m2c /R2)0(K°) f (k).
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The commutation relations now read
[a(k),a*(K)] = (27)°2k° 6(k — k),
or, putting a*(f) = [, dk f(k)a*(k),

(a(f). alg)"] = (f, 9w, = / ar T () g k).

m

These formulae manifestly express the Lorentz covariance U(a, A)p(z)U(a, A)* =
©(Az + a) of the free field. Moreover, the 2-pt fn can be written as

Ap(z=y) = (2 @(2)p(2)Q) = he™(2m) 7 / d'k O (ke —m?c [B2)0(k) e~ helr==)"

(Performing the k%-integral with the help of the d-function fixes ° = w(k)/c and
reproduces the factor 1/2k° = ¢/2w(k).) In this integral representation, everything
is invariant: the integration measure, the arguments of the /- and exponential
functions, and the sign of the zero component four-vector k* — provided A is or-
thochronous. For a time reflection, one finds A,,(Tx — Ty) = A, (z — y).

In the general case, there will not be an explicit construction of the field. How-
ever, when one can construct the correlation functions, then one can obtain the
unitary representation by

Ula, Mp(z1) - - p(xn)Q = p(Azy + a) - - p(Azy + a)Q

(for all V), which is unitary iff the correlation functions are invariant. Namely, the
inner products between such vectors are the correlation functions! For the time
reflection, the operator U(T") defined by the same formula with A = T', a = 0 turns
out to be anti-unitary iff the correlation functions go into their complex conjugates
under z — Tz (as they do for the free field).

Generators

We now want to study the generators of infinitesimal transformations: If s — g,
is a one-parameter subgroup, then U(g,) = e***/" where X is the generator. Taking
the derivative of the covariance law U(gs)o(x)U(gs)* = ¢(g.x) wrt s at s = 0, we
have

2[X7 90('7:)] = hasgp(gs(x)”s:o'
For the translations this gives

ilPo, p(x)] = hdop (), i[P, o(x)] = hdip().
These generators are the energy and momentum operators:
P* = (H/c, P).

We write their representations as integrals over densities in a covariant way: The
stress-energy tensor is

oL

T, = i———
9(0uep)

O, — o, L.
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Then, T = pg is precisely the energy density, while T%/c = pp: is the mo-
mentum density (see Sect. 3.3). The remaining components can be interpreted as
densities for the flows of energy and momentum: one has the conservation laws

0,T" =0

as a consequence of the equation of motion. The associated conserved quantities
are

P’ =c"t / >z TY ().
Their commutation relations with the field follow from H = f %7?2 + ... and P =

— [ 7V along with the CCR.

For the generators of the rotations about the i-axis and boosts in the i-direction,
we find the infinitesimal transformation laws

i[Li, ()] = h(270), — 2%0;)p(z), i[K;, p(x)] = M(a°0; + 2°0) (),
or
i[M,, p(x)] = h(2,0, — ©,0,)(x).
with L; = M, = —Mj; (angular momentum), and K; = My, = — M.

Also the generators M, of rotations and boosts are integrals over densities.
Namely, there holds also the conservation law

Ou(x T, — 2, T",.) = (.0, T", + 1 T")) — (v < k) =Ty, — T, = 0,
whenever the conserved stress-energy tensor is symmetric. This is obviously the
2
case for our model Lagrangeans 0,00"p — V (), and one can show that one can
always redefine a general relativistic invariant Lagrangean by adding a term that

does not affect the equations of motion, so that the modified SET is symmetric.
The associated conserved quantities are

M, = ¢t /dgx(x#Tol, — xl,Tou).

The required commutators of M, with the field again follow from the CCR.

For the free field, all generators can be expressed in terms of a, a*:
P,=h / dk a* (k) k,a(k), M, = ih / dk a* (k) (kO — kO )alk).
The CR among the generators (the Poincaré Lie algebra) can be directly verified
[P, P)) =0, [Myu, P =0l — 0uP),  [Myu, Mip] = ib(n,e Moy £ ... ),
as well as their action on one-particle states |f) = [ Elgf(k:)a*(k:)ﬁz

Bulf) = puf)s - Myl f) = lmyu £),

where (p,f)(k) = hk,f(k), (m,.f)(k) = ih(k,0, — k,0,) f(k). The action of each
generator X on multi-particle states is the sum over the actions on each one-particle
state:

X|frooooi f) :ijl|f1,~-,ka,~-fN>-
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4.2 Causality

Apart from relativistic transformation laws, Relativity demands that no signal can
travel faster than light, and in particular, no events can influence each other if they
are at spacelike distance. In QT, an observable represents a measurement, which
changes the state ( “collapse of the state”). Absence of causal influence between two
measurements is then equivalent to commutativity of the corresponding operators.

We shall now see, that (free scalar) quantum fields commute at spacelike dis-
tance. This justifies the interpretation of ¢(x) as an observable that can be mea-
sured at the spacetime point z.

The Principle of Locality (or Causality) therefore asserts that all observable
quantum fields should have this property

[01(2), P2(y)] =0 whenever (z —y)? < 0.

To verify this for free fields, whose commutator is in any case a multiple of the
unit operator, it is sufficient to show that the vacuum expectation value of the
commutator vanishes at spacelike distance. This is equivalent to showing that the
2-point function A,,(z —y) = (, p(z)e(y)Q?) is symmetric under z <> y if x — y
is spacelike. For 2° = 4° (equal time), this property is obvious by inspection of
the Fourier representation of the two- point functlon since T <> ¢ can be absorbed
into the change of integration variables k < —k. The argument fails at different
times; but then one can exploit relativistic invariance: if x — y is spacelike, there
is a Lorentz transformation such that (Az)? = (Ay)°, hence

Ap(z—y) = An(Ar — Ay) = Ay (Ay — Az) = Ay, (y — ).

4.3 h=c=1

It is convenient to suppress all factors of A and of ¢; eg putting ¢ = 1 amounts to
measuring “time” in terms of distance covered by a light ray (“light year”), and
putting A = 1 amounts to measuring energy in terms of the corresponding deBroglie
frequency. It is custumary to express all dimensions as “powers of mass”, eg, energy,
momentum, frequency, derivatives all have dimension +1. The true constants can
always be restored by remembering Einstein’s and deBroglie’s formula by which

[mass - ¢?] = [momentum - ¢] = [energy] = [A/time] = [hc/length].

The physical dimension of fields is determined by the requirement that the La-
grangean action S = ¢! [ d*z L[¢] has the dimension of an action, ie S/h is di-
mensionless, and £ is energy per volume.

Lateron, for the electromagnetic interaction, we shall also put g = 1 (hence
fo = 1), thus measuring electric charges in dimensionless units (Coulomb’s law
E = e*/4meor where E and 1/r already have the same dimension by h = ¢ = 1.)
The elementary charge (of the electron) has then the magnitude e? = 4w, where
the fine structure constant « is (in true units) a = €?/4reohc &~ 1/137.)



Quantum Field Theory, Uni Gottingen 2013, KH Rehren 26

4.4 Wigner analysis

Most realistic particles carry some spin. We shall see that the spin is a relativistic
property of the one-particle space. The Wigner analysis provides a classification of
all one-particle spaces with relativistic invariance and positive energy.

Wigner’s Theorem states that every symmetry W — W’ which preserves transi-
tion probabilities:
(T3, T3)[* = (T4, Ty)[*
is realized either by a unitary or by an anti-unitary operator
U =0y,

which is unique up to a phase. A symmetry group G must then be realized by a
unitary ray representation of the group, ie U(g) satisfy the group composition law
up to a phase:

U(g)U (h) = U (gh).
One cannot always fix the phases of U(g) in a continuous way such that all ¢(g, h) =
1. But it is always possible to get a true representation of the covering group G.

The covering group G of a connected group G is the (unique) simply connected
group that has “locally” the same group law as . This means, there is a group
homomorphism 7 : G — G which is bijective on a neighbourhood of the identity.
If G is not itself simply connected (in which case G = G), then 7 is not globally
injective, ie, it takes several elements of G to the same element of G. G can be
defined as the group of homotopy classes of curves within the original group.

A familiar example is SU(2) as the (twofold) covering of SO(3). Every matrix
g € SU(2) can be written as g = €'*7%/2 = cos %oz 15 +isin %a n-o where o; are the
Pauli matrices and 7 is a unit vector. Then m(g) € SO(3) is the rotation by the
angle « around the axis 7. In particular 7(—g) = 7(g) and 7(4+13) = w(—13) =
1;. The representations of the angular momentum algebra [J;, J;] = ig;;Jp with
halfinteger spin j are in fact representations of SU(2): the rotations by the angle «
around the axis 7 are represented by eiom T where Ji have half-integer eigenvalues,
hence the full rotations about an angle 27 (given by 13 € SO(3) but —15 € SU(2))

are represented by —19;;.

The covering group of the connected (=proper) Lorentz group £1 is SL(2,C).
The covering projection can be described as follows. With any four vector v =
(v9, 7)) we bijectively associate the hermitean matrix

04 3 o1 _ 02
0 S o v +vT v —w
Then det(M,) = v,v*. Since the map M — AMA* for A € SL(2,C) preserves
hermiticity and the value of the determinant, we can define 7(A) = A4 by
AM,A* = My

where A4 is a Lorentz transformation, Ag, Ay, = Ag,a,, and A_y = A 4.
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In particular, the subgroup SU(2) (which preserves also the trace, hence v°)
projects to the rotations as above, and the hermitean elements cosh %9 15+sinh %9 -
7 of SL(2,C) project to the boosts by the rapidity 6 in the direction 7.

Since a particle is a particle in every Lorentz frame, the one-particle subspace
should carry a unitary representation of the twofold covering of the Poincaré group.

The Wigner classification of unitary irreducible representations (UIRs) proceeds
by the following steps.

1. Let P, be the generators of the commutative translation subgroup, U(a) =
e’P»@" Since P, commute, they can be simultaneously diagonalized. Their joint
spectrum consists of four-vectors k,, (the momenta of the particles).

2. We have U(A)U(a)U(A)* = U(A4a), implying U(A)P,U(A)* = (A;'P),..
Hence, the operator M? = P, P" commutes with U(a, A) = U(a)U(A). By Schur’s
Lemma, it must be a multiple of 1 in an irreducible representation. Let M? = m?-1,
then all particle momenta satisfy k,k* = m?, hence m? must be nonnegative and
m is the mass of the particles. Then k € H,, (the mass hyperboloid).

3. P,k) = k,|k) implies P,U(A)|k) = (Aak),U(A)|k), hence U(A)|k) has
eigenvalue A k. Hence if any k € H,, occurs in the spectrum, then every k € H,,
occurs. For m = 0, the eigenvalue k = 0 cannot be transformed into k& # 0. Thus,
H,,—o = the future null vectors without 0 and {0} correspond to different UIRs.
We discard k£ = 0 because it describes particles with zero energy and momentum.

Since the spectrum is continuous, the eigenvectors cannot be proper vectors in
the Hilbert space. Normalizable Hilbert space vectors are rather of the form

= [d Y, A

4. An eigenvalue k may be degenerate. Then every other eigenvalue has the
same degeneracy because eigenvectors of different k£ are related by the unitary
operator U(A), as in 3. We may choose bases |k); of the (improper) eigenspaces
‘H;. with eigenvalue k, normalized such that

Kk = (2m)32K06(k — K')d5.

Let ko € H,, be some reference vector, eg ko = (m,0) if m # 0. For every k € H,,
one may choose a LT By € SL(2,C) such that Ag, ko = k, eg the pure boost

By = (My/m)V? = (K° +m) 1+ k- &) //2m(k® +m).
Then we may relate the bases in different eigenspaces by putting
k)i := U(Bi)|ko)i-

5. U(A) maps the eigenspace Hj onto itself iff A4 preserves an eigenvalue:
Ak = k. The LTs A for which A4 fixes the reference eigenvalue kg, are called the
“little group”. If m > 0 and ko = (m,0), hence My, = ml,, the little group is
SU(2) € SL(2,C), the covering group of the rotations. (The case m = 0 will be
treated below.)
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The little group SU(2) preserves the eigenspace Hy,, ie the latter carries a UIR
of SU(2). But the UIRs u of SU(2) are well-known: they are given by the integer-
or halfinteger-spin s representations of the angular momentum algebra.

6. Once we specify the mass and representation u of the little group on Hy,,
the representation U(a, A) = U(a)U(A) of the Poincaré group on the one-particle
space H is fixed: we have U(a)|k); = e**¢|k); and the action of U(A) as follows:
For k € H,, let By be the boost that maps ko to k. Then for any LT A € SL(2,C),
JAk = BXikABk maps ko to ko, hence it belongs to the little group (it is called
the “Wigner rotation”), and U(g)|ko); = |ko);u;i(g). Therefore

U(A)k)i = U(Ba,k)U(gar)U(By) k)i = U(Bauk)U(gar) ko) =
= U(Baak) 22 [ko)juji(gar) = 325 [Aak)jusi(gan)-

7. We conclude that the massive representations on the one-particle space
are completely determined by the mass m > 0 and the spin s. If s = 0, the
representation of the little group is trivial: u(g) = 1, and the induced representation
of the Poincaré group is precisely the one we know from the scalar free field:

Ula, N)|k) = U(Q)U(A)|k) = e8| AK).

If s is integer, it is a true representation (U(Ay) = U(—A) = U(A)), if s is
halfinteger, it is a representation of the covering group (U(—A) = —U(A)).

8. In the massless case k,k* = 0, we cannot choose the reference eigenvalue
ko = (m = 0,6). One may choose any null vector, say kg = (%,0,0,%). The
little group preserving this vector contains the rotations SO(2) C SO(3) in the
1-2 plane (or rather the diagonal subgroup of SU(2) in the covering group) and a
two-parameter abelian subgroup 7" of combined rotations around the 1- and 2-axis
and boosts in the 1- and 2-directions with generators My; — Ms; (i = 1,2). The
unitary representations of this little group fall into two classes: Those where T
is nontrivially represented, are infinite-dimensional, and those where T is trivially
represented are one-dimensional: the rotations by the angle « are represented by
the complex phase ", Because the representation should extend to a true rep-
resentation of the two-fold covering SU(2) of SO(3), the “helicity” h must be an
integer or halfinteger number (positive or negative).

The infinite-dimensional representations seem not to be realized in nature (they
cannot be associated with local free fields; yet there are recent speculations about
a possible role in the dark matter problem). There remain the massless helicity
representations, which are uniquely determined by the value h € %Z. The method
is the same as above, but one has to choose other LTs B,. One may choose

By, = (K* — k3)~1/2 =k 0 which transforms My, = (° ) to M. Then
k k1+lk2 1)’ ko 0 1 k-

U(A)k) = un(gan)|Aak) = "D IA k)

with the “Wigner phase” (A, k) given by the angle of the Wigner rotation (ie the
SO(2) part of gay = Bj ! ABy in the little group).
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4.5 Free scalar field from the Wigner representation

After the classification of possible particle types by the Wigner analysis, we want to
construct local fields that create such particles from the vacuum. The easiest case
is the scalar field, which is just another way of writing our previous construction in
Chap. 3.2. The cases of massless spin-1 particles (photons) and massive or massless
spin—% particles (electrons, neutrinos) will be treated separately.

Let H; be the Hilbert space of the scalar representatlons with mass m of the

. , 3
Poincaré group. Its vectors are of the form |f) = [ dk f(k 2: w5 f (K, k)|k)
with norm (f|f)? = [ (27:133];1@0 |F(K°,K)[2. Let H be the asso<31ated symmetric Fock

space, spanned by vectors |f), fdkl gl\/;nfn(kl,--- k) k) @@ k) € Hy
where f,, are symmetric momentum space wave functions, n € No, with (f,|f.) =

S dk - EZEWJ] fu(ky, -+ k,)[2. The scalar Wigner representation canonically ex-
tends to tensor products, and hence to the Fock space.

Define the creation operators by

a*(f)lfn) = nt ) | (f @ fu)s) € Husa,

where (f @ fu)(k, k1, -+, kn) = f(k)fu(k1,- -+, kn), and (-)s means the sum over

all permutations. Define a(f) to be the adjoint of a*(f), which turns out to be
a(f)|fn) = |fa1) € Hu

with fr1(k1,..., kno1) = fZi\l;f(k:)fn(k, ki, -kp_1). Since both a and a* are lin-

ear in f, one may formally write a*(f) = [ dka*(k), a(f) = [ dk a(k), thus defining

a*(k) and a(k) as operator-valued distributions, satisfying the same commutation

relations as in Sect. 4.1. From the Wigner representation it follows that

Ula)a*(k)U(a)* = e*a*(k) and U(A)a*(k)U(A)* = a*(Ak).
The scalar free field is now constructed as
o(x) = /El% [a*(k)e™ + a(k)e "*].
The transformation laws of the creation and annihilation operators imply that

Ula)p(x)U(a) = [ dk [*a” (k) +e ™ a(k)e™] = p(z +a),
U(N)p(z)U(A)" = / dk [a*(AK)e™ + h.c.] = / dk [a*(k)e™ ™ + h.c.] = p(Az),

where the Lorentz invariance of the measure dk was essential.

We have thus constructed a covariant quantum field out of the Wigner represen-
tation, and the result is exactly the same as in Sect. 4.1. Its correlation functions
are expressed by Wick’s theorem in terms of 2-point functions, and locality follows
as in Sect. 4.1 by inspection of the 2-point function. We anticipate that, trying
the same construction with non-scalar representations, the presence of a Wigner
rotation or Wigner phase would spoil the argument for the Lorentz covariance.
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4.6 Free Maxwell field (some details may be skipped)

The canonical quantization of a classical pair of conjugate Hamiltonian variables
turns out to be problematic in the case of gauge fields. We shall briefly sketch this
approach, which can be found in most textbooks, and then present an alternative
approach which starts from the Wigner analysis: The Hilbert space is the Fock
space over the Wigner one-particle space, and the local fields are suitable combi-
nations of the creation and annihilation operators, which must be found in such a
way as to guarantee covariance and local commutativity.

We have already noted that the Maxwell Lagrangean —}IF w I does not pro-
duce a conjugate momentum to the variable A°. From the classical gauge invariance
A, = A,+0,I of electrodynamics we know that one may impose a gauge condition
to eliminate (part of) this ambiguity. A relativistically invariant condition is the
Lorentz gauge condition 0,A* = 0: The idea is to add a term Lgayge = —%A(@MA“V
and impose the Lorentz gauge later (making this change ineffective). [Modified
EOM

04, = (1= N)9,(04),

propagator ~ nt + %k’:#, Feynman gauge A = 1, Landau gauge A — oo.]

Adding the gauge term now produces a nontrivial conjugate momentum my =
-0, A", so it makes sense to impose the covariant equal time CCR

[AH(Z), 7 ()] = —in™6(Z — 7).
These can be realized by C & A operators a* and a** satisfying CR
[a*(k), @™ (K)] = —2K°6(k — &) - ",

and allows to construct fields with local commutation relations in space and time.

The problem are the opposite signs of 7, giving rise to states a*°(k)$2 of negative
norm square! (Choosing 7 instead of —n clearly doesn’t help.) The Fock space has
indefinite scalar product and is not a Hilbert space, which spoils any probabilistic
interpretation.

One overcomes this problem by imposing the gauge condition. One could try
to look for a subspace of vectors with (9,A*)¥ = 0. Unfortunately such vectors do
not exist. Instead one imposes on “admissible” states the Gupta-Bleuler condition
(0,A*)_WU = 0 where (0,A")_ is only the annihilation part of 0, A*. Then the full
gauge condition is satisfied in the sense that (U, (0, A*)¥) = 0 between any pair of
physical vectors. It turns out that admissible one-particle vectors are of the form
In) = n,a™(k)Q where n,k* = 0, ie there are only three linearly independent ones
for every given k € Hy. If n is parallel to k, then |n) has norm zero, all others
have positive norm square. Indeed, it turns out that the entire admissible subspace
has positive semi-definite scalar product. One then passes to a quotient space by
identifying all null vectors with 0. This gives a true “physical” Hilbert space, whose
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one-particle subspace contains only two “transversal” states for each k. These two
states correspond to the two polarizations of classical electromagnetic waves.

Only those operators on the original space are well-defined on the quotient
space, which take null vectors into null vectors. It turns out that precisely the
gauge invariant operators F), = 0,4, — 0, A, have this property. Moreover, the
correlation functions F),, turn out to be independent of the auxiliary parameter A
in Lgauge- The gauge potentials are ill-defined on the physical Hilbert space.

We shall now present an alternative approach, based on the Wigner construc-
tion, which leads to the same results, but avoids intermediate indefinite spaces.

We start with the Wigner representations m = 0, h = +1. Let ¢ be the sign of
h. The Fock space is given by the symmetrized tensor products of the one-particle
space. The latter is spanned by vectors

n=[&Y_ sk,

with the scalar product

(flg) = / 0 (Fr®) g+ (k) + F-®)g—(k)).

We define C & A operators as in Sect. 4.5 by their action on the Fock space, in
particular

with CR

—

lac(k), a5 (K)] = (k| Yo = (27)32k°5(k — K')d.r.

The specified representation implies

Ula)al(k)U(a)* = e*ea’(k) and U(A)al(k)U(A)* = e=*M0g* (Ak).

&€

The presence of the Wigner phase in the latter prevents us to write the same
formula for two fields . as for the scalar fields, because they would not satisfy the
proper Lorentz transformation law.

In order to “absorb” the undesired Wigner phase, one needs a trick to “inter-
twine” it into the desired transformation matrix (the tensor product A ® A) of the
tensor field F,,,. We choose two four vectors

et =(0,1,44,0)/v2

(amplitudes for circular polarized plane waves with wave vector ko = (3,0,0, 3)).
They are eigenvectors of the Wigner rotations in the little group = rotations in
the 1-2 plane: R(a)e. = €*“e., but the abelian part T of the little group maps
e. to multiples of kg. This behaviour reflects the ambiguity of the transversality
condition e, ky=0. We put

(k) := Byee.
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Here, for simplicity, By stands for the true LT Ap,. Then one has Ae.(k) =
BAk(BXéABk)eE. Here BXklABk is the element of the little group as in the Wigner
analysis, ie it consists of the Wigner rotation R(a(A, k)) in the 1-2 plane and some
part in the abelian part 7" of the little group. The rotation acting on e. produces
the Wigner phase e=**) (helicities ¢ = 41), while the abelian part produces a
multiple of kg, hence we get an inhomogeneous transformation law of the form

Aeo(k) = =R (e(Ak) 4 v AK),
where the precise form of the function v € C doesn’t matter. Then the fields
A(w) = [ b e (pa(b)e ™ + ETRaz(be™)
transform “almost” covariantly as follows. We have
(k) U(N)a-(k)U(A)" = ek(k) ei=20a (AR) = (A~'e(Ak) — 7 k)" az(AR).

The Wigner phase has been absorbed in favour of a factor A~!, and an inhomo-
geneous term proportional to k. We insert this into U(A)A*(xz)U(A)* and change
the integration variable k to A='k. Then

£

U(N)A*(2)U(A)* = / dk (A" eo()) a(k)e ™07 4 ce) 4+ / dk k" (Te ™™ 4+ cc.)

We have found a simultaneous transformation of the argument and of the four
vector A*:

U(A)A*(2)U(A)* = (A=), A (Az) + O'T

along with a gauge transformation where the precise form of I' does not matter.
(The correct translation behaviour U(a)A#(z)U(a)* = A¥(x+a) is obvious.) More-
over, because all momenta lie in H,,—g, one obviously has the equation of motion

OA. = 0.

Because of the I'-term, the correlation functions are not Lorentz invariant. We can
kill this term by passing to the fields

Fi(z) =oAL — 0" AL
which transform homogeneously like Lorentz tensors:
UM F(@)U(A) = (A7) (AT FE (A).

But this is not sufficient for a relativistic QFT: The fields A¥ and F* are neither
hermitean, nor do they satisfy local commutativity, ie they violate the relativistic
principle of causality. We can compute the two-point function:

(Q, At (2) AL (y)Q) = 4w (/Jl\/;e’;(k)eg(_k) k@)

It fails to be local because the polarization vectors spoil the argument which showed
commutativity at spacelike distance for the scalar 2-point function A,,(z — y).
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This failure cannot be cured for the vector potentials. But for the Maxwell

fields one can restore local commutativity by summing over both helicities:
FMV(:E) = F+W($) + F—uu(x)'

Indeed, the identity

D (krel(k) — ket (k) (k=e2 (k) — Krez(k)) = ko llon
(with the obvious anti-symmetries) allows to write the two-point function
(Q, F,ul/(m>Fm\(y)Q) =dn 8[;”71/][/@6)\] D(l’ - y)

where the distribution D(z) = A,,—¢(z) is the massless scalar two-point function
(cf Sect. 5.7), which is local; hence the 2-point function of the electromagnetic field
is also local. One also sees that F* solves all the classical sourcefree Maxwell
equations

O0xF + (cyclic) =0, 0,F*" =0.

Comparing the two approaches, we learn several things. The demands of rela-
tivistic covariance, locality, and Hilbert space positivity are quite nontrivial. For
the vector potential, it is impossible to satisfy them simultaneously. In the canon-
ical approach, positivity fails, while the first two fail in the Wigner approach. For
the gauge invariant fields, the obstruction disappears. We should keep this in mind
when we shall later quantize full electrodynamics with interaction j,A* — a term
that cannot be separately defined.

Second, we have seen that we need both helicities combined in the local elec-
tromagnetic fields F#”. This is an instance of a more general theorem that in a
covariant and local QFT with positive energy, every particle must have an anti-
particle: helicity + and — photons are each other’s anti-particles.

4.7 Free massive Dirac field (some details may be skipped)

We want to construct quantum fields for particles of mass m and spin %, again by
combining the creation and annihilation operators of a Fock space to form covariant
and local fields. The creation operators defined by

a; (k)2 = |k);

(]

satisfy the transformation law

U(A)a; (k)U(A)" = a;(AAk’)U(gA,k)ji, U(A)ai(k)U(A)" = aj(Aak)u(ga);i-

(2

Here, gar = B}, ABy € SU(2) is the Wigner rotation as before, and its spin-3
representation is given by u(g) = g € SU(2) (so that |k); are eigenvectors of Lg
in the particle’s rest frame). Considering (af) as a column two-vector, we write
U(A)a*(k)U(A)* = ggka*(AAk;) = B,CTATBKAkfla*(AAk).

)
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We can get rid of the k-dependent rotation matrix by writing a covariant “cre-
ation part”

+_\/_/dkBT1*k)eikx
where mB; 2 = (My)™! = (k1,5 — k&)= kot (with o = (14,6)), such that
U(A)p(2)U(A)" = ATp(Aaz).

The hermitean conjugate of ¢, satisfies a different transformation with the matrix
AT instead of AT. Hence, ¢(z); + h.c. would not define a covariant quantum
field. But there is a second option to get rid of the Wigner rotation: Because g
is unitary, we have g' =g =B, B TA1B, & Therefore, Bra*(k) transforms into
A-Y(By xa*(A4k)), and Bya(k) transforms into A~*(By ,za(Aak)). Moreover, the

(real) matrix

_ .2 (0 1 iTe _ ¢ i
8-20-(_10 = o0"&=-E0
has the property that ATE = EA™! for all A € SL(2,C). From this, we see that
o(z)_ = \/ﬁ/gl\lgé'Bka(k)eikx
transforms in the same way (with AT) as p(x),. Therefore

\/_/dk' gBkCL ) —zkz+BT 1 *(k)ezkx)
is a two-component (“spinor”) field that transforms covariantly as
U(A)p(a)U(A)" = ATp(Aaz).

The hermitean conjugate field is (using that By are hermitean, hence By, = BY)
_ / dk (B a(k)e ™ + EBLa* (k)e™).

It transforms as .

U(A)e™(x)U(A)" = AT (Aaz).
In order to emphasize the different transformation laws, it is common usage to
denote the components of the spinor field ¢ by ¢,, and those of the conjugate
spinor by ¢, eg U(A)@j(2)U(A)" = " (Aax) g Az,

Let us now compute 2-point functions. We find

(Q, % (x) =m / dk (B;?)sae” ey,

Here, B, % is a positive matrix, as it should by Hilbert space positivity.

Using mB;,? = (My)™! = k,o" (see above), we can also write this as

(9 8 () 0a (1)) = i (0")aad)s / 0 D) = (0700, A — ).



Quantum Field Theory, Uni Gottingen 2013, KH Rehren 35

Similarly, with £ = £~ and EBE~ = (B™2)T
(9, paly)pa (1)) = m/ElE (EBRE ) aae™ ™M) =i (0") a0, Ay — ).

This is also positive definite, as it should. But there is a conflict with local com-
mutativity: for z spacelike, A,,(z) = —A,,(z) is an even function, hence 9,A(z)
is an odd function! Hence for spinor fields at spacelike distance, we find

(€2, ea(y)pa(z)2) = =(Q, pa(r)paly)),
ie they anti-commute rather than commute. This is inevitable for fields of half-
integer spin. Indeed, for spin-s fields, the representation u(g) is the symmetric part
of g®2*  hence one has essentially to replace the elements of SL(2,C) everywhere
in the above by their 2s-fold tensor products. In the last step, also the operator
io*9), has to be replaced by its 2s-fold tensor product, producing a sign (—1)*
which equals +1 for integer spin, and —1 for half-integer spin.

This general feature, known as the Spin-Statistics Theorem, is a necessary
consequence of covariance and Hilbert space positivity. It implies that the cre-
ation and annihilation operators have to satisfy canonical anti-commutation
relations

{a,a} ={a*,a*} =0,  {a(k),a*(K")} = (27)*2k°0(k — K').

Consequently, multi-particle states a*(k;)...a*(kx)Q) are anti-symmetric rather
than symmetric under permutations. The Fock space is

H= FPH"
where Py is the projection on the completely anti-symmetric vectors. This is the
explanation for the antisymmetry of many-electron states, and hence the Pauli
principle, which had to be imposed adhoc in QM. On the other hand, Fermi fields
clearly violate the Principle of Causality (Sect. 4.2). This implies that Fermi fields

cannot themselves be observables, but only even products of them (such as currents
or the stress-energy tensor, see below).

Both ¢ and ¢* solve the Klein-Gordon equation
(O +m?)p™ =0,

They are also not independent of each other: The operator —ic*d, produces a
factor =mB? on e**2. Hence (using £2 = —1 and B; *E = £B]?)

—im ™ (0"0,)Ep(x) = \/E/EZE (=B, *E°Bra(k)e ™+ B, 2EBL 'a*(k)e™) = ¢*(z).

This relation is called the Majorana equation (and ¢ a Majorana field). It
expresses the feature that the fields ¢ and ¢* create the same particle states. It
can be solved for ¢ by using the Klein-Gordon equation: Namely, one has £0#& =
(—14,5), so that (079,)E o (670,)€ = —n**,0,, hence

o =im ' (0F0,)Ep*.
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This feature cannot be expected in the case of charged particles, ie the Majorana
spinors are no good candidates for a field describing electrons. If the eigenvalue
of a charge operator () is raised by one unit by the creation operators, then it is
lowered by the annihilation operator, and consequently a linear combination of the
former and the latter cannot transform into itself under the symmetry U(a) = %@,
One has, therefore, to postulate a second set of creation operators, with the same
Poincaré transformation laws but carrying the opposite charge, ie creating the
corresponding anti-particles of charge —1, as in Sect. 3.5. One denotes these
operators by b*(k) and ¢*(k), such that

Q= [d6 S, () - ¢ HRah).

ie b* create particles of charge +1, ¢* those of charge —1. (The necessity to introduce
anti-particles is another inevitable consequence of QFT. It is known (in a stronger
version) as the PCT Theorem.)

Then we may construct
p(x) =vm / dk (EBib(k)e ™ + BI " (k)et),

and x(x) the same expression with b and ¢ interchanged, such that

U(a)p(2)U(a) = e p(x),  Ula)x(@)U(a)" = e x(z),

ie, x and ¢ are oppositely charged.

Instead of the Majorana equation relating ¢* with ¢, one now has
X' (x) = —im ™! (0"9,)Ep(x), p =im~ ' (079,)EX".

The Dirac field is formed by combining the pair of equally charged two-spinors

¢ and x* into a four-spinor (and redefining cj (k) = &;;d;(k))

o= () = 8 [ o (S5 e

It transforms under Lorentz transformations in a reducible representation
. A 0
U(A)va(z)U(A)" = y(Aax)S(A)ba, where S(A) = L

The above relations between ¢ and x* translate into the equation of motion

1 ( (0*98 ) (ng“)g) 1 = map. This can also be written as
B H

(iv"0, —m)y =0 Dirac equation
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. . 0 & ; 0 o€ 0 —Eot
0 7
where the Dirac matrices v° = ( £ 0) and v = ( i 0 ) = ( i 0 )

satisfy the relations

Yy =2 and  A0He0 =, =

By applying (i4*0, + m), the Klein-Gordon equation follows.
The subsidiary Majorana condition ¥* = (0! ® 15)¢ & x = ¢ would give
back the Majorana field.

For many purposes, it is useful to change 1) — V1) with a constant unitary ma-
trix V. This changes the explicit forms of S(A4) — VT*S(A)VT and v* — VA#V*,
but preserves all their algebraic relations. Common are the “chiral representation”:

Vz(‘é 2) = V=-0l®l F=E®0d,

or the Dirac repn (in which S is no longer block diagonal, ie the “upper” and
“lower” two-spinors mix under boosts):

£

_ 1 - ,
V:(_g _1)/\/5 = Y=l Fy=Exd.
The infinitesimal Lorentz transformation law can now be written as

. 1

M b (@)] = (2,0, = 20+ > ]
The matrix contribution i[%, v,] describes the spin of the Dirac field. Eg for the
rotations, —[v;, ;] = _%Eijk]_ ® o* in both rep’ns (Dirac and chiral), so that the
1- (resp. 2-) components of both two-spinor fields lower (resp. raise) the spin by %

The standard (textbook) way of writing the Dirac field is

W(z) = Vam / S e b + vyt )]

where the four-spinors u; and v; are the columns of the resulting two 4 x 2 coefficient
KO 1 k.G
matrices, eg, u(k) = <( ];_ ;n) > /A/2m(k° +m) and v(k) = ((k”k—i— fn)l) /v/2m(k° 4+ m)
in the Dirac representation. Putting k = kg, one concludes that the rest-frame op-
erators d (ko) and by (ko) (resp. d5(ko) and by(ko)) lower (resp. raise) the spin by 2,
and hence b} and dj (resp. d} and b}) create particles of spin up (resp. down).

It is conventional to introduce the notation
b=l

where the symbol T means hermitean conjugation (as operators on H) as well as
transposition (as a column four-spinor).
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The Dirac equation can also be derived from a Lagrangean density

L] = (iy" 0, — m)y.
Here, the problems with canonical quantization are even worse than in the Maxwell
case. First, the conjugate momenta are just functions of the canonical variables.
This can be dealt with by “Dirac’s formalism”. Second, there is no classical jus-
tification of demanding CAR rather than CCR. But fortunately the canonical for-
malism is not essential to construct Majorana and Dirac fields.

The Lagrangean formalism yields a canonical stress-energy tensor, which is not
symmetric, but can be made symmetric. The quantum SET is then

T (2) = & (5700 + (1 4 )

where normal ordering of fermionic creation and annihilation operators takes into
account the anticommutativity:

ATA = A%A, AAT = —AA, etc (A=b,d).
The invariance of £ under ¢ — €'®1) gives rise to a conserved Noether current
jgirae = :QZ’YH@/}:‘
The conserved charge Qpiac = [ &% jPiac(t, @) coincides with the above charge
operator @ = [(b*b—c*¢) = [(b*b— d*d). Thus, if we identify the particle created
by b* with the electron of charge —e, the electromagnetic current is j/, = —e jpirac-

The problem of QED is to formulate an interaction between the Maxwell field
and the Dirac current.

4.8 P, T, and C

(P) Let Px = P(t,%¥) = (t,—Z) the total space reflection. Then the operator
P[[, a*(k)Q =T, a*(Pk;)Q is unitary, satisfies P? = 1, and
Po(z)P = ¢(Px).
This operator is called parity operator.
(T) Let Tx = T(t, %) = (—t, %) the time reflection (actually, 7= —P). There
cannot be a unitary operator preserving the vacuum, such that T2 = 2 and

Namely, as ¢ varies, the complex phases of ¢(t, z)Q run “forwards” like ¢, while
those of p(—t,2)Q run “backwards” like e=**. However, if T is allowed to be anti-
linear, then it is in fact anti-unitary (and T? = 1), because the 2-point function
satisfies A, (T'z) = A, (x). In terms of creation operators, this relation means

Ta*(k)Q = a*(Pk)S,

(the same as for P!). But because the anti-linearity takes e**® to e¥** we have
eFilPR)z — o£i(Th)z — oik(T?) a5 desired. T is called time reversal operator.
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(C) Consider the model with two real scalar fields @i, ¢o. It has a symmetry
transformation o — —@s. In QFT, the corresponds the unitary operator C acting
on the one-particle space by Ca}(k)Q = aj(k)Q2, Caj(k)Q2 = —ak(k)S2, extending
to the Fock space in the obvious way. Then clearly C? = 1, and

Cor(2)C =pi1(x),  Copa(z)C = —pa(x),
or equivalently,
Co(z)C = ¢"(2).

The current and charge operators change sign:

Cjx)C=—j(x), CQC=-Q.
For this reason, C is called the charge conjugation operator. In the case of the
single (neutral) scalar field, C may be chosen to act trivially: CpC = ¢.

The three operators are separately “conserved” in the sense that
[H,P]=[H, T|=[H,C]=0.

One can define P, T, C also for the Maxwell field and for the Dirac field. For
the Maxwell field, the definitions are very similar as for the scalar field, but P and
T also invert the spatial components of the vector potential, hence P preserves the
magnetic and inverts the electric field strengths, while the opposite holds for T,
and the field changes sign under C:

PA(2)P = (PAY"(Pz), TA"x)T = —(TA*(Tz), CA"(z)C = —A"(z).

The first two imply U(A)A*(z)U(A)* = sign (AJ)(A~*A)*(Ax) for general LTs.

For the Dirac field, the situation is more complicated. In order to assure the
desired symmetries, one may define on the Wigner one-particle space: Pbf(k)Q2 =
b; (PE)SY, Pd;(k)QY = —di(Pk)Q2, Ta;(k)Q = &;aj(Pk)S2 for both a = b or d, and
Cb; (k)Q = &;;d;(k)Q, Cd;(k)Q2 = —&;05(k)S2, hence P?2=1T?=-1,C* = 1.
This leads to the transformation laws

Py(z)P =~ p(Px), T(x)T" =~ (Tz), Ci(x)C =i’ ¢*(x)

where (in the chiral representation)

o (0 €& 1.3 (€0 .9 (0 1,

The Majorana condition y = ¢ reads Cy¥C = 1. From these, one can verify that
Pj*(z)P = (Pj)*(Px), Tjz)T" = —(Tj)"(Tz), Cj*(x)C=—j"(z).

All these transformation laws of scalar, Maxwell and Dirac fields are in accord
with the symmetries of classical theory, as implied by the view of currents as charges
in motion, where the velocity is reversed both under space and time reversal.
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There are in fact many different choices of the operations P, T, and C, giving
rise to different transformation laws. Eg, the actions of P or C on the one-particle
space (and hence their commutation relations with the fields) may involve extra —
signs (“intrinsic parity” resp. “charge parity”; eg the Maxwell vector potential has
deliberately been assigned charge parity —1 above), while T may be modified by
an overall phase.

Whenever the Hamiltonian is invariant under one of the discrete symmetries,
there is an associated conservation law, ie eigenvalues are preserved in scattering
processes. Notice that eigenvalues of P in multi-particle states are not just the
product of intrinsic parities but, due to the action on the arguments, also get
a contribution from the angular momentum (“orbital parity”). Notice also that
preservation of charge parity is not to be confused with charge conservation!

One can prove that in a general QFT satisfying the principles of locality, co-
variance, positive energy and positive-definite Hilbert space, there is always an
anti-unitary operator © commuting with H and preserving the vacuum, which has
the joint features of PCT, ie it implements the total spacetime reflection x — —x
and inverts all charges of the QFT; in general, however, P, T, C might not be
defined separately. This fact is known as the PCT Theorem. Experimentally, we
know that P and CP (hence also T') are broken symmetries in high-energy physics.

A simpler form of the statement is that P, T, C can always be chosen for the free
fields of a QFT in such a way that the interaction Lagrangean density is invariant
under the product PCT, provided it is a local Lorentz invariant hermitean quantity.
As a consequence, also the Hamiltonian commutes with PCT.

With the above choices, the QED Lagrangean density j, A* is separately invari-
ant under all three symmetries. Likewise, the neutral scalar field j(x) = ::(x)
transforms like

Pj(z)P = j(Pz), Tj@)T =j(Tz), Cjx)C=j(x)

hence the Dirac mass term is separately invariant, and so is the Yukawa coupling ¢-
:pp: provided the intrinsic parities of the neutral scalar field are assigned properly.
On the other hand, let 4> = i7%9'y*y* ((4°)? = 1, in the chiral representation
7° = Diag(+1,, —15)). The hermitean pseudoscalar field j° = i:)y°¢): transforms
as
Pj*(x)P = —j°(Pz), Tj*(x)T =—j°(Tz), Cj’(z)C = j°(x).

Separate C, P, T invariance of the hermitean coupling ¢-i:¢)°1): therefore would re-
quire a different assignment of intrinsic parities of the scalar field. If both couplings
are present, P and T cannot be separately preserved (“parity is not conserved”),
but CPT is. The axial vector field j#° = :)y#~y°1: transforms as

Pj*?(@)P = —(Pj)*(Px), Tj"()T" = —(Tj)*(Tz), Cj"(z)C = j"(x)

(differing from j* in P and C); therefore the vector and axial vector couplings
A, - j* (Maxwell) and A, - j7#° cannot be simultaneously parity preserving: if they
are both present, parity symmetry is broken.
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5 Interaction with classical fields

The coupling of the Maxwell field to its sources is given by the “interaction term”

Line = —jhn(@)Au(x) = —p(2)(2) + j(2) Al2).

We want to simplify matters by regarding an analogous coupling

Lins = j(z)p()

of a scalar quantum field ¢ to a source j(x), treated as a classical (numerical, ie
commuting with everything) field. Adding this term to the Lagrangean, changes
the equation of motion:

(O +m*)p(z) = j(2),
while the formula for the conjugate momenta m = ¢ and hence the equal-time
commutators of ¢ and ¢ (CCR) are unchanged.

5.1 The scattering matrix

Let us assume that the source is nonzero only within a finite time interval, say
[to,t1]. At t < to, we have the free field equations, and we quantize the field as
before, that is, the interacting field ¢y, coincides at t < ty with the free field on the
Fock space (satisfying the free field equations at all times), which one traditionally
calls p;,. At time t > 1, we have again the free field equations and the CCR, hence
Vit coincides at ¢t > T with another free field, called .. The latter satisfies the
same algebraic relations and the same equation of motion. This could be realized
by any unitary operator S (called “scattering matrix”) such that

Pout = S*(Pins'

We shall see below that, for the interaction with a classical field, such an operator
S exists on the Fock space of the ingoing free field and can be explicitly computed.

It follows that the creation and annihilation operators of the outgoing free field
differ from the ingoing ones:

a*(k)out = S™a* (k)inS, a(k)out = S*a(k)inS,
and hence also its vacuum state is different: a.,¢ annihilate the vector
Qout =5 Qin-

Notice that measurements of energy and momentum are performed with the den-
sity operators which are constructed from the field at the respective time. Since
with a time dependent source, energy and momentum are not conserved during
the interaction, the total energy and momentum operators are not expected to be
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the same before and after the interaction. This explains why the in- and outgoing
vacuum states differ from each other (and likewise for N-particle states): the in-
terpretation of a given Hilbert space vector as an N-particle state is linked to the
respective density operators, and these will change during the interaction.

External fields may dynamically create and annihilate particles. ‘

Consider a state |ky,...,kn)in = a, ... a5 Q. This state can be decomposed
into a superposition of outgoing states (with a sum over all N’ and suitable inte-
gration measures)

‘kl,..., i|k kN/ out ° out< .. k]\ﬂ‘k]_,,k]\])ln

Because
|k17 o '7kN>in - S|k17 o ~7kN>out7

we have

out<ki7 .. '7k§\[/|k17 e '7kN>in = 0ut<k/17 S 7k§\['|5|k17 S 7kN>out7

ie, the expansion coefficients are the “matrix elements” of the scattering matrix.
The probability density that the given N-particle state before the interaction looks
like the specified N'-particle state after the interaction, is

P = |out<k .. k?N/|S|k1,. . '7kN>out|2 = |in<kia e ,k;v/|5|k'1, e 7kN>in|2~

We shall now proceed to compute the scattering matrix in terms of free fields, so
that these probabilities can be computed in terms of free field theory.

5.2 Scalar quantum field coupled to a classical source

Let G(z) be a Green function for the Klein-Gordon operator:
(O +m?*)G(z) = 8'(x).

If ¢ solves the EOM (O + m?)¢ = j(z), then ¢pee = ¢ — [ d*y G(x — y)j(y) solves
the free EOM. e and Tee = Pree also satisfy the CCR, because the addition of
the numerical term f Gj does not change commutators. Hence g is a free field.

¢ree depends on the choice of the Green function. The retarded GF is Gyet (2 —
y) = i0(x° — y") (A, (x —y) — An(y — ) (see Sect. 5.7 for a compilation of the
relevant functions) with the property that Ge(x — y) # 0 only when z is in the
future of y. If the source is turned on at time ¢y, it follows f Grety) = 0 at times
t < tg, hence ppee = p = pin. Hence pgee = @iy at all times. Similarly, when we
choose the advanced Green function G,q, with the property that Guav(z —y) # 0
only when zx is in the past of y, we conclude that ¢gee = @out. This implies

onut(x) - Soin(x) = /d4y(Gret - Gadv)<$ - y)](:U)
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But (Gret — Gaav) () = i(An(z) — Ay (—2)) = i[@as(®1), pas(x2)] for = 21 — 29
(see Sect. 5.7). (“as” means either “in” or “out”.) This gives

out () = i () + [pm (), / d*y ()7 ().

Using the BCH formula, we find the explicit formula for the scattering matrix

out = S PinS with S = ¢t/ dwem®ily) — gif Lintloim] — gi [ Lint[pout]

We can now compute scattering amplitudes. Let j(y) = (2m)~* [d*k e~k 5 (k),
and hence ©a.(§) = [ d*y 0as(¥)i(y) = aas(j) + a%(j). By Weyl’s formula,

S = 390 i [y eW)iW). — o= 5w(i:d) giaks(7) giaas(s)

where w(j17j2) = (Q QOaS(]l Qpas J2 ffjl (ZE - y)‘ Hence,
out (K| K )i = € —3w(5,49) (K’|e a3s(5) pitas(7) 1K) .

Eg, the probability amplitude for the transition €2, — Q. is just given by
1 P
out(0]0)i, = e72¢U9). Notice that the exponent is negative, hence the probabil-

ity is < 1, because w(7, j) = [pas(7)Q fdk:|j 2 > 0. Hilbert space positivity
is therefore essential to have the desired probablhstlc interpretation.

Other probability amplitudes can be computed using the identity ei“(j)a*(k) =
(a*(k) + iﬁ)emm (from BCH) which gives the expression in terms of free fields

(k’1-~k§w|51ki~--k1\;):e*%“(j’j)<H( “(k)) + 5 (kD) T (0" (k) + i ))Q).

(Graphical representation: pairings between in- and outgoing particles; non-paired
particles are attached to a source factor j: induced emission and absorption.)

5.3 The infrared problem

One may expect that the same formula holds true when the source is not exactly
zero before ¢y and after 1, but tends to zero asymptotlcally A problem arises in the
massless case, when dk ~ d3k/2|k|. The 1ntegral w(j,j)=[ dk| j(k)|? may diverge
at small k when j(k) grows too fast near k = 0 (long wave lengths. hence “IR”).
In particular, j cannot be chosen time-independent because j(k,wy) = f(k)8(wr)
is too singular at w;, = \l;\ = 0. In this case, e~2w0d) = 0, and consequently all
scattering amplitudes vanish! All in-states are orthogonal to all out-states. In fact,
the average total number of out-particles in the in-vacuum state can be shown to
be fions = w(J, j), so when, eg, a strict time cutoff is gradually relaxed, this number
grows to infinity. Likewise, the state €2, will have divergent “out-energy”. This
energy is produced by the interaction with the IR modes of the external field.
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The mathematical side of the problem is that states with infinite particle num-
ber are not in the Fock space, and the unitary equivalence by an operator S on
the same Hilbert space fails. This is an instance where the ingoing and outgo-
ing free fields are realized by creation and annihilation operators in inequivalent
representations of the CCR. The physical interpretation is that the total interac-
tion, integrated over all times (and space), changes the dynamical fields in a more
substantial way than can be afforded on the same Fock space.

The IR problem will reappear in various versions again and again, when the
source decreases too slowly with time (or with 7).

5.4 Maxwell field coupled to classical sources

In the case of the electromagnetic field, the source is a four-vector j,. Classically,
the expression [ A,j" is gauge invariant, because the contribution from a gauge
transformation [ 9,I'-j* = — [ T'-9,j* vanishes provided the current j is conserved
and goes sufficiently fast to zero at infinity.

For the quantum field, one has to quantize A, on the indefinite Fock space,
where [ A,j# can be defined. If j#(z) is conserved, we have k,j"(k) = 0. One can
write

7 (k) = K Jiong (k) + Ji (k)X (k) + Ja(k)e5 (k)
where e; = (0, €;) are two transversal vectors, €; - k= 0, € - €; = 0;;. Proceeding as
in Sect. 5.2, the exponenent —iw(j,j) = —1 f&% 7(k)|? is replaced by

1

by [P = =5 [ (R0 + R0

This result is independent of the gauge parameter A, and < 0, as it should be; the
longitudinal component of the field does not contribute.

In this case, the IR problem (e=2 /@ (7BPH2M®P) = 0) arises not due to a
deliberate choice of a slowly decaying external field, but by necessity because a
conserved current of nonzero total charge cannot decay rapidly. In physical terms,
the IR divergence reflects the fact that charged sources may and will create an
infinite number of “soft” (low energy) photons.

5.5 The interaction picture

We want to generalize the formula for the S-matrix, when the interaction is not
linear in the fields, eg,

_ ) 1
Lo, 50) = —Au(@)j"  or Lim(piz) = =V(piz) = —7g(@)¢",
where j* = —enpyti): = —€Jhiac 15 the electromagnetic current and A, a classical

background field (“source”); in the second, self-interacting case, the strength of the
coupling is admtted to be space-time dependent and plays the role of the source.
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We want to solve the Hamiltonian equation of motion
Orp(t) = [H(t), p(t)],

where summarily ¢ stands for all fields and conjugate momenta. H () is required
to be unitary, but not necessarily constant. The time evolution is then given by

o(t) =U(t, s)p(s)U(t, s)*
where U (t, s) is unitary, U(s,s) = 1, satisfies U(t,r)U(r,s) = U(t, s), and solves
the equation

0U(t,s) =iH(t)U(t,s).
If H is constant, U(t,s) = ¢/*=*)_ Otherwise, the solution can be obtained as a
limit
IATNH(TN) | o eiATlH(Tl)

lim e
N—o0

where the time interval (s,t) has been split into a large number of small intervals
Ar; around 7y < - -+ < 7y during which H(t) = H(r;) are constant. One writes

Ult,s) = TeJs 47H(T)

where the symbol T stands for “time ordering”: all products of time-dependent
operators involved in the exponential are ordered according to the rule “later left”:

T[H(Tl)H(TQ)} = 9(7’1 — TQ) . H(Tl)H(TQ) + 9(7’2 — 7'1) . H(TQ)H(Tl).
Then the time-ordered exponential can also be thought of as a power series expan-
sion where each term is separately time-ordered.

Let the Hamiltonian be a “function” of ¢, that can be decomposed as

H(t) = Ho(e(t)) + h(p(t),1),
where Hj is the Hamiltonian of a free QFT and h is the interaction term h(p(t),t) =
— [ PaxLing(o(t, z),t, ).
We assume now that at times ¢ < ¢y the interaction is absent, eg because the

source vanishes. This assumption cannot always be physically justified, and will
be discussed later.

At times s < 1, the field coincides with a free field: ¢(s) = @i (s), that evolves
according to @i (t) = Up(t, s)pim(s)Uo(t, s)*. At later times t > to, we have
(p(t) = U<t7 S)(Pin<S>U(t7 S)* = V<t>*§01n(t)v(t)
where V() = Uy(t, s)U(t, s)* describes the deviation from the free evolution.

We now heuristically use the “conjugation rule”
V*F(A)V = F(V*AV)

which holds for quite arbitrary functions of a self-adjoint operator, but may be
problematic for functions of operator-valued distributions, involving Wick products
(normal ordering). It implies

0.V (t) = iHo(ow(®))V (1) — iV () H(p(t), 1) = i(Ho(om(t)) — H(pw(t), 1)) V().
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At least formally, we arrive at the evolution equation
8tv<t> = _ih(win(w?t) ’ V(t)

This equation involves only the interaction part of the Hamiltonian. Therefore,
V(t) is called the time evolution in the interaction picture.

For t <ty we have the initial condition V' (¢) = 1, hence
V(t) _ Tefi ftto drh(pin(7),7) _ Te'i ftto de3:E£int(<pin(‘r),T).
When the interaction is turned off at t > t;, the field is again a free field, but it

differs from the incoming field by the unitary operator V' (¢;). (Note that V() is
constant at ¢ > ¢;.) Hence V(¢;) is the S-matrix implementing the relation

Pout = S*SoinS~
Finally, because Ly (t) = 0 when t < ¢y or t > t;, we find

S = Tei f diz Ling (‘Pin) — Tei f dz Eint(@out) )

(The second equality follows from S = S*SS, by applying the conjugation rule
again.) If L, is linear in the field, eg = jp as in Sect. 5.2, the Weyl formula gives

ef’iATn-l»lh(Tn-Q»l)efiATnh(Tn) — e*%ATn+1ATn[h(Tn-Q—l)»h(Tn)] . e*iATn-klh(Tn+1)*7;ATn+1h(Tn+1)

Y

from which
Teil 'z i@en@) — gia . i [ d'ej@)em(e)

where a = & [ dh dy 8(° — 4°)[gi (@), @m(y)]i(2)i(y) = LG, ) is real, i the
general formula reproduces the previous one up to an irrelevant complex phase.

The advantage is that the scattering matrix S is expressed in terms of free fields
only. Via Wick’s Theorem (Sect. 5.6), the computation of amplitudes is reduced
to free-field time-ordered 2-point functions (“propagators”), which are well-known
(Sect. 5.7). The drawback is that the formula relies on quite formal manipula-
tions. This will be punished by divergent expressions when we compute scattering
processes, thus necessitating renormalization to get finite numbers.

5.6 Wick’s Theorem

Recall the general formula () in the raw version of Wick’s Theorem (cf Sect. 3.4).
Replacing Z; by t;Z; and comparing the factors multiplying any given monomial
[1,t"* on both sides, one obtains

:gp(xﬁnl: T :So(xNyLN: - Z H (Q> 90($zk)90($]k)9) K H Qp(xz)ml

restricted pairs remaining
partial pairings ij <jp factors

“Restricted” means that two operators within any Wick power on the lhs must
not be paired. “Partial” means that not all operators need to be paired.
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This formula expands products of Wick products of free fields into Wick prod-
ucts times products of vacuum expectation values. It remains true when the Wick
powers :p(x;)": are replaced by Wick products such as : [["_, ¢ia(Zia):, €g

[P1P2:103001 = 11023t + (23):01000 + (24):01903: + -+ - + (13)(24) + (14)(23)
where (ij) is the VEV and ... stand for two more terms, but not, eg, the term

(12):3¢04: which would be singular if z; = x9. In particular, Wick products are
regular at coinciding points.

For time-ordered products of Wick products (eg, in the expansion of the S-
matrix, Sect. 5.5), the same expansion holds (Wick’s Theorem (time-ordered
version)), except that the VEV have to be replaced by the time-ordered VEV
(Feynman propagators)

(Q, T[p(x)p(y)]?) = —iGr(z — y).

For Fermi fields, the same expansions hold again, but each term is multiplied
by the sign (—1)™ of the permutation from the order of operators on the lhs to that
on the rhs (Wick’s Theorem (fermionic versions)), eg

T1tha:ths] = (23)r01 — (13) 14y
where (i) stands for the time-ordered VEV.

5.7 2-point functions and Green functions

2-point function
Definition:
Am(z = y) = (2, 0(2)p(y)$).
Properties: (0 + m?)A,,(z) = 0. Local, ie A,,(x) = A,,(—x) when z spacelike.
Fourier representation:
A (z) = / LRk~ 20y et = / dk ik
" (2m)?

(In z-space, it can be expressed in terms of a modified Bessel function K (v —m?a?).)

Commutator function

Definition:

iA_(z —y) = (2 [p(x), o)) = [p(x),0(¥)] = Am(r —y) = Am(y — z).
Properties: (O+m?)A,,(z) = 0. Real-valued. Antisymmetric. Causal, ie A_(x) =
0 when z spacelike. At equal time:

A_(2)]|p0—0 =0, oA _(x)|p0—¢g = —0(T).
Fourier representation:
d*k

A_(z) = —Z/W §(k* —m?)sign (k) ** = —2/% sin(kx).
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Retarded Green function
Definition:
Grer(z —y) = —0(z" — ") A_(z — y).
Properties: (O + m?)Ge(z) = §*(x). Real-valued. Retarded, ie Gie(z) = 0 when
2% < 0 or x spacelike.
Fourier representation:

. d4k} e—ikzx
Grar() = 15%1 (2m)t m? — k? — k0
Advanced Green function

Definition:

Gaav(z —y) = +0(y° — 2")A_(z — y).
Properties: (00 + m?)Gaav(z) = 6*(z). Real-valued. Advanced, ie Gaqy(x) = 0
when 2° > 0 or x spacelike. Gaqy(T) = Gret(—), Gret(T) — Gaav(z) = —A_(2).
Fourier representation:

d4k e—ikac
Gagv(x) =i —.
av(7) 210 (2m)* m? — k2 4 ick?
Time-ordered 2-point function = Feynman propagator

Definition:
Gr(z—y) =i(Q Tlp(@)e®)Q) = i(0(" — 1" ) An(z —y) +0(y° —2°) An(y — 2)).
Properties: (O + m?)Gr(x) = §*(x). Symmetric. Gr(r) = Gagy(z) + i, (7) =
Gret(7) + 1A, (—2). Gp(z) = iA,,(+x) when £2° > 0 or z spacelike.
Fourier representation:

d4k‘ efikx
=1li .
Gr(w) 210 (2m)* m? — k2 —ie

Proof by closing the k%-integration path in the upper (if ° < 0) or lower (if
2% > 0) complex half-plane and applying the residue formula. For G.e, Gaqv, Gr
the poles lie at £ = +w — ie, k® = +w +ig, kY = 4 (w — i€), respectively.
Massless case
The massless 2-point function D(z) = A,,—o(x) is an elementary function:
1 —1 1 -1
D(x) =1 =1l .
(z) 20 (2m)?% (20 —ig)? — 22 2o (2m)% 22 — iea”

The commutator function (Pauli-Jordan function) is

iD_(xz) = D(z) — D(—z) = ;—;sign ()8 (2?),

and the Feynman propagator

(0( 0 0 T 1 —i
Gr(z) =i(0(z")D(z) + 0(—2°)D(—x)) = lsligl s
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Dirac case

The 2-point function is
(Qa wa<x)ab(y>9) = ab(w - y) = (ml + Z‘f)/'ua,u)abAm(x - y)
= (m1—iv"9,)S = 0, and (Q, ¥, (2)1a(y)Q) = — (M1 =70, ) ap A (7 —y). Similar

for Green functions and Feynman propagator: Sg.a(z — ) := i(, Tta (), (y)S2),
where fermionic time-ordering involves a — sign if 2° < ¢°. Then,

—ikx

) ) d*k ml + 4k
Se(x) = (m1+in"9,)Cr(e) =lim | Gosg e

and (m1 — iv*9,)Sr(x) = §*(z).

Maxwell case

The functions for the vector potential (in the Gupta-Bleuler approach, cf Sect. 4.6)
depend on the arbitrary “gauge parameter” A, but the A-dependence drops out for
F, =90,A, —0,A,. The 2-point function equals

(Qv F,u,u(x)Ffi)\(y)Q) - a[unu][NaA] D(l’ - y)
and accordingly the commutator function. The Feynman propagator is

d'k (77— (1=7"1) Ktk | ey
1 k2 +ie’ k% +ie

In the “Feynman gauge” A = 1, it simplifies to —n“”G%mzo) (x — ).

5.8 Dirac field in a classical elm background

As an example where the interaction is quadratic in the field, we consider the S-

matrix for the quantized Dirac field interacting with a classical electromagnetic

(elm) field
G = Tt A% Au (@)t (@) _ gic J % Au(e)itne@)

Here we have introduced the positive elementary charge unit e, so that the elm cur-
rent is 4, = —€ e = —€ 907"z, hence Qum = —e [ dk b} (k)b;(k)+e [ dk d; (k)d;(k)
(because ¢ ~ [(b+ d*)). This means that b}(k)Q are interpreted as one-electron
states, and d} (k)2 are one-positron states.

Without computation, conservation laws give us some a priori information. Eg,
because j* is neutral, it commutes with the charge operator ), hence S commutes
with ), and the in- and out-states must have the same charge. Thus, particles and
anti-particles can only be produced in pairs. Also, because j* is quadratic in the
Dirac field, the particle number can change only by multiples of two.
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out (0]0Yin = (Qin, S Qin) is the probability amplitude that the background field
does not produce any particles. The absolute squares of the amplitudes

(a) 0ut<k/’k>in = (bi*n(k/)Qina S b;kn(inn)v
() out(k1k2|0)in = (], (k1) d5, (K2)hn, S Qin),

are the probability densities that (a) an electron with momentum £ is deflected to
momentum &', or that (b) the elm field produces one electron-positron pair.

To compute such matrix elements, one has to (i) expand S = time-ordered
exponential as a power series, then (ii) expand the resulting time-ordered products
of Wick products into Wick products (by Wick’s Theorem), and finally (iii) evaluate
the matrix elements by applying Wick’s Theorem to the creation and annihilation
operators for the in- and outgoing particles.

Expanding the exponential gives a power series in the electric charge. Since
e? = a = 1/137 is rather small, one may be confident that the overall behaviour
is captured by the first few nontrivial terms. The actual computations are rather

straightforward, but require quite some book-keeping for all the contributing terms.

Let us evaluate in n-th order

(i)

n!n / [ dea (&I T ] v (@) K) 1] A (2m)

where |K) = [[b*(k;)d*(k;)Q? is a state describing several incoming electrons and
positrons, and similarly (K'| = (2, [T b(k;)d(K}) for the outgoing particles. Recall

b(x) ~ [dk S, [uie=*2b; + vie*d; ], P(z) ~ [dkS, [v,e7 % d; + w;e™*by].

Apart from direct contractions between in- and outgoing creation and annihilation
operators (which describe contributions where some particles just go unscattered),
each incoming electron (b*) or positron (d*) must be contracted with one of the

field operators 1(z) or ¥(z), giving factors depending on the incoming momenta
(2, a(2)0; (R)) = V2mug(k)e™™, (9, (2)d; (k)Q2) = V2m Uy (k)e ™.
Likewise, outgoing electrons (b) or positrons (d) must be contracted via
(2, bi(K Vo (2)2) = V2m T ()™, (O di(K)a(2)2) = V2m vy (K)e™*™.
The remaining field operators must be contracted among each other according to
(T [$a(2)1(1)] Q) = =iSr(x = Y)abs (2T [¥5(2)1a(y)]Q) = iSr(y — )ab.

The summations over the spinor indices a, b give rise to matrix multiplications, in-
volving alternating products of y-matrices and propagators. There arise three types
of structures: matrix elements uySg ...yu, 7ySk...yv, or traces tr (YSg...7Sr).
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One visualizes these structures by diagrams: each y*m (arising from an interac-
tion term at the point x,,) is represented by a vertex labelled z,,, each propagator
Sp(xmy—x,) by an oriented line from x,, to x,,. An incoming electron and an outgo-
ing positron are depicted as a line pointing into the respective contraction vertex,
while an incoming positron and an outgoing electron are depicted as a line pointing
out of the contraction vertex. The orientation corresponds to the product order of
spinor matrices. In this way, the first two types of contraction schemes gives rise to
a continuous oriented “lepton line” passing through several vertices, while the last
type gives a loop with several vertices. Every fully contracted contribution may
consist of several subdiagrams of all three types.

Each diagram has to be multiplied by [],, A, () and integrated over all z,.
Collecting also the numerical coefficients, one finds an overall factor €™, and a factor
Fi for each e* line, and a factor —1 for each loop. The 1/n! is cancelled by n!
permutations of the interaction points x,,, which all give rise to the same diagram
and hence to the same analytical expression.

Next, we insert the Fourier representation of the propagator

d* 1+~
Sp(z —y) =lim g ml+ya

—ig(z—y)
o ) (2m)t m? —q? —ie ‘

Y

and perform the z,,-integrations. This gives rise to the following rules: The mo-
menta k (or k') are assigned to the external lines for incoming (or outgoing) par-
ticles, flowing into (or out of) the diagram. This means that external electron
(positron) momenta flow in the same (opposite) direction as the orientation of the
lines. An internal momentum ¢ is assigned to each internal line, flowing in the
direction of the orientation of the line. As a result, the v* matrices at each vertex
go contracted with the numerical factor A, (p) where p is the sum of the momenta
flowing out of the vertex along the lepton lines. One should think of p as an energy-
momentum transfer from the electromagnetic field into the quantum system, either
changing the momentum of a particle or producing a particle-antiparticle pair.

In particular, in the above cases (a) and (b), we observe that in first order, the
momentum p of the elm field must be £ — k' or k + &/, resp. But k& and &’ both
lie on the mass hyperboloid, hence p cannot be null. Thus, if the elm field is a
solution of the Maxwell equations, the 1st order contribution vanishes.

To evaluate the diagrams further, one has to compute the matrix elements
or traces over several v matrices, coming both from the vertices and from the
propagators. The traces can be derived directly from the defining properties, eg
Ty = 0, tryta” = A, ety = 0, eyt = At =)
while the matrix elements are more complicated.

’

The result is a polynomial in external and internal momenta, multiplying the
denominators [],(m? + ¢? — i¢)~" and the Fourier amplitudes []  A(pn) of the
external field at p,, = sums or differences of external and internal momenta. The
integration over the internal momenta amount to integrations over the p,,, with
one additional integration in the case of loops.
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6 Interaction among quantum fields

6.1 IR and UV divergences

Quantum Electrodynamics has the interaction Lagrangean density
£int = —jéjimA# = €jHAH

where j# is the quantized Dirac current and A, is the quantized Maxwell field.
The two fields can be simultaneously quantized on a Fock space which is the tensor
product of two Fock spaces (one of them indefinite), ie the product should be read
as j# ® A,. This is meaningful since in the S-matrix

S = Teiefd4x JHAL

the fields are free (“in”) fields. However, the argument for the derivation of this
formula assumed that the interaction can be turned on and off. This is, of course,
physically meaningless in QED. The best one can try to do is to “mentally” regard
the charge (coupling constant) e as a function of time (and space), define the S-
matrix for a coupling constant that vanishes at ¢ — 400 as in Sect. 5.5, and “in
the end” take a limit e — const. This limit will in fact produce another instance
of the infrared problem: namely e(z) plays a similar role as the classical current
j(z) in Sect. 5.1, or the classical vector potential A,(x) in Sect. 5.8, whose Fourier
transform cannot be put to a ¢ function. This problem requires a more flexible
setup (see below).

In order to disentangle the complicated kinematics of Fermi and Maxwell fields,
as well as the Hilbert space positivity problem going along with the quantized
vector potential, from the new features associated with the translation invariant
interaction between quantum fields, we return to our simple model with a single
scalar field with self-interaction V' (), eg %ggp“, where the salient features become
visible as well. Our formal derivation of the S-matrix as in the previous section

leads to
G — Tt d'wg(@)/4pm(@)*:

The power series expansion gives

S=1+ i /d4xg(fv):<pin(fc)4r

- 55 | et g@) Thn() on(0)'] + .
(graphical representation by Wick’s Theorem: z-space Feynman diagrams.) This
formula has several problems. Eg, let us look at the second-order term. By Wick’s
Theorem, it contains the term with four contractions:

2 / d*zd'y g(x)g(y) Grz —y)*.

- X, = —
2 2. 42

Clearly, it is impossible to put g(z) to a constant, because then the integrand
depends only on = — y, so that X, diverges ~ [d*z. This is the return of the
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IR problem of Sect. 5.3. Similar IR divergent numerical terms X,, occur in any
order n > 2, and they contribute to every amplitude. All these terms sum up
to [],5o € = 0. In particular, the vacuum-to-vacuum amplitude would vanish.
But this time, this fact cannot be ascribed to a violation of energy conservation
(cf Sect. 5.1), because the limit theory with g = const is time-independent. It is
therefore an unacceptable feature: instead, if S commutes with the Hamiltonian,
and the vacuum is the unique state with energy 0, then we must have S =  (up
to a phase), and hence |, (2, Q)im|? = |(Q, SQ)|> = 1.

This IR problem due to the unphysical assumption that the coupling could be
switched off can be eliminated with a better definition of the S-matrix, cf Sect. 6.4,
at the expense of abandoning the CCR for the interacting field.

The terms with three and two contractions are

421.'42 /d4xd4y 9(x)g(y) Gr(z —y)*:p(x)e(y):

and
22 [ty g@) Grla - 0@l

They contribute to processes involving two or more external particles, eg we have
a contribution

out(P[Phin = - =3 / dwd'y g()g(y) Grlx —y)*(e Py 4 ety 4

Here, putting g = const is no problem, and we get in momentum space
~ =g’ — p) / o Lk, d'ks
k¥ —m?+ick? —m2+ick? —m2+ie
Similarly, there is a contribution to the scattering amplitude o (9} P5|p1p2)in
d*k d*k
2 / / 1 2
~ —q°0(p; + 15 — Py —
GO +p2 = pz)/k%—m2+iak§—m2+i€
The é-function prefactors represent the overall energy-momentum conservation un-
der a space-time independent interaction. But the integrals are divergent at large
k (UV-divergent).
These UV-problems (due to the very-high frequency fluctuations of quantum

fields) are omnipresent in QFT and require a more subtle treatment: renormaliza-
tion, postponed to Chap. 7.

d(k1 + ko + ks — p).

(k1 + ko — p1 — po).

6.2 A priori considerations

A translation invariant interaction Lagrangean can contain only the quantum fields,
but no classical functions (sources, or time dependent coupling “constants”). In
particular, the formula S = Te’/ £nd® for the scattering matrix is bound to fail
via the IR problem, which makes 4,;(0]|0);, = 0, whereas in a translation invariant
theory the S matrix should commute with the Hamiltonian, implying [0)out = |0)in-
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In Sect. 6.4, another formula for the scattering matrix is given in terms of
(time-ordered) correlation functions of the interacting field, without any reference
to a Lagrangean. This approach assumes that an interacting quantum field can be
constructed in some way — no matter how. In order that this method works, certain
properties of the interacting fields must be required. (Most of) these properties can
be formulated in a model-independent way and are of rather fundamental nature,
in the sense that they should hold in every local relativistic quantum field theory.

Axiomatic approaches (there are several versions) consist in formulating these
fundamental requirements, and extracting general physical insight only from the
mathematical interplay of these axioms. This will only be sketched here.

The basic version (Wightman axioms) requires that

e Fields are operator-valued distributions on a Hilbert space (defined along with
their adjoints on a common stable dense domain).

e The Hilbert space carries a unitary representation U of the proper orthochronous
Poincaré group, and the fields transform in a covariant way under the adjoint
action: ¢(z) = Ul(a, A)p(x)U(a, A)* = S(A)Td(Aax + a).

e The spectrum of the four-momentum P* is contained in the (closed) forward light-
cone, and there is a unique ground state (the vacuum) with eigenvalue P* = 0.

e The fields are local: commutators vanish at spacelike distance.

From these axioms, one infers far-reaching analytic properties of the correla-
tion distributions (€, ¢1(z1) ... ¢n(zn)Q2). The “reconstruction theorem” states
that knowledge of all correlation functions (satisfying these properties) uniquely
determines the quantum field(s). Thus, the axioms can be formulated directly in
terms of correlations functions.

One consequence of these properties is that one has the equality

(L ¢1(z1) ... on(zn)Q) = (2, on(—an) ... 1 (—21)Q) (= (,05(—21) ... o (—2n)Q)),

from which the PCT theorem (Sect. 4.8) follows. If one admits also anti-commutativity
instead of locality, then the Spin-Statistics theorem (fields with half-integer spin
must anti-commute, cf Sect. 4.7) can be proven. The LSZ formula (Sect. 6.4) is a
consequence of the axioms with a sharpened version of the spectral axiom.

The problem of the actual construction of interacting quantum fields remains.
Several methods exist, using some further input so as to specify the interaction. The
hard part is to verify all axioms from the construction. Often, Lorentz invariance
has to be broken (or other essential features have to be abandoned) at intermediate
steps, and one has to show that they can be recovered in appropriate limits.

6.3 Nonlinear field equations (optional)

We present an rather naive, and not very successful, idea to construct an interacting
quantum field by solving a nonlinear equation of motion, like

O+ m*)p(x) = —gp’ ().
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Notice that the rhs is not even defined, because products of quantum fields at
a point are singular, and Wick products can be defined only for free fields. So the
task also consists in giving a meaning to the rhs along the way. We admit g = g(x)
to be a function of x, to be put constant at some later stage (“adiabatic limit”).

Let G be a Green function for the KG operator. Then defining ¢, by

vo(x) = () + / dy Gz —y) - g(y)e(y)”,
o solves the free KG equation. If we choose the retarded GF (cf Sect. 5.7)

Gres(z —y) = 0(z" — ") (An(y — ) — Ap(z — y)),

then the integrand vanishes at y° > 2% If the coupling g(y) is switched on at a

time ¢y, then the integral vanishes for 2° < ¢y, and the field ¢y coincides with the
field ¢ before ty3. Thus, ¢q is the “incoming” free field.

We therefore arrive at the integral equation

o(r) = pi(z) — /dy Gret(z — 1) - 9(y)p(y)*.

Here, we “insert the lhs into the rhs”, getting

o) = o)~ [ dyGuslz =09 [T, (o)~ [ dsiGualy—20-gl)0(:0?).

In the leading term of the product we have free fields, so we may define the product
as the Wick product. For the remaining terms, we iterate the procedure by again
replacing ¢ by its integral representation, thus shifting the ill-defined products to
higher and higher orders of the coupling. In the end, one obtains an expansion
of the interacting field as an infinite power series of nested integrals over Wick
products of free fields at earlier times. A typical term of this series is

/dy Grer(r —y) 9(y) /dz Gren(y — 2) 9(2):[0in(¥):0m (2)* + :00(2) %01 (y) ] -
Working out the square bracket by Wick’s Theorem produces terms involving

Gret(y=2) (Am(y=2)+Am(2—y)) oin(2) = 01" —2°) (Am (z=y)* = A (y—2)%) i (2).

The first problem here is to deal with such products of distributions which have
divergent Fourier representations. The question whether they can be defined at
all, and if so, to identify possible ambiguities, is another formulation of the renor-
malization program. The second problem is the IR problem in the adiabatic limit
g — const. The hardest problem is the convergence of the resulting power series.
(There are good arguments that perturbative series never converge.)

2
1

Up to these problems, one arrives at a perturbative scheme to express the inter-
acting field in terms of free fields, allowing to compute all its correlation functions
as power series of integrals over free correlation functions. However, in practice a
different route is taken, cf Sect. 6.8 ff.
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6.4 LSZ formula

Lehmann, Symanzik and Zimmermann gave a formula for the S-matrix, which
is entirely intrinsic in terms of the correlation functions of the interacting quan-
tum field. Instead of “switching off” the interaction, the theory is assumed to be
Poincaré invariant, in particular time-translation invariant, with a unique vacuum
vector P#C) = 0, and a one-particle subspace H; according to some representa-
tion of the Poincaré group of mass m > 0 (Sect. 4.4). One also assumes that the
spectrum of the mass operator P,P* on the subspace H* orthogonal to  and H;
starts at some value m'? > m? (“mass gap”).

For simplicity, we work with a hermitean scalar field. An interacting quantum
field cannot be represented in terms of creation and annihilation operators. Instead,
the strategy will be to “extract” approximate such operators from the field.

Translation invariance of 2 implies that (€2, p(2)Q2) cannot depend on x, hence
it is some constant v. We replace ¢(x) by ¢(z) — v, so that WLOG (€2, ¢(x)$2) = 0.

Let ¥y = |k) € H; be a one-particle eigenvector with the standard normaliza-
tion. Translation covariance implies that

(Tk, p(2)Q) = ™ f (k).
Lorentz invariance implies that f(k) = f(Ak), hence f(k) is some constant Z'/2

along H,,. For a free field, we would have Z = 1. We only assume Z # 0, and can
then enforce f(k) =1 by a re-scaling of the field ¢ by the factor Z~1/2.

One now defines at any fixed time ¢ quantities

X nd
a*(k), = —i /O d*re"* Oyp(x),
=t

where ¢ is the re-scaled field. For a free field, this would in fact not depend on t,
and coincide with the creation operator af .. (k). By inserting into the above, we
find (2, a*(k):2) =0, and for Wy € Hy,

(U, a* (k) Q) = (27m)32k°6 (k — k).
This means that
a*(k:)tQ\Ifk € Hl,

ie the would-be creation operators indeed create time-independent one-particle
states plus some unknown time-dependent excited states in 4. The crucial point
is that the latter part becomes small as t — 400 in the following weak sense.

Let ¥, be a vector in H* with four momentum eigenvalues p*, p* > m? > m?.
By covariance, we have the z-dependence

(Tp, p(2)Q2) = €™ F(p)

with some function F'(p), which implies

(0, a*(k),Q) = —i /

z0=t

d*x e ™ 0,e'P* F(p) = / >z (p° + ko)el(p’k)xF(p).

z0=t
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The Z-integration gives 8(k — p), hence

(W, a* (k) ) ~ (p° + k) F(p°, KiK.

where p° > Vk2 +m?2 > VE2 + m2 = k°. Smearing with a test function f(k), we
get an integral of the form

/ Bk G(k) eto®

where g(g) # 0 thanks to the mass gap. Such integrals vanish ~ |t|’% by the
Riemann-Lebesgue lemma as t — +o00, due to the rapidly oscillating exponential.

By similar methods, Haag and Ruelle (and Hepp) have shown that the would-be
creation operators and their conjugates behave asymptotically like their free-field
counterparts, in particular they satisfy CCR in the limit |¢{| — oo. The physical
mechanism underlying the proof is that wave packets with disjoint momentum
support separate more and more with time, so that the interaction is suppressed.

We define the asymptotic multi-particle states

|k’1 ce kN)as = lim a*(k‘l)t c. a*(k:N)tQ

t—+o0

as limits t — —oo (“in-states”) or ¢ — +oo (“out-states”). We want to compute
scattering matrix elements

out<k; e k’gv/|k’1 ce kN)in = (a*<]€/1)+oo . Q, a*(k:l)_oo c. Q)

Let |K)i, and |K")ou be multi-particle scattering states. We compute the fol-
lowing integrals over matrix elements of time-ordered products of field operators:

It .= i/d4x eﬂ]m(Dz + M) ou (K| T[o(z1) . .. p(2-1)0(2)]| K )in,

where k € H,,. Integrating by parts, the spatial Laplacian —V? is moved to eFike,
_>

%
where it equals —m? — 97, hence we may replace (1 + m? by 92 — 9%

nd
I = o (K'li / d*z 0, <eiikx8tT[g0(x1) . gp(a:n_l)gp(a:)]) | K )in.

Here, the t-integration just yields the limiting values as t — +oo0. For e~ %% resp.
et the x—inte%ration then gives the asymptotic would-be creation resp. annihila-
tion operators ai*go(k), which are inserted to the left (¢ = +o00) or right (t = —o0)
of the time-ordered product. If k is different from all momenta in the scattering
states, then a_q (k)| K)in = 0 and ou (K'|a% (k) = 0. Hence the above integrals I*
are reduced to matrix elements of the time-ordered product with one field operator
less, but with one additional ingoing or outgoing particle:

I = oued K B Tlp(1) ()] [Kin, 17 = ot (K| Tlp(1) - p(wn-1)] [K, K )in.
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Reversing and iterating the argument, one finds the LSZ formula

. ’ o A
out (K o Kho k1 kN )in = VY [ diay e[ dia et

(O +m?) ... (O +m?) .. (QT[p(z1) ... o(x])...]Q) + -terms.

The d-terms arise when the momenta are not disjoint. They are of the general form
d(k; — k;) times similar integrals with less entries. They correspond to processes
where some particles pass unscattered.

The LSZ formula expresses scattering amplitudes in terms of time-ordered cor-
relation functions, also called (generalized) Green functions

™~ (T1,...xN) = (Q,T[go(xl) . gp(xN)]Q)

of the interacting field (after a suitable shift and multiplicative re-normalization).
Knowing the latter, fixes the scattering matrix.

Sect. 6.9 will give a perturbative formula for the interacting Green functions.

Notice that even if the original interacting field ¢ satisfied the CCR, the need
for a re-scaling by Z~/? would destroy the CCR. Indeed, Haag’s Theorem asserts
that in a Lorentz invariant interacting QFT it is impossible to maintain CCR.

In terms of the Fourier transforms of the GF's, the LSZ formula reads
out (KK )i = NN (m? — k2 ... (m® = K%) . 7(=k,, ..., +k1,...) 4+ O-terms.

Therefore, in order to get a non-vanishing S-matrix, the Green functions must have
poles at k? = m? in momentum space, such that the amplitude is essentially the
residue.

The position of the poles (and hence the masses of the interacting particles!) will
be influenced by the dynamics, and cannot be imposed apriori.

The LSZ formula generalizes to the Dirac and Maxwell fields. One has to replace
the operators [ d*z e*™** (0 + m?) acting on (Q,T[...¢(x)...]Q) by

vs(k) / d*r e * (m1 — iy 0)) resp. us(k) /d4x e R (m1 — iy 0)y)
acting on (Q,T[...9(x)...]Q) for an incoming positron resp. outgoing electron,

/d4x e R (M1 + iy 0\ )us (k) resp. /d4x e TR (M1 + iy 0y s (k)

acting on (2, 7[...¢(x)...]Q2) for an incoming electron resp. outgoing positron
(where the matrices multiply from the right); and by

eg(k)/d4xe_ik””(—nw,+(1—)\)6ua,,) resp. e?(k:)/d4ze+ik$(—nul,+(1—)\)8uaj)

acting on (Q,T[... A”(z)...]Q) for an incoming resp. outgoing photon.
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6.5 Cross sections

We wish to convert probability amplitudes into scattering cross sections. We as-
sume that a beam of incoming particles (the projectile) hits a particle at rest (the
target). This is called the fixed targed (FT) frame, as opposed to the center-of-
mass (CM) frame. The differential cross section is the probability that the outgoing
particles have momenta within some given (infinitesimal) range (ie the expectation
value of the corresponding projection operator), relative to the time-integrated flux
of incident particles:

ianHouKin
. (K[| K)

= dHou = Zi\k// K’ out ou K'|.
in (K| K)in - flux per particle - time ¢ H i 1K Dont ou (K]

For n identical outgoing particles, I, has a correction factor 1/n!.

For two outgoing particles, energy and momentum conservation plus the on-
shell conditions leave only two parameters of the outgoing momenta undetermined,
which are usually taken as a scattering solid angle (¢, ¢) (deflection of the projec-
tile). For scalar particles, rotation invariance implies that .. (K’|K);, and hence
the cross section depends only on ). (Conversely, for spinor and vector fields,
there will be a correlation between the spin and the direction of scattering. This
anisotropy is in fact used to determine the spin of an unknown particle.)

Because all 7-functions are translation invariant, all S-matrix elements involve
a factor for the total energy-momentum conservation, hence we may write

out (K[ K )i = (2m)*6 () ki — Y k) iT(K'; K)

where T'(K; K) is a reduced scattering amplitude. For the probability, we need
the absolute square of ¢ (K’|K);i,. This is of course problematic because of the
o-function; but this is to be expected because we work in scattering theory with
unnormalizable states (constant flux of incoming particles of sharp momenta). One
should work with smearing functions

|K>in = /%1% 2f(k1)f(k2)|k1, k2>in

and take a limit of f(k;) approaching d-functions. It is, however, legitimate to ig-
nore this complication provided one replaces expressions like (27)3§(0) by a volume
V, and (27)*5(0) by VT where V — oo corresponds to a wave function which is
constant within V' and zero outside, and 7' is the time duration of the experiment.
Thus, for one-particle states

-,

(k|k) = (27m)*2K°5(0) = 2k°V,

and [(2m)*0(3 ki — > k)]* may be replaced by (2m)*0(3 ki — > kj) times

@m)*6 (D ki — > k) = (2m)*5(0) = VAT.
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With these approximations, and using the flux of the projectile flux = v/V =
k1| /KOV | all factors V and AT cancel out (as they should), and we get the following
expression (for two particles in the in-state, in the FT frame: kJ = ms)

T —~
do = J—|(2w)45(k1 +hy =Y K) [ ki
4|k‘1 FT |m2
This formula can be made Lorentz invariant by introducing the relativistic invariant

S = (k’l + k2)2.

In the FT frame, we have s = m2+m2 + 2moEypr = m2 +m2 4 2may/m? + |E2|pr,
and in the CM frame s = (k{+kY)cm = (E1+FEs)2y. Therefore, in the denominator

2]E1|FTm2 = \/(s —m? —m3)2 —4m3m3 = 2|E1|CM\/§.

Let us concentrate on the case of two outgoing particles (masses mj, mj). In
the CM frame, s determines |k;| = |ko| and |K;| = |k}, and hence all the energies,
while the scattering angle 9 is an independent kinematical variable; in contrast in
the FT frame, only Ejpr is determined by s, while the two final energies and the
scattering angle are related by two relations | + E) = ms + F; and

ms = (k1+ke—k})? = mi+mf +m3+2ma(Ey — EY)pr — 2(E1E} — |k ||| cos 9)pr.
It is convenient to define the second invariant (the squared energy-momentum
transfer)
t= (k1 — K})? = m] + m? — 2(E1 B} — |ky||k7| cos 09),
which is sensitive to the scattering angle. At fixed s, one has
2mg|ky ||k

malK}| + || By — k1| B} cos 9
The invariant relation between the outgoing measure and the solid angle d2 =

21 dcos1) is obtained by integrating over all other kinematic parameters except t,
at fixed s: one finds (eg, by computation in the CM frame)

dt

8m/(s —m? — m3)2 — 4m3m3’

dt = (2\/51\\15'“ dcos?) ., = ( dcosﬁ)

FT

/ (2116 (b + ke — K, — k) Ak =

and therefore the frame-independent formula
p |T(s,t)|* dt
g =
167((s — m? —m3)? — 4m3m3)

with the previous frame-dependent relations between dt and d cos .

For more than two particles, one needs more variables to specify the out-state,
and for particles with spin or helicity, the cross section will also depend on the
azimuthal angle . Accordingly, one has to modify the measures dk’ and refer the
infinitesimal cross section do to more refined kinematical regions.
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6.6 Generating functional and Gaussian integrals

We want to find a prescription how to compute the time-ordered correlation func-
tions 7(x1,...zx) in an interacting QFT (again, for simplicity for a scalar field ).
It is convenient to think in terms of a generating functional given by

‘N
T[J] = (Q,Teifd%‘p(m)‘](””)ﬁ) = ZN %/ (H}d‘lxi J(:E,)) TN (Z1, ... ZN)

where J is an arbitrary auxiliary function whose only purpose is to allow to recover
the actual Green functions by functional derivatives:

) )
N(Z1, ... xy) = (—1m)(—zm) T[J]

‘Jz().

In the free field case, the generating functional is given by Wick’s Theorem (cf
Sect. 5.6)

T[] tree = o~ 3 T2ree (1)) 7

where Topee(J, J) = [dzd'y J(2)J(y) Tomee(T,y) = limgwifd“kkz‘j(;)‘2 from

—m?2 +ie?
which we read off, in the same way as in Sect. 3.4, the time-ordered free correlation

functions = sums over products of Tagee(x;, ;) if N is even, and = 0 otherwise.

In order to prepare the construction of a formula for T'[J] also in the interacting
case, we rewrite the above free formula. First, we regard —[J — m? as an operator
acting on functions J(x), and write

Totvee(J, J) = i(J, (=0 — m? 4 4e1)~1J).

With this, T'[J]gee can be rewritten as the result of an infinite-dimensional integra-
tion (“path integral”).
Gaussian integrals (“completing the square”)

For a positive number a or a strictly positive symmetric real matrix A one has

/dx e 2% = \/ n = /dx e 207 i — . e 2¥/e
a a

27T)N 1 . (27T)N 1 -1
/de e*%(x,A:E) — (_ = /de 675(:10,1490)6@(1;,:]0) _ . €f§(b,A b)
det A det A

The same holds if A is complex as long as its real part has strictly positive eigen-
values, hence (replacing A by —i(A+i€1)), one gets for arbitrary real A and € > 0

dN g o3 (@ (Atiel)a) iba) _ m o= (b (Atis1)"b)
/ ve ‘ det(—iA + el) ‘
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Generalizing this to infinite dimensions, one can write formally

T[J]free — /D(b 6%(¢:(*Dfm2+is)¢)ei(¢,t]) = /D(b eifd4x(%3u¢>3“¢*%m2¢>(a:)2+J(x)¢>(m))’

where ¢ is an “infinite-dimensional integration variable”, ie the integration “extends
over all real functions” ¢ : R* — R (field trajectories). All the constant factors
have been included into the normalization of the formal integration measure D¢
such that 7'[0] = 1. The exponent is the classical Lagrangean action as if the free
scalar field were coupled to an external source J, with the only proviso that m?
should be given a small imaginary part —ie, and the limit € | 0 is understood.

Remarkably, the same ie that originally appeared in the Fourier transform of
the Feynman propagator to produce the time-ordering, now is responsible for the
(formal) convergence of the Gaussian integral.

By taking variational derivatives wrt J it follows that

TNfree(T1, .. TN) = /Dﬁb P(x1) - P(rn) ¢! 4o Laveald(a)],

(Actually, an infinite-dimensional Lebesgue measure D¢ does not exist mathemat-
ically, but the Gaussian measure Dyu(¢) formally behaving like

Du(g) = e I 2t (bouooo—tmo?) py

can be rigorously defined, so that the integrals over polynomials like ¢(x1) - - - ¢(x )
exist and the above formula holds.)

6.7 Path integral in QM

We have (by now only for the free field) expressed the generating functional for
the time-ordered correlation functions as an integral over all field trajectories, with
an oscillating phase given by the classical action. This formula, obtained just by
comparison of the explicit expressions, is not accidental. In QM, one can actually
prove it also for non-trivial interaction potentials, as follows.

We assume a QM system with a finite number of degrees of freedom, summarily
called ) and their canonical momenta P, quantized with CCR, and with time-
independent Hamiltonian H = T + V. For simplicity, we assume that 7' > 0 is
quadratic in P, and V' depends only on ). We also assume that the system has
a unique ground state |0) with energy 0, and we introduce complete systems of
generalized eigenstates of @ and P (separately) such that

Qo) =da),  Plp)=plp),  (dp) = (2m) "L,

In general, [0) will be eigenstate neither of @ nor of P. We use the Heisenberg
picture, ie  and P are functions of time:

Q(t) — ethQefth’ B(t) — eth_Pefth’
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hence their eigenstates also evolve according to

@) =€), Ip)e=e"|p),

while the eigenvalues are constant, eg Q(t)|g): = ¢lg);. We want to compute
transition amplitudes

t <ﬂf|ﬂi>ti = <gf|e—iH(tf—ti)|gi>.

We split the time interval into many small intervals d¢, and insert complete Q-bases
several times:

_ /dQK o dgl <Qf|e_iH5t’gK><gK‘e_iH6t o e_iHét’QJ<21|6_iH5t’Qi>-

By the Baker-Campbell-Hausdorff formula

_1 i
oA+B _ A B ,—3lAB)+higher commutators’

. . . i 2 . . .
we write e #10 = =Tt =iVol LO() Tp the limit K — oo, we may ignore the

terms O(d¢?). Inserting a complete P-basis, we have

. . . dp, . . B
<gk+1|€—zH(§t|gk> _ /d£k<gk+1|6_lT6t|£k><£k|6_ZV6t|gk> _ / 2;;6 ZH(Bk’Qk)‘Ste”Bk (944, Qk)'

We insert this for each factor in our formula for (g f| q,)t;» and obtain

= / [1da,dp, J]e @22t = / DqDp ¢~ i #HeD-2D,
k k

The integration extends over all paths in phase space (q(t), p(t)) starting at q(t;) =
¢, and ending at q(ty) = q ;- In this expression, there are no operators anymore.

Since T'(p) is quadratic in p, we can perform the quadratic (Gaussian) p-integration
by completing the square for the p - g-term. Let T' = %(]_3, M*II_J), then

/dp e~z @M TIDTiRD) — copst . €%(Q’Mg)a

provided one understands M equipped with a small positive imaginary part (ie, H
is equipped with a small negative imaginary part). But this has precisely the same
effect as solving ¢ = 0H/Jp for p and eliminating p:

- R P
§=M"p = T-pi=5(@Mp.

Hence we arrive at the path integral representation of the transition amplitude

i [t j
t(¢, 1,01, = const - / D ¢ hi #Had,

where the integration extends over all paths ¢(t) from q(t;) to q(ty).
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Now, it is important that the Hamiltonian is positive. Let |g) = > c.(q)[n)
be the decomposition into eigenstates of H. Then subtracting a small imaginary
part as above is equivalent to multiplying H by (1 — i¢)

|g>t = Zn (1=i) Bt Cn(ﬂ) In), t<g| — Zn o—i(1—ie) Ent Cn(g) 7).

Then, |g); and ,(q| are dominated by the ground state contributions as ¢ — —oo
and as t — —o0, respectively. Thus, we will have

z. /Dq el o dtted) — (0]0) =1

with some constant Z. Hence Z equals the (divergent in the limit) integral.

Consider now more general path integrals with insertions of the form

/Dq q(t1) .- q(tn) ot J 7 dt L(a,9)

Since the integral is symmetric under permutation of the times ¢,,, we may assume
that t; > .- > ty. Following the previous computation backwards, one sees
that the additional factors ¢(t) are produced if, upon splitting the time evolution

operator e~ (s =)

into interval propagators e~ #k+17%) the factor (p, le~"|g,)
is replaced by (]_ak|e_iV5tQ|gk> where g, corresponds to the intermediate time #; =
t. Likewise, several insertions ¢(t,) amount to inserting operators Q(t¢,) at the

appropriate places. This yields the Feynman-Kac formula,

(OIT[Q(t) ... Qtn)][0) = / Da () .. qlt) ¢/t bled),

When t; > --- > ty, the time-ordering operation does nothing. But in this form,
the formula holds indeed for any ordering of the times t,,, because both expressions
are symmetric under permutations.

The path-integral with insertions produces quantum-mechanical time-ordered
vacuum expectation values.

We can now identify the generating functional for the time-ordered vacuum
expectation values with the normalized path integral with a source term:

Z(f

T(f) = %: %/dtl et f(h) - () - OITIQU) - Qen)I0) = 75

~—

where

2(f) = /Dq i 17 dt (L@@ +(0)a)

It can be shown that the division by Z(0) makes this divergent expression well-
defined (for a class of sufficiently regular Lagrangeans). In the analogous QFT
case, it will assure (Sect. 6.9 (A)) the systematic cancellation of all contributions
which exhibit the IR divergence (~ d*z by translation invariance) as in Sect. 6.1.
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6.8 The path integral in QFT

The path-integral definition of an interacting QFT relies on the idea that the QM
formula for the generating functional of time-ordered VEVs holds (or at least can
be given sense) also in QFT: the only difference being that QFT is “QM with
infinitely many degrees of freedom” (%) instead of (). The auxiliary function f(t)
has to be replaced by a “source” J(z). Hence by definition B

T[J] =2 | where | Z[J]:= / D et (Lo +I@)o()

The real task, however, is to define the path integral beyond the previous formal
heuristics (see below). If one then can compute the path integral, one gets the
Green functions

o o

(@ Tlptw) o)) = 2017+ (=igzes) - (—ig7e) 21|

(5J(ZEN) J:07

from which one computes the S-matrix by the LSZ formula. We have seen above,
that this formal recipe indeed gives the correct result in the free field case.

In the case of Fermi fields quantized by canonical anti-CR, one has to use
“Grassmann path integrals”, ie the field integration variables are “anticommuting
numbers”, with certain modifications of the rules for integration.

Comments

The interacting path integral is not a priori defined. As said before, the in-
tegration measure D¢ does not exist, but Du(¢) = D¢ ¢t Liee can be defined on
¢’/ 7% and on polynomial functionals of ¢. The basic question is therefore, whether
the additional term e/ “=t is integrable with the measure Dyu(¢). In perturbation
theory, one circumvents this question, by expanding e’/ £ as a power series, but
still the Gaussian integral has to be defined on pointwise products like ¢™(z). Al-
ternative definitions of the path integral proceed by lattice approximations in the
limit of small lattice spacing (cf Sect. 8.7).

Because the PI with the Gaussian measure generates free time-ordered correla-
tions functions, one can write

Z[J] = /D¢ et [ a7 Lireeld] i [ d'a(Line(0)+T9) _ (97Teifd4x(£int(safree)+J<Pfree)Q)free_
The operator on the rhs looks very similar to the “old” formula for the S-matrix
as in Sect. 5.5, but the meaning is very different. First, the function J(x) is not a
physical external field, but just an auxiliary “source term” to generate insertions
by variational derivatives. The value at J = 0 is just the normalization factor
necessary to make the vacuum-to-vacuum amplitude = 1, as it should be in a time-
translation invariant theory. Finally, the resulting generating functional is not yet
the S-matrix, but the latter has to be computed by the LSZ formula.



Quantum Field Theory, Uni Gottingen 2013, KH Rehren 66

The last remark has an important consequence: In the derivation of the PI, it
was assumed that equal-time CCR hold as in QM. But in the derivation of the LSZ
formula, we had to shift and renormalize the field to get vanishing VEV and the
proper scalar product with the one-particle states. To generate the properly nor-

malized Green functions (ie, the time-ordered correlation functions of Z;l/ *(p(z)—

v)), the source term should rather be [ J(x)Z(;l/Q(gb(m) — ). One may then make

a change of the PI integration variable by renaming Z;l/ *(¢(x) — v) to ¢. This
changes the form of the Lagrangean, eg the kinetic term will become Z; 0,¢0"¢.
Also, there is no a priori reason that the path integral produces Green functions
with poles at k2 = m? = the mass appearing in the Lagrangean. The physical
mass, determined by the poles of the Green function, may be different. Finally,
also the physical coupling constant, defined by the value of some reference ampli-
tude (eg, the two-to-two-particles scattering amplitude), need not coincide with the
Lagrangean parameter g. Therefore, the Lagrangean appearing in the PI should
rather be parametrized as

1

1 1
L[g] = §Z¢ Dud" o — §Zm m? ¢* — ﬂzgg ¢t —Y; ¢° — V1 0.

The constants are yet unknown and must be determined so as to satisfy the LSZ
normalization conditions, and to produce Green functions with the physical mass
and coupling constants. This will be the issue of renormalization theory.

6.9 Feynman rules
The perturbative expansion of the formula

Z[J] — (Q’ Tei f d4x(ﬁint (‘Pfree)'i‘JSDfree)Q)free

yields the Gell-Mann—Low formula (which can actually also derived without
the PI, using the interaction picture)

(Q,T[p(r1) ... p(zn)]Q) =

Z %(97 T [Sofree(xl) cee Sofree('rN) ( f Eint(gofree(y»dy) ”} Q)free '

E %(97 T( f Eint(SOfree(y))dy)nQ)free

Notice that the right-hand-side is entirely in terms of free fields, and can be com-
puted term by term. (Notice also that it does not involve any path integral.)

The term-by-term evaluation uses Wick’s Theorem. The following graphical
rules emerge (for the numerator) in the case of an interaction L, = —% gV

1. Draw N external vertices, labelled by the points xq,...zy.
2. Draw n interaction vertices.

3. Draw lines between internal and external vertices in all possible ways such
that each external vertex has one line attached, and each interaction vertex has v
lines attached.
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The result is a Feynman diagram (. Each of these diagrams represents one
contribution according to Wick’s Theorem. The corresponding analytical expres-
sion is given by the following rules:

4. Each interaction vertex is assigned a coordinate y;.

5. The diagram corresponds to the Feynman integral

16) = ()" [ dun...dyu [ (~iG),

lines
where the arguments of the Feynman propagators are the endpoints of the lines.

6. Each diagram arises with a coefficient 1/n! times a “counting factor” C(G)
(the number of pairings that give rise to the same diagram, where diagrams with dif-
ferent numberings of interaction vertices are identified). The counting factor C'(G)
can also be expressed through a “symmetry factor” S(G) = number of permuta-
tions of interaction vertices and their “slots” where the internal lines are attached,
that do not change the diagram. One has then C(G)/(v!)"n! = 1/S(G).

Hence
1

Numerator = Z PTG ; C(Q)-I(G)

where for each n the sum extends over all diagrams with the given number of N
external vertices and n interaction vertices. For the denominator, one only sums
over diagrams with no external vertices.

For several interaction terms (g, /v!):¢":, one would have to replace (g/v!)™/n!
by [1,(g./v!)™ /n,! for a graph containing n, vertices of order v.

Before we turn to the evaluation of the integrals I(G), we notice some systematic
facts. FEach diagram can be decomposed into connected diagrams, and the
corresponding Feynman integral is the product of the connected integrals. In fact,
these integrals are of the same type as those considered in Sect. 6.1, and tend to
have IR and UV divergences, that have to be dealt with.

A: (Vacuum diagrams) A vacuum diagram is a connected diagram without
external lines. Because the integrand of a vacuum diagram depends only on the
differences y; — y;, the integral will always involve the IR divergent factor [ dy.
Recall that this led to (0[S|0) = 0 in the “old” S-matrix formula, which was the
reason why we had to reject it! But with the GML formula, all vacuum diagrams
exactly cancel. To see this, consider the schematic structure of the numerator

1 1 n!
= ; o ; (vac) - (non-vac) = ; o ; m(mc)p : (HOH‘VaC)nfp

where eg (Vac)p is the sum of all products of vacuum diagrams with a total of p
vertices. The combinatorial factor reflects the number of possibilities to choose p
out of n interaction vertices. Rewriting the sum

1 1
= Z i (vac),, - (non-vac), = (Z " (vac),) - ( Zq: a(non—vac)q)
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we see that the first factor equals Z[0] and is cancelled by the denominator. Hence

1
Tv(@n, . an) =) " > C(G) - I(G).
n : G without
vacuum subdiagrams

The denominator Z[0] systematically cancels the obvious IR divergent vacuum
diagrams.

B: (Connected diagrams) It is sufficient to compute connected diagrams,
because a disconnected diagram is the product of the connected parts. One can
show (“Linked Cluster Theorem”) that the generating functional T'[J] = Z[J]/Z][0]
equals

T[J] = ]

where T°°"*[J] is the sum over all connected diagrams only. Schematically, if 75"
represent all connected graphs with N external lines (and assuming 77°™ = 0):

14 (L72rgom 4 Lpdpgomn 4 Lpizeom o)y L(Lpapcomn 2

=1 + %JQ(,ré:onn) + %J3(T§0nn + 2_14J4<7_ionn + 37_2COHI’12) + ...

Eg, the combinatorial factor 3 in the disconnected 4-point function properly repro-
duces the three possible possible products of two connected 2-point functions.

C: (Momentum conservation) The Fourier transform 7y (k1, ..., ky) = [ [[ d*z;
ety (zy,. .., xy) is a sum over the FT I(G) of the Feynman integrals I(G). We
insert for each propagator its Fourier representation. The x and y-integrations pro-
duce V' d-functions for all momenta flowing in or out of each vertex (convention:
external momenta k flow out of the diagram). The n §-fns for L momentum inte-
grals produce a factor o (vazl k;) for the conservation of the total four-momentum
and otherwise reduce the L momentum integrations by n — 1. Moreover, the inte-
grand of the external lines is fixed to be mQ_—jkf’ hence the integral has the form

N N —1 .
1«;)=:Ilﬁj;Efz7g(zﬁf5(kl+...kN).ﬂxcn
with functions iI'(G) to be further specified below.

D: (Loops) Let N be the number of external vertices of a connected diagram,
L the total number of lines, hence L — N internal lines, and V' = n the number of
interaction vertices. Then we are left with

l:=L—-N—(V-1)

independent internal momentum integrations. It turns out that [ is exactly the
number of independent loops of the diagram: For tree diagrams (no loops), this is
evident because in order to connect V' interaction vertices one needs V' — 1 internal
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lines, hence L = N + (V — 1), [ = 0. Each additionial line connecting two vertices
will produce a loop. This step increases L by 1 without changing N and V.

For vertices of order v > 3, one also has N + vV = 2L, hence (v —2)V =
2l + N — 2. This means, that for fixed N (a fixed process of interest), the order of
perturbation theory counted by the number V' of vertices, increases proportional
to the number [ of loops. This is why PT is also called “loop expansion”. The
lowest order is given by the tree diagrams, [ =0 = V = (N —2)/(v — 2).

After these preparations, the Feynman rules are as follows. The Fourier trans-
form of the connected time-ordered correlation function is of the form

~conn N - 4 .
7 (kl,...,k;N):H“mz k2(27r) §(ky + ... ky) - iTn(ke, ... ky).

When inserted into the LSZ formula, the factors — kQ will completely cancel out

(also after the necessary renormalization, see Chap 7). Notice that the external
momenta k here are not assumed to be “on-shell” (k € H,, for outgoing or —k € H,,
for incoming particles), hence once some I'(G) has been computed, it can also be
used for a subgraph of some other graph. Only when one uses the final expression
for the 7-functions in the LSZ formula, one has to put k on-shell.

Here, il"y is a sum over “amputated” (external propagators removed) connected
momentum space Feynman integrals

; ciG) .
ZPN(kZl,...,k’N) = —’LF(G),
GC(;\ected HV VV(G)'

without vacuum subdiagrams

where

. 1 (—90\ % [ Tioops(—1) d*ai/ (27)°*
inG) =i H < yg! ) [ Linternat (M2 — p2)

lines

In the denominator, p; are linear combinations of the external momenta k; (flowing
out of the graph) and the independent loop momenta ¢; in the numerator, as
dictated by momentum conservation at each vertex. The only exception is the
single line graph which has two external momenta attached to the same line, and
no vertex. For this graph, i'(line) = i(m? — k?) is the inverse of the propagator,
because it has to be multiplied with the square of the external propagator.

The ie subtractions are understood everywhere. We shall see later that 'y are
real functions.

Finally, the full 7-functions are obtained, in a symbolic notation (X = set of

arguments), by
TN( Z H conn

partitions
X:UXi
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E: (Daisies and tadpoles) Internal lines cannot connect with both ends to
the same vertex (“daisy diagrams”), because by Wick’s Theorem there are no
internal pairings. In the PI formulation (where “normal ordering” is meaningless)
one must argue differently. Each daisy leaf at a vertex of order v would contribute
a (divergent) integral C = [dp/(m? — p?), which has the same effect in the
Feynman integral as an interaction vertex of order v—2 with coupling C'g,. One can
systematically cancel these terms by adding “counterterms” of the form —Cg,p” 2
to L. This is just a renormalization of the coupling constant g, . Assuming
WLOG that this step has already been taken, one may just drop all daisy diagrams.

Similarly, we consider “tadpole diagrams”, ie subdiagrams without external
vertices, which are connected to the rest of a diagram by one internal line only.
(Tadpoles can occur only if there are interaction vertices of odd order.) Nonzero
tadpoles give rise to nonzero 1-point functions. But we have seen earlier that a
nonzero VEV of the field can be removed by a shift of the field by a constant,
which gives rise (among other things) to a linear term in the Lagrangean. Indeed,
the momentum conservation implies that the momentum flowing across the “tail”
of the tadpole is zero. Hence the integral representing the “head” of the tadpole
is just some constant Y. If one adds to the interaction Lagrangean a counterterm
—Y ¢, this corresponds to a new vertex of order 1 with coupling constant g; = =Y.
The additional tadpoles ending on this new vertex will precisely cancel the old
tadpoles. One may therefore also ignore all tadpole diagrams (both the original
ones and the ones coming from the counterterm).

Summary: The Fourier transforms of time-ordered correlation functions are given
by sums of products of connected diagrams, representing an integral. Each con-
nected Feynman integral is a function of the external momenta, given by a 9-
function for the total energy-momentum conservation, times a loop integral over
the propagators. There are no vacuum diagrams, no daisies and no tadpoles.

For the tree diagram (I = 0) with a single vertex (V' = 1) of order v (hence

N =v and C(G) = v!), we find the leading connected contribution
0
FS\[) = —0v,

ie precisely the coupling constant for the interaction term ¢”. By the LSZ formula,
this is the leading term for the amplitude of processes where 2 particles are scattered
into v — 2 particles. The higher order (loop) corrections to I'y will modify the
strength of the interaction.

In the case of Dirac or vector fields with the QED interaction ej*A,,, the Feyn-
man rules have to be modified. Each time-ordered VEV

(2, T [thay (1) 8y, (22) - - - Wy (T2n 1) Py (228) AP (o 41) - - AP (2on g ar) | Q)

is represented by a sum over diagrams with diagram 2N external Dirac lines and
M external photon lines. In each vertex, one photon line is attached to a pair of
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directed Dirac lines. In particular, Dirac lines form chains that “never end”: either
they connect a pair of external Dirac lines, or they form a closed loop. In the Feyn-
man integral, each vertex contributes a factor ey*, and each line a corresponding
Dirac or Maxwell propagator, in such a way that Lorentz indices are contracted and
Dirac matrices are multiplied according to the structure of the diagram. In partic-
ular, each open chain of Dirac lines produces a Dirac matrix (alternating product
of propagator matrices and y-matrices from the vertices), while each closed Dirac
loop produces a trace over Dirac matrices. Similarly, external photon lines carry
an uncontracted Lorentz index.

Due to the anti-commutativity, there arise certain relative signs, where the
overall sign is irrelevant. Take any reference diagram and label the external Dirac
lines 1,2...2N such that the directed lines run from 27 — 1 to 2¢. For any other
diagram, the same prescription would yield a different labelling. For tree diagrams,
the relative sign is the sign of this permutation, while there is an additional — sign
for each closed Dirac loop.

Otherwise, the rules are the same, eg the omission of daisies, tadpoles, and
vacuum diagrams, and the factorization into products of connected functions (with
permutation signs). Clearly, 7-functions with a different number of 1 and ¢ fields
vanish due to charge conservation.

In order to extract S-matrix elements from the 7-functions by the LSZ method,
one has to contract the Lorentz indices of the vector potentials with the polarization
vectors €y (—k) (incoming) or €/ (k) (outgoing) of the desired photon states, and
the Dirac indices of the Dirac fields with the u- and v-spinors and their conjugates
for the desired spin states of the electrons and positrons, according to the same
rules as in the previously discussed interaction with an external field.

6.10 Example: Compton scattering

As an example, we want to compute the Compton scattering amplitude at tree
level (no integrations). For the same reason as with the classical elm field (energy-
momentum conservation, cf Sect. 5.8), every diagram with one incoming and one
outgoing electron line and only one external photon line vanishes “on-shell”. The
lowest order process involves two vertices and two photons, ie the photon cannot
be just absorbed but has to be re-emitted.

According to the Feynman rules, we obtain
(K8 q €'k, s;q,€) = 2m)*0(K +q¢' —k—q)iT, T = e (¢ )uy (k)T pus(—k)e(—q)

where k and ¢ are the electron and photon momenta, s and € the spin and helicities,
and

ml +~y Nk + q)x ml + Mk — ¢')a
FW=62<W 5 e+ Y—s ( = M)
m? — (k +q) m? —(k—¢)
has contributions from two possible diagrams. The probability density |T|* depends
on the spins and helicities, but it simplifies considerably if one averages over the
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incoming quantum numbers and sums over the outgoing ones (this corresponds to
an experiment with instruments that are insensitive to spin and helicity): One has
the identities

D (k) Ts(k) = m1 + 7 ky

S

as well as
S° €Za) €2(g) = P + (terms ~ ¢°q”).

The latter terms will cancel out in later steps of the computation because of the
conservation of the Dirac current, or — equivalently — by gauge invariance (because
a gauge transformation would add arbitrary more such terms, and the result must
not depend on them. With this and 7°v#+° = 4#*, the averaged probability density
becomes

1 , .
(]T|2) =1 tr (ml + 'y)‘k'A)FW(ml — kH)Fyu),

involving products of up to 8 y-matrices. This can be worked out, giving after a
lengthy computation

2y _ ot m* +m*(3s+u) —us m*+m?(Bu+s) —us  2m?*(4m* —t)
(1T17) =2 ( (m? — 5)2 + (m? — u)? + (m? — s)(m? — u)>

where s = (k+q)%, t = (k—k)? u= (k—¢)* =2m? — s —t. In the FT frame of
the electron, this can be expressed in terms of the photon energies w, w':

2¢t
D2

(T)?) = (ww' (w? 4+ W) = 2muww'(w — w') + M*(w — w')?)

where by energy-momentum conservation

(1 — cos?
w_w,:ww( cos )
m

This gives the differential cross section (cf Sect. 6.5)

docomp etw’

dQpr  32m2m2w3

Oz2 w/Z /

2 2 . 9 / W w . 9
w + w” —sin“ Y - ww :——(——i-——sm 19).
( ) 2m2 2\ w

This is the Klein-Nishina formula for (tree level) Compton scattering.

By the same method, one can also compute the pair annihilation process e" et —
27. In the LSZ formula, one only has to exchange the outgoing electron momen-
tum +4%] by the ingoing positron momentum —k,, and similarly —¢; by +¢o. This
amounts to replacing s <> t and reversing the overall sign in the expression for
(|T]?). In this case, one rather works in the CM frame, giving the final result

doann &% E*+ 2sin* 9 m?p? — cos® I p?
dQon  4E2 (E? — cos? 9 p?)?
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7 Renormalization

7.1 Preparations

While tree diagrams are just products of coupling constants and propagators, loop
diagrams involve integrations over four-momenta “circulating in the loops”. These
integrals tend to be UV divergent. Renormalization is a procedure to remove
these divergences by adding suitable “counter terms” to the Lagrangean (or other,
equivalent, methods). We have seen simple instances of counter terms before, when
cancelling the infinities due to daisy and tadpole diagrams.

As a consequence, we shall see that the parameters m and g appearing in
the classical Lagrangean have no direct physical meaning. The true masses and
coupling constants are implicitly determined by the interaction itself.

Renormalization factors

As already mentioned in Sect. 6.8, the mismatch between the CCR used in
the derivation of the Gell-Mann-Low formula via the formal generalization of the
QM path integral, and the need of a field redefinition in the derivation of the LSZ
formula requires the Lagrangean in the path integral to be rather of the form

L16) = 570 0,006 — 3 2m® 6 — 52,9 6~ Y5 6~ Vi 6,
where the factors still have to be determined. Eg, Z4 must be chosen such as to
produce the correct scalar product with the one-particle states. It depends on the
interaction, and Z, = 1 for free fields. We shall therefore write Zy = 1+ A(g)
where A(g) is a power series starting with order g, and regard the piece é@uqﬁa“qﬁ
as part of L;,;. The need to do so will become apparent soon.

Likewise, we write Z,, = 1+ B(g) where B(g) is at least of order g. Everything
beyond the free Lagrangean belongs to
1 1 1
Linld] = 5A(9) 0000 — LBlo)m* ¢ — 5. 7,(4) g 6" ~ Yilg) &
where Z, = 1+ O(g) and Y3 = O(g). (We already know that we may disregard
Y1 ¢ whose sole effect is to cancel all tadpoles.)

The general structure of loop integrations

All propagators Gr(g) have manifest singularities when ¢ = m?. The ie-

prescription turns these singular functions into well-behaved distributions. When
integrating over loop momenta, the ¢-integration can be deformed to pass along
the imaginary axis. Then, regarding (¢°/i,7) € R* as a Euclidean four vector, we

may replace
1 1

m2 — ¢ —ic m?+ q%’

(—i)d4q — dqp,

With this substitution, the I'y become systematically real functions of the Eu-
clidean momenta (k°/i, k).
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Next, with the help of the identity
1 ! S(up 4+ up — 1)
— =(n-—1)! du;
A A, ( )/OH [U1A1+"'+Un14n]”
and a suitable linear transformation of the Euclidean integration variables, all

(scalar) amputated loop integrals with [ loops and n internal propagators can be
brought into the form

1 d4lQE
I(k) = /0 [ dui 6+ -+ — 1) g(u)/ E TR T Pl )

where F(kg,u) is a SO(4) invariant quadratic form in the Euclidean external mo-
menta depending on the Feynman parameters ug,...u,, and the function g(u)
depends on the details of the diagram. Eg, for graphs with two external lines,
F(kg,u) = f(u)k%; one loop: g(u) =1, f(u) = ujug; two loops: g(u) = 2(ujus +
wug + ugug) "2 and f(u) = ugugus/(uius + usuz + usuz)~* It is apparent from this
form that the Q-integral will diverge at large () whenever 4/ > 2n. On the other
hand, taking sufficiently many derivatives wrt some of the invariants of the external
momenta, the power of the denominator can be increased and the integral becomes
convergent. This means that the divergent part of the loop integral is always a
polynomial in these invariants. We shall make crucial use of this fact.

To get control of the divergence one can introduce a UV cutoff, eg replacing d* qx
by d4Qp e QE/2 . Rescaling Qp by A, one can conclude the degree of divergence:
the integral diverges ~ A%~2" if 4] > 2n, and like log(A%/m?) if 41 = 2n.

One-particle irreducible diagrams

It is evident from the Feynman rules that a diagram G which consists of two
subdiagrams G, G connected by a single internal line, factorizes in momentum
space according to

iI(G) =il(Gh) - (—iGr(q)) - iI(Go), ie I'(G)=T(G1)-Gr-I'(Gy)
where the momentum ¢ of the connecting propagator is determined by the outer

momenta. In particular, there is no further integration involved in this composition.

This means that it is sufficient to compute (and renormalize) only the one-
particle 1rreducible diagrams: those diagrams which cannot be split into two by
removing one internal line. By definition, 1PI diagrams are amputated.

7.2 Renormalization of the propagator

Consider the propagator G gy of the interacting field, ie the sum over all FD with
two external lines of external momentum k. It is given by the free propagator plus
a sum over diagrams involving at least one interaction vertex. The latter may not
be 1PI, but they are always chains of 1PI diagrams connected by free propagators:

Grine = Gr(k) + Gr(k)S(K*)Gr (k) + Gr(k)S(k*)Gr(k)S(k*)Gr(k) + ..
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where i3(k?) is the sum over all (amputated) 1PI diagrams with two external lines.
This is a geometric series that can be summed:

1
m? — k2 — 5(k?)

Using the Feynman parametrization, the lowest order contribution to ©(k?) with
two ¢* interaction vertices is

PO 92/du1dugdu3 S(uy + ug +ug — 1) g(u)/

Grim = Gr(k) - (1= S(k)Gr(k) ™ =

*Qp
(m? + QF — f(u)k?)*’
where g(u) = 2/(ujug + ujus + uguz)® and f(u) = uyugus/(urug + urus + ugus).
This integral is UV divergent ~ A?, its derivative wrt k? diverges ~ log(A?/m?),
and all higher derivatives are finite. Hence, the Taylor expansion around k? = m?
is

2@ = m2Ry(A,m?) + Fi(A, m?) (k> — m®) + (k> — m?)? - (finite)
where Fy and F are quadratically and logarithmically divergent.
At this point, the “counter terms” $A(g) 8,¢00"¢ — 3 B(g) m* ¢* come into play:
if A(g) and B(g) have contributions ag? and bg?, they will also contribute to 3
with a term g?(ak? — bm?). Therefore, one may (and has to) adjust a and b such
as to cancel the divergent first two Taylor coefficients; in particular, @ and b (and
hence A(g) and B(g)) will also be cutoff-dependent, and diverge as A — oc.

More precisely, because of the LSZ normalization condition, one needs the to-
tal propagator 1/D(k?) to have a pole with unit residue at k* = m?. Since the
denominator with cutoff and counter terms is

Da(K*) = m® — k* — ¢*((a+ F1)k* + (Fy — Fy — b)m® + (finite) - (k* — m®)*) + O(g"),

he LSZ condition requires to choose a = —F} and b = Fy — F;. One can then take
the limit A — oo, and the result is the renormalized (to order g*) propagator

Grrenlk) = (m? = K+ g* - (fmite) - (K — m?)? + O(g4))_1.

The finite terms O((m? — k%)?) do not affect the residue. But they may and will
have a nontrivial dependence on k2, leading to a modification of the propagator to
be inserted in higher order diagrams.

Note that it is not necessary to actually compute the divergent parts of £?): it
suffices to know the finite second derivative 02,5® (k?) as a function of k%, which
completely determines the remaining terms.

For the same reason, it is also not necessary to specify the exact cutoff prescrip-
tion — the finite result will be independent of it.

On the other hand, it is essential that this prescription has to be repeated
at each order of PT, because there will be diagrams with more and more loops
contributing to X(k?) at higher order in g. Moreover, at higher order the coupling
constant has to be replaced by Z,(g)g = g+0O(g?), thus mixing the renormalization
of the propagator with that of the vertex, to be discussed in the next subsection.
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One could as well Taylor expand Zf)(k?) around any other point k% = m’?,

with different divergent coefficients Fj, and F}, and a different finite part O((k* —
m'?)?). One can then adjust the counter terms a and b such that the renormalized
propagator has its pole with unit residue at & = m’?. This implies that the physical
mass (fixed by the choice of the position of the pole) is entirely independent of
the original Lagrangean mass parameter (which is modified by the counter term
anyway. )

7.3 Renormalization of the interaction

We now consider 1PI diagrams with four external lines, contributing to the vertex
function iT'(ky, ko, ks, ks). At k2 = m?, this quantity is the scattering amplitude
for 2 — 2 particles. At tree level, I' just equals the coupling constant —g. In the
next order, there are three diagrams (counting factor 288) distinguished only by
the labels of the external lines. The corresponding integrals are permutations of

.
~ 92/ 4 + (permutations)
(m? — ¢?)(m? — (q — k1 — k2)?)
This integral diverges logarithmically, while its first derivative wrt s = (ki + k)?
is finite:

~ g*(log(A?/m?) + (finite function of (k; + k2)* + permutations))

The divergent part does not depend on the momenta, and can therefore be cancelled
by a counter term —cg®¢*/24 in the Lagrangean (ie Z,(g) = 1+ cg+ O(g?)), which
is equally divergent, say ¢ ~ log(A%/m?), so that

D(ky, ko, k3, k) — cg = —g + ¢ (finite) + O(g®).

This quantity depends on the external momenta, ie the strength of the interaction
becomes energy-dependent. The “physical” coupling constant g, is the value of
this function at some conveniently chosen reference point (ki, ko, k3, k4)rer. Hence,
what one calls gy, Will depend on the choice of this “renormalization point”.

We have here concentrated on the removal of divergences. Notice however, that
the physics (eg the energy dependence of the coupling strength) resides in the finite
parts, of which we have shown how to isolate them in principle, but which are quite
involved to actually compute.

Notice also that the renormalization has to be iterated at each order of PT,
where eg the lower-order corrections (here: the finite part O((k? — m?)?) of )
to the propagators have to be taken into account when computing higher-order
diagrams! This gives rise to a quite complicated recursive scheme.

Finally, notice that counter terms are vertices of the same order as the divergent
diagrams. Therefore, if there is no vertex of odd order at tree level — as in a pure
©* theory — there will never be any diagrams with an odd number of external lines
that could require a counter term, and therefore Y3(g) above will be zero.
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7.4 Renormalizability to all orders

Renormalization is a recursive scheme: at every loop order, there arise more di-
vergent diagrams which require more counter terms. In the best case, these CTs
mean only a (cumulative) re-adjustment of the coefficients of the terms in the
classical Lagrangean. Thus, the structure of the interaction is never changed, but
the Lagrangean coefficients (including the CTs) are meaningless because they are
power series in g, divergent at every order, recursively selected such that the result-
ing time-ordered correlation functions are finite. The values of these functions at
special points are the physical parameters (mass, coupling constant) of the theory.

However, it is in principle possible that there arise divergent diagrams (eg, 1PI
diagrams with a growing number of external lines) which require counter terms
not already present in the Lagrangean. These CTs cannot be dumped into a
renormalization of some Lagrangean coefficients, but rather constitute some new
fundamental type of interaction. In the worst case, one would have to introduce
(as the recursion proceeds) an infinite number of new interactions with adjustable
physical parameters, meaning that the theory looses all its predictive power.

Whether or not this scenario arises, can be analyzed by a simple dimensional
argument: what matters is the dependence of the degree of divergence of a 1PI
diagram on the number of external lines and loops. We shall show that there
are conditions on the type of couplings, for which all divergences can be absorbed
into finitely many constants appearing in L, in such a way that all time-ordered
correlation functions are finite order by order.

In scalar QFT with interaction ", we have seen that the numbers of external
lines NV, internal lines L — N, vertices V' and loops [ are related by

l=L-N—-(V-1) and N+ vV =2L.

Now consider a 1PI diagram. Using the Feynman parametrization, the loop inte-

gration takes the form
[
@+

where we have replaced 4 spacetime dimensions by D (in order to emphasize the
systematic nature of the consideration). Clearly, this integral is divergent if

w:=ID—-2(L—-N)>0.
Using the above relations, one can rewrite this expression as
w = [gn] = Vlg,]

where [g,] = D + v — vD/2 is the mass dimension of the coupling constant of a
vertex of order v (because a scalar field has dimension D /2 —1 and the Lagrangean
has dimension D). This can be read as follows. Suppose [g,] is positive (v < 4
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in D = 4). Then, adding more vertices to a diagram with a fixed number N
of external lines decreases degree of divergence w, so that there are only finitely
many divergent diagrams. Renormalization is completed in some finite order of
perturbation theory. Such theories are called “super-renormalizable”.

Suppose [g,] is zero (v = 4 in D = 4). Then the degree of divergence is
independent of the order of perturbation theory, but goes down with N. Hence only
diagrams with N < v external lines need to be renormalized, but renormalization
has to be iterated at each order of PT. Such theories are called “renormalizable”.

Suppose [g,] is negative (v > 4 in D = 4). Then for each N, one may produce
diagrams (by increasing V') for which w is positive: hence one needs a counter term
of the form Yy¢?, ie the renormalized theory has independent couplings of arbi-
trary order. But this is a theory with infinitely many parameters: such a theory is
unacceptable because it has almost no “predictive power”. Therefore a theory with
coupling constants of negative mass dimension is rejected as “unrenormalizable”.

The present “power counting” argument only assesses the maximal expected
divergence. There is always the possibility that by some hidden symmetry some or
all divergences cancel systematically, allowing for renormalizable theories even with
couplings of negative dimension: eg, a canonical quantization of gravity is superfi-
cially non-renormalizable, while supersymmetry improves the situation drastically,
although not sufficient to prove renormalizability.

We also see that models in lower dimension have weaker divergences; eg in
D = 2 all powers ¢” are renormalizable.

The power counting method works also for fields with spin, where massive fields
of spin s have dimension (in D = 4) 1+ s (notice the numerator m1 + v*k, of the
Feynman propagator of Dirac fields). Only interaction terms are admitted which
have total dimension of the involved fields < 4. Since local fields constructed
from the Dirac field of the form :1)vy...~v1: have at least dimension 3, they can
only couple to fields of dimension 1: this admits Yukawa couplings b1 to a
scalar field, as well as gauge couplings :@7“1&:14#, where A, is a massless vector
field. (A massive vector field has dimension 2, due to an additional factor k*k" in
the propagator. This is why massive vector bosons W and Z cannot be included
directly into the SM, requiring instead the Higgs mechanism. On the other hand,
a massless vector field has instead a factor k*k" /k? reducing its effective dimension
to 1. However, it has other difficulties which can only be overcome by gauge
invariance. Indeed, this symmetry can be made responsible for the reduction of
the effective mass dimension of A,,.) Together with the Higgs self-coupling of ¢*-
type, these are all the couplings present in the Standard Model, cf Chap. 8.

It may be interesting to notice that with renormalizable interactions in 4D, the
maximal degree of divergence of any diagram is w = 2 occuring in diagrams with
N = 2. This implies that the counter terms contains at most k2, hence are at
most quadratic in the field derivatives in x-space. Is this a secret reason why all
equations of motion are at most second order in time?
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7.5 The effective action (optional)

A “vertex function” is the sum over all contributions from 1PI diagrams to a given
time-ordered function. Eg, for N = 3, it is just the amputated Green function

FlPI H 7_2 conn 7:].—‘3,

(suppressing the arguments of the respective functions in momentum space; recall
that amputation means removal of the factors 7 = —iGp = —i/(m? — k* — %(k?));
and for N = 4 one has to subtract all the one-particle reducible contributions:

T} =il = 34Ty - 73 - iT'5 = H ) (e = 3Ty e,
which is equivalent to
T = H 7p) - (i0}7 + 3403 7y T3,

(The factor 3 stands for three different assignments of the four external legs.)

This gives the expansion of all connected diagrams by connecting 1PI diagrams
with intermediate propagators.

One puts by definition sI'}F' = —7; ', and considers the generating functional

PP — ZN>2 . / (H dz; o ) )) TN (2, 2w,

where ¢ is another auxiliary parameter function wrt which one has to vary in order
to get the vertex functions

) )
FlPI o — . FlPI o
N (xlv mN) (530(1’1) 5()0(1,]\[) [90”%—0

A remarkable combinatorial formula says that [''F1[¢] is the Legendre transform
of T [J]: If one defines
5Tconn[J] .
=———=|d
() = et = [ aume) i) +

as a power series in J, and solves this for J[p](x), then one finds

TP g] = T[] — i / dr () [g] (2).

Conversely,

Toom(J] = TPl )] + i / dx o 7)(2) T (x),

where

Tel(a) = - Fm = [P e) + 0s")

The linear contribution is (D —i— m?+ O(g?%))e(z), (because TAFT = k2 —m? — O(g?)
in momentum space).
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Thus, from the knowledge of T''*I[¢], one can recover the connected functional
T [J] by a Legendre transformation, then the time-ordered functional T'[.J] by
exponentiation, and finally the scattering matrix by LSZ.

The last equation has the form of a classical equation of motion for a field ¢(z)
with an action T'"[p], when an additional source term [ dz ¢(x).J(z) is added.
For this reason, one calls T[] the “effective action”. The tree-level (no loops)
contributions are just the classical action:

P, g.0) = [ do(30,0(0)0%0(n) = it (a) — S6t) + O

The higher-order terms = quantum corrections due to 1PI loop diagrams will no
longer be integrals over local densities. (No problem, as ¢ is not supposed to be a
local field, but just an auxiliary parameter function in a generating functional!)

The loop corrections to the 1PI functions are finite when a suitable UV cutoff
A is introduced as before, and diverge when A — oc.

Renormalization consists in A-dependent redefinitions (= counter terms) of the
mass and coupling constant and of the field normalization, such that the generating
functional

ren

Pinle] = Jim TR[m(A), g(A), Z(A)*¢]

generates finite 1PI vertex functions and hence full Green functions. The divergent
functions m(A), g(A), Z(A) must be chosen such (the hard stuff, of course, is to
show that this can be done!) that I''YT has the form

ren

1 1 ren .
M) = [ do(300(0)0"p(a) - gt (@) + %204 () + fnite,

where the renormalized mass and coupling constant are given by the values of the
Fourier transform of the coefficient functions at some reference point p? = u? (ie,
the energy scale at which these constants are measured in terms of cross-sections
derived from Green functions, cf Sect. 7.3).

At a different reference point p, mye, and g.e, are different but still finite. The
“renormalization group equation” describes this dependence. Some theories (eg
non-abelian gauge theories, cf Sect. 8.3) exhibit “asymptotic freedom”: namely
Gren(pt) becomes small with increasing p. This is the reason why “quarks” are
confined at low energies, but behave like free particles in high-energy collisions.

Nonperturbative approaches to renormalization attempt to directly define the
path integral without “expanding the exponential”.

This method can be made mathematically rigorous by exploiting analyticity
properties of correlation functions which allow to (temporarily) “Wick rotate” (ie
analytically continue) to imaginary time variables. Then, the oscillating path in-
tegral becomes an exponentially suppressed integral. The Osterwalder-Schrader
axioms formulate conditions on the renormalized limit that allow to Wick rotate
back to real time and obtain a local quantum field theory satisfying the Wightman
axioms.
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8 Elements of the Standard Model

8.1 Quantum Electrodynamics
QED is the Maxwell and Dirac fields with classical Lagrangean

1 — .
L= _ZF’WFW + Y(iv*0, —m)yp +ejHA,.

(Here, we have chosen the electromagnetic units such that gy = po = 1, hence ¢?

has the numerical value 4ra ~ 1 /10, cf Sect. 4.3. e is the positive unit of charge,
and j* = 1py"1) is the Dirac current, so the elm current is —ej*.)

Using the Gell-Mann-Low formula requires the free photon propagator (T'A,A,),
which is not defined on the positive-definite Wigner Fock space of the field strength
F,,. Instead, one has to quantize the vector potential itself by adding a term
—%A(@uA“)Q as in Sect. 4.6. This gives indeed a renormalizable QFT, but on an
indefinite state space (because the free field space is indefinite). Therefore, one
must show that the observables are well-defined on a positive definite quotient

space, and that their correlation functions are independent of the parameter \.

A crucial fact for this purpose is gauge symmetry. Classical electrodynamics
is invariant under the gauge transformation

Au(x) = Au(z) = Jpa(z)

where a is an arbitrary function of . However, the interaction term e j*A4, —
ej"(A, — O,a(x)) is obviously not gauge invariant.

The Dirac and interaction term are together gauge invariant if the Dirac field is
also gauge transformed:

() = p(x) e,

This is a “local” version of the “global” Noether symmetry 1(x) — () e "
(cv = const.) associated with the Dirac current, cf Sect. 4.7.

The invariance under this huge group of symmetries can be exploited for the
construction of QED. Essentially, the Gupta-Bleuler method (that worked for
free Maxwell theory, Sect. 4.6) has to be generalized to the interacting theory,
cf Sect. 8.4. The result is a perturbative construction of QED.

QED has been tested experimentally with huge precision. We mention three
important effects: the anomalous magnetic moment of the electron, the Lamb shift,
and photon-photon scattering. The magnetic moment of the electron is measured
by its motion in a magnetic field, which is an instance of Compton scattering
with photons. Treating the magnetic field as a classical field as in Sect. 5.8 (only
diagrams without internal photon lines) produces the Landé factor g = 2, ie the
magnetic moment is twice as big as predicted by a naive picture of a rotating
charged rigid body. Quantum effects are taken into account by diagrams with
internal photon lines. This gives a small correction: g = 2(1 + /27 +...).
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One may compute the spectrum of an electron in the Coulomb potential of
the hydrogen nucleus in a similar spirit (we shall however not treat bound state
problems in these lectures). The Maxwell coupling of the classical potential to the
Dirac field gives several deviations from the non-relativistic Rydberg spectrum (eg,
the spin-orbit coupling is a relativistic effect); but the energy levels 251 and 2P:
remain degenerate. QED quantum corrections produce a small energy difference
between these levels: the Lamb shift.

Photon-photon scattering is allowed by virtue of the non-vanishing Feynman di-
agram with one Dirac loop with four external photon lines attached. (The diagram
with three photon lines is zero because of charge parity conservation!)

8.2 Weak interaction

Neutrons are slightly heavier than protons and can (-decay into a proton and
an electron. The distribution of angles and energies of the decay products shows
that energy is not conserved, therefore there is another invisible decay product:
the neutrino. Today we know that nucleons are not elementary but composite
particles, while the fundamental fields are quarks (called “up” and “down”, plus
some more species). [ decay is actually the decay of a down quark into an up
quark, an electron and a neutrino.

Thus, one needs more Dirac (or Majorana) fields ¢y to describe all these spin-
% particles. They have different electric charge; consequently the coupling of the
corresponding Dirac currents to the vector potential is given by —gxj% A, where
qx is the charge of the particle, and the gauge transformation law is

Uy (x) = Y(x) eTax @),

By the observed conservation of the numbers of baryons (quarks) and of leptons
(electrons and neutrinos) separately, the interaction must be described by terms
containing hadronic and leptonic charged currents

it =0 e and gl = M,

or similar expressions involving more v matrices. An obvious four-fermion interac-
tion is of the form

It fits low-energy experiments reasonably well at tree level, with the coupling con-
stant F' ~ 10~°m,*. However, this coupling is non-renormalizable in higher loops!
A possible way out is to regard the § decay as a second order process of an inter-
action with a vector boson described by a field W, and interactions of the form

B jaW, and Ge JiW,.

The leading (tree level) truncated diagram is essentially given by the propagator
of the W-field. If this field were massless, then this propagator would exhibit a
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strong energy dependence 1/¢? which is not consistent with experiment. Instead,
if it is very massive, then the propagator is essentially 1/M? at energies s < M?:
consequently, the amplitude is the same as with the Fermi coupling constant F' =
gBge/M?. Given the empirical value of F', either the couplings g, g, must be rather
small or the new vector boson must be much heavier than the proton.

The nature of this new interaction has been resolved by scattering experiments
at high energies (where s is no longer negligible against M?). Tt turned out that
indeed the mass is large (= 75m,), and the product of the couplings is small (weak
interaction). Moreover, the observed distributions of scattering angles and their
correlations with the spin of the particles imply that the couplings are not only of
the vector type j# W, but also contain axial vector couplings j*° W, with equal
magnitude (“V — A” structure).

The V — A combinations j* — j#° = :¢)y*(1—~°)1: involve the projection matrix
P, = 3(1 —~°) (recall that (7°)? = 1). The components 1, = Pt of the Dirac
spinor in the range of P, are called “left-handed Weyl spinors” (for massless
spinors, they have negative helicity —%; in the chiral representation, v, are just the
lower two components of the Dirac spinor). The V' — A structure of the interaction
means that only the left-handed fermions participate in the weak interaction.

Because the currents j, and j, change the electric charge, the W, = le field
must also carry an electric charge, and there must also be the hermitean conjugate
coupling to the field W~ of opposite charge. The discovery of high-energy scattering
processes that must be mediated by neutral currents of the form .y* P, etc (also
right-handed) requires also the presence of a neutral massive vector boson field Z,,.

Remarkably, all the weak interaction couplings are of the same general structure
as the Maxwell coupling j#A,, of QED. There arise, however, a number of problems:

(1) Quantization of vector fields introduces negative norm states, which have to
be eliminated. The only known way to achieve this, is to exploit gauge invariance.
One should therefore construct a Lagrangean, including the dynamics of the vector
fields, that exhibits gauge symmetry. This leads us to a non-abelian generalization
of QED (cf Sect. 8.3).

(2) However, a mass term for the vector particles is not gauge-invariant, and
therefore not admissible in the Lagrangean. One has to find a method to obtain
massive vector fields without a mass term!

(3) The V' — A structure implies that left-handed Weyl fermions have different
gauge transformations than right-handed ones. Therefore, also mass terms for the
fermions myy = mip gy, + mip 1bg are not gauge-invariant, and one needs also a
method to generate fermion masses without writing them into the Lagrangean.

(4) The Higgs mechanism solves both problems (2) and (3). One has to intro-
duce a suitable multiplet of scalar fields (Higgs fields) with gauge-invariant inter-
actions. The ground state however (which is different from a Fock vacuum!), is not
gauge-invariant. This is called “spontaneous symmetry breaking” (cf Sect. 8.5).

(5) The effect of SSB is that the other fields coupled to the Higgs fields behave
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as if they were massive. Gauge invariance fixes the masses of the vector bosons.
On the other hand, the masses of the fermions (given by Yukawa type couplings,
cf Sect. 8.6) are essentially undetermined by the theory.

(6) All coupling types, that are renormalizable by power-counting (Dirac/Weyl,
Yukawa, and cubic and quartic interactions among scalar and massless vector
fields), actually occur in this model. However, it has to be established that renor-
malizability is not spoiled by the spontaneous symmetry breaking.

(7) In particular, there may occur so-called “anomalies”, ie violations of sym-
metries of the Lagrangean that cannot be preserved upon quantization. If gauge
symmetries have anomalies, renormalizabaility will fail. The absence of potential
gauge anomalies must be enforced by adjusting the particle content of the model.
Essentially, gauge anomaly cancellation requires “full generations of particles” (a
charged lepton, a neutrino and two times three quarks).

In the sequel, we shall give brief overviews over the issues (1)—(7).

8.3 Non-abelian gauge theory

Non-abelian gauge symmetry generalizes the U(1) gauge symmetry of QED,
Y(x) = e @), Auz) = Aulr) - dualx).

Let G be a compact Lie group, such as U(1) or SU(2). Let 7, be infinitesimal
generators of the Lie group (1o = 1 for U(1) and 7, = 2 times the Pauli matrices for
SU(2)). This means that infinitesimal group elements are of the form g = 1+1i07,
(0* € R infinitesimally small). The generators form a Lie algebra

[T, o] = if7e

with structure constants f5, € R (= 0 for U(1), = g for SU(2)). Next, let
g+ m(g) be a unitary representation of G by N x N matrices 7(g), eg m(e") = e™
for U(1), or the spin-j representation for SU(2). It induces a representation of the
Lie algebra such that for infinitesimal group elements 7(g) = 1 + 10w (7,).

Then one considers a multiplet of N Dirac fields v,,, and the gauge transforma-
tion law

Yn(T) — W(Q(x)il)nmwm(x)

(summation over m understood). The Dirac kinetic term
Z@rﬁuaﬂbn

is not gauge invariant. It can be made gauge invariant by introducing a Lie-algebra-
valued gauge field A, that transform as

Au(z) = g(2) " Au(2)g(2) + ig(x) ™ 9ug(x).

Note that if 7 is in the Lie algebra, then g~'7¢ is in the Lie algebra, and if g is
a group-valued function, then ig='0g is a LA-valued function. The actual new
quantum fields are the coefficients Aj of A, in the basis 7,, see below.
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Now we replace the derivative by the covariant derivative

(Duth)m(z) = (Guly — in(Au(@))),,, Un(2).
This ensures that
Dyap(a) — m(g(x)™") Dytp(x)
transforms in the same way as the field itself, and therefore
Wy Dyt = Wy O + Py (A, )
is gauge invariant.
The covariant derivative can be understood geometrically: One cannot directly
compare components of field multiplets ¢(z) € V, and ¢(y) € V,, at different points,

because gauge transformations act independently on V,, and Vj,. The gauge poten-
tial induces a “parallel transport” U, , : V, =V}, by the path-ordered exponential

U;g) = 7T(P expi/ A“dx”)
C

where the integral extends along a curve from x to y. Thus U, 14 (y) and ¢(z) are

both € V.. Then p

D;ﬂ/’(x) = EUz_ise“,xw('r + Se#)’SZO

is the differental quotient of two vectors in the same space V.

We still need a Lagrangean for the gauge fields. We define the Lie-algebra-
valued field strength tensor F,, by

9FS, 0 = Fu = 0, A, — 0,A, — i[Au, A,
which transforms in the adjoint representation of G, ie, as
Fun(@) = g(2) ™ Fou(2)g().
Note also that
[Dua DVW(Z') = _Z.ﬂ-(f;w(x)) : ¢(]J)7
(hence the field strength is mathematically a very similar object as the curvature
in General Relativity). Then the Yang-Mills-Lagrangean is

1
EYM = _4_92<fuua~/—_';u/>

where ( , ) is a positive definite G-invariant quadratic form on the Lie algebra,
and ¢ is a coupling constant. This can be brought into a more standard form by
exhibiting the Lie algebra coefficients:

Au(x) =g A} ()70, and Fun(x) = g- ()74,

such that
FSZ, =0,A;, — &,AZ —ig flchZAZ.
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If one chooses the basis 7, to be orthonormal wrt this scalar product, then
1
EYM — _ZF;LVF&#V?
which is a sum of Maxwell-like terms for each generator a, plus cubic and quartic
self-interaction terms involving the structure constants, with coupling constants
g and g%, respectively. When we insert the expansion of A into the covariant
derivatives, the term ¢y*m(A,)1 becomes

g Ty AY = g gi Aj.
These minimal couplings of the gauge potentials A}, to the currents jj; = Py (o)1)
generalize the QED coupling ej*A,,.

In the case of QED, we choose G = U(1) and the coupling constant g = e. We
may write g(z) = e and recover all the old formulae; in particular, the “abelian
YM” Lagrangean is the Maxwell Lagrangean, and, if the representation is w(e') =
e the Dirac field describes a particle of electric charge ne. In the non-abelian
case, Ly is the sum of Maxwell terms for each generator a, plus cubic and quartic

self couplings due to the commutators in F,,, and the representation 7 generalizes
the notion of “electric charge measured in units of the coupling constant”.

All the above couplings (minimal and gauge self-couplings) are completely fixed,
once the gauge group G and the representation 7 are specified. In the case of the
weak interaction, because the currents connect two different fields (neutrino and
electron, up and down quark), the gauge multiplets should be doublets, and the
gauge group G = U(1) x SU(2). Hence we have one U(1) vector potential called
W (not yet the photon field!) and three vector potentials for SU(2), called W},
i =1,2,3. There are two coupling constants, g; for U(1) and g for SU(2). ¢; does
not appear in Lyy, while the cubic and quartic self-couplings of W (i = 1,2,3)
are proportional to go and g3, resp, and involve the structure constants ey

The SU(2) gauge fields couple only to left-handed currents. Therefore, left-
handed Weyl fields transform in the spin—% representation m(g) = g, while right-
handed fields transform in the trivial repn of SU(2), mr(g) = 1. Their transforma-
tions under U(1) are specified by coefficients yr = mg(70) and y;, = 71 (70) (called
“hypercharges”) to be specified in Sect. 8.5. The resulting minimal couplings are

- - 92 — i i
Lmin = §1 (yR¢RVM¢R + yL¢L7M¢L) VV,? + 52 Yytotr Wu-

8.4 BRST

We shall be very brief about the BRST (Becchi, Rouet, Stora, Tyutin) method.

Apart from the indefinite-norm problem, there is the problem that the path
integral extends over all configurations of the gauge potentials, while the integrand
is constant for all gauge potentials that are gauge transforms of each other — one
therefore expects a divergence proportional to the infinite “volume” of the huge
group of all gauge transformations.
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One should rather modify the integration so as to count only one configuration
per gauge orbit, selected by a suitable gauge fixing condition G(A, ¢) = w, where
¢ stands for all other fields, and w some function.

Faddeev and Popov proposed to insert a functional d-function [ [, (G (A4, ¢)(z)—
w(z)) into the PI, which has to be corrected by a functional Jacobi determinant
so that each gauge orbit is counted with the same weight. This Jacobi determi-
nant can be represented as a path integral over additional “ghost fields”, which are
fermionic scalar fields, ie they violate the Spin-Statistics theorem. (Fermionic fields
are represented by Grassmann path integrals, ie the field integration variables are
“anticommuting numbers”.) Then, the result should not depend on the function
w, and by a suitable averaging over it, one arrives at a total Lagrangean involving
Dirac or Weyl, gauge, ghost and further auxiliary fields.

This Lagrangean is invariant under a new type of infinitesimal symmetries,
called BRST transformations: dgrst(£) = 0. The latter act on the Dirac/Weyl
and gauge fields like infinitesimal gauge transformations with ghost-field-valued
parameters, and on the auxiliary fields in such a way that (for all fields X)

dprsT(0BRST(X)) = 0.

This feature can be exploited as follows: On the resulting indefinite Fock space
H’ of all fields (represented by this path integral), there exists a fermionic operator
Qprst With the property Q3rgr = 0, which implements

dprsT(X) = [QBRST, X+
with the commutator for bosonic and the anti-commutator for fermionic fields.

(i) Let Ho be the subspace of vectors 1) € H' such that Qprsrt) = 0, and Hog
the subspace of all vectors of the form Qgrsrt). Then Hog C Ho C H'.

(ii) Because Qprst is hermitean wrt to the inner product of H', every vector
€ Hoo is orthogonal to every vector € Hy; in particular, every vector € Hyy has
zero norm, and |1 + ¥go|> = [¢[” for ¥ € Ho and Yoy € Haoo.

(iii) One must show that the indefinite inner product of H’ is semi-definite on
Ho, and every vector of zero norm belongs to Hgg. Therefore the quotient space

H = Ho/Hoo

is a Hilbert space. (Elements of the quotient space are equivalence classes, where
1 ~ 1y if by — g € Hgp. This structure is called a “cohomology”.)

(iv) The physical Hilbert space H contains the vacuum, and only two
transversal (=circular) polarization states per photon, but no ghost states.

(v) Operators on H' that (anti-)commute with Qgrgr, obviously preserve the
subspaces Hy and Hgg, hence they are well-defined operators on H. One therefore
defines the physical observables, acting on H, as those operators X that are
BRST-invariant:

5BRST(X) =0.
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(vi) Time-ordered VEV of observables computed via Gell-Mann-Low do not
depend on the details of the averaging over the gauge fixing functions w, and the
same follows for S-matrix elements between physical states € H, via LSZ.

8.5 Higgs mechanism

How can one describe massive vector bosons? A mass term like M?*W,W* is not
gauge-invariant, and would spoil BRST. Instead one introduces a complex scalar

doublet (“Higgs field”)
@1([)’})
O(x) = ((%(x))

The Higgs field has a U(2) invariant potential

V(®) = \(®!d - %&)2

with A > 0 which has a degenerate classical minimum at ®'® = %UQ. One may
expect that in the ground state, the doublet ® has a vacuum expectation value
®( which is any one of the classical minima: while the potential is invariant under
U(2) transformations, the VEV is not: this is called “spontaneous breakdown

of symmetry”. WLOG we may assume &, = \%(0, v).

One may then parametrize ® by four real scalar fields

L ple) +ig()
2@ =7 ( T pa) + z'p'(x)) '

Inserting this into the Higgs potential, one finds the only quadratic contribution
to be Mv?p?, plus cubic and quartic self-couplings, ie a Lagrangean with self-
interactions among a field p of mass M7 = 2 \v? and three massless fields o/, ¢, ¢'.
This is an instance of the Goldstone Theorem (obtained in axiomatic settings),
which asserts that the spontaneous breakdown of a continuous symmetry is always
accompanied by the emergence of massless particles (Goldstone bosons). Notice
that the U(1) subgroup with generator 11 + 73 (complex phase transformations of
the first component) preserves @, and hence remains unbroken.

Now promote the U(2) symmetry to a U(1) x SU(2) gauge symmetry with local
transformation law '
d — e M@)o (z) D,

ie in the representation given by U(1) hypercharge yniges = 1 and SU(2)-spin 3.
The covariant derivative is therefore

. .g2 4 i
(D) () = 0, Py () — zglwg O, (x) — ZEW“ (0")mn P,
such that the kinetic term (D*®)"D,® involves interaction terms of the form
—i0, 1@ W™ 4 cc.  and  ®lo%0"® WHW),

summed over a and b with coefficients ¢; for a,b = 0 and %gg for a,b=1,2,3.
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Now by a local gauge transformation, one can transform ® to take the form

P = % (v +(;)(:c)> |

where p(x) is real. One may choose this form as the gauge fixing condition (“unitary
gauge”). The massless Goldstone bosons p’, ¢, ¢’ have disappeared. Instead,
inserting this form into the minimal Higgs couplings, the kinetic term (D“@)TDMCD
now involves quadratic contributions %UQ(O'QO'b)QQ W““Wﬁ , summing up to

S [CaW = W e W — W)+ GV W)
Together with the kinetic terms — 3 (O*W® — 9*W)(9, W — 8,W ), these act as
mass terms for the gauge potentials: the fields W' and W? have mass M3, = 1 v?g3.
Passing to the orthonormal combinations of the “diagonal” gauge potentials

_ _ 1
A/U' - M(QQW + 2g1W3) Z# = \/m<2glwg — g2W3)’

one sees that the field Z, has mass MZ = 1v?(4¢7 + ¢3). This generation of mass
for three of the four gauge bosons is the Higgs Mechanism. The field A, remains
massless. It is the vector potential wrt to the unbroken U(1) subgroup which leaves
D, = \%(O, v)T invariant. This is the QED photon field.

Expressing the minimal couplings £,.;, between currents and gauge bosons in
the new basis of the latter, one finds the desired weak interaction terms

2 (Dot Wi+ oy, W)

NG
where Wi = S5(W,; ¥ W), and 0* = j(¢' £i0?). In addition, Z, couples to the
combination

;< 297 (yR YrY*YR + YL ¢L7”¢L) — —92 @bLJ 7“¢L>
491

and A, couples to the combination

20192 (= 1
B (Fagun) v+ T+ o))
49 + g
In the last term appears the generator of the unbroken gauge group in the
specified representations, given by (% hypercharge + eigenvalue of 7(73)):
1 1
=Y +1T; (=n(=
Q@ 5 + T3 ( 7T(2

(Gell-Mann—Nishijima formula). Therefore, the couplings of A, can be iden-
tified with the electromagnetic interaction, provided one identifies

29192 _
V49t + 93

with the electric charge unit, and QQe with the electric charge ¢ of the particles
described by the various Dirac fields.

T0 —|—7'3))
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One assigns the hypercharge y;, = —1 to left-handed leptons, so that the up-
per components (T3 = +31) are electrically neutral (neutrinos), while the lower
components (T3 = —3) describe particles of electric charge —e (electrons). The
right-handed components have the same electric charge provided yr = 0 for the
upper components and yr = —2 for the lower components. Similarly, one assigns
YL = % to the left-handed quarks and yr = (%, —%) to the right-handed quarks, so

that the upper (lower) components have electric charge +§e (—%e).

The assignments for yr are made such that left- and right-handed leptons carry
the same electric charge, ie the electromagnetic couplings preserve parity:

q (U +IR)Aw = 4 3" Ay

We have thus obtained massive charged and neutral vector fields let and Z, in
addition to the photon field, at least at the Lagrangean level, without violating the
gauge invariance of the Lagrangean. The Lagrangean involves several non-abelian
self-couplings of the gauge fields, self-couplings of the Higgs field, and minimal
couplings of the gauge fields to the Higgs and Weyl fields.

Apart from the gauge group and the specified representations, the weak interac-
tion has four fundamental numerical parameters: A, v, g;, and gs; or, equivalently,
the Higgs mass, the W-mass, the electric charge e and the Weinberg angle 1:

1 29192 . 21
M2 =202 ME=-v’g e=—D92 snyg=-——I
4 V4gi + g5 VA4g: + g3

These numbers fix the Z-mass My = My, /cos?, as well as the coefficients of all
couplings. It follows that the coefficients of the individual coupling terms cannot
be independent. To renormalize the theory, one has to introduce renormalization
factors for each individual interaction term. Preservation of the gauge symmetry
requires that the relations between the coefficients are preserved (“Ward identi-
ties”). To prove that the necessary Ward identities are indeed satisfied in every
order of PT, is one of the non-trivial challenges of perturbative renormalization.

8.6 Yukawa couplings

Because_ﬂw = Y Up + YptPr mixes left- and right-handed Weyl fields, a mass
term m 1) as in the free Dirac Lagrangean is incompatible with the chiral gauge
transformation laws. Another way to obtain massive fermions is needed.

Indeed, the assignments of hypercharges and SU(2) representations are such
that Yukawa couplings of the form

®f(egly), ¢ x (TgplL), ®'(dpqy), ® x (urqr)

(and their hermitean conjugates) are electrically neutral gauge-invariant scalars.
Here, [}, and q;, are left-handed lepton and quark doublets, v, eg, ug, and dg are
right-handed neutrino, electron, up-quark and down-quark singlets, and “A x B”
stands for the SU(2)-invariant combination &,,,A,, B,, of two 2-vectors.
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Replacing ® by its expansion around the VEV, one obtains gauge-invariant
lepton and quark mass terms, plus further interactions between the Fermi and the
Higgs field. If a Yukawa coupling comes with coefficient ¢, then the resulting masses
are ~ vc, and the resulting Higgs interactions are ~ ¢. Therefore, (a) the masses
of the fermions can be freely adjusted by choosing the Yukawa couplings ¢, and
(b) the interaction strengths with the Higgs field are proportional to the masses.
(Thus, the Higgs boson will preferably decay into the heaviest quark, H — tt.)

The fermions come in three “families” with the same quantum numbers. The
Yukawa couplings may also mix different families, eg, the left-handed myon family
with the right-handed electron in the first coupling type. Thus, not only are the
masses different in different families, but there can be also mass terms non-diagonal
wrt the families. Family mixing is responsible for decay of strange particles, and
also for neutrino oscillations provided the neutrino masses are different. Also,
with three families, the most general hermitean mass mixing matrix can exhibit
a complex phase that violates CP symmetry. The details of the mass mixing
matrices are not constrained by gauge symmetry, and are therefore responsible
for most of the free adjustable parameters of the Standard Model, apart from the
gauge coupling constants and the Higgs mass.

8.7 Strong interaction

The modern theory of the strong interaction is a non-abelian gauge theory with
gauge group SU(3), called QCD (Quantum Chromodynamics). Quarks arise
as triplets (“color”) in the vector representation of SU(3), and the eight QCD
gauge bosons are called “gluons”. Because the coupling constant is large, the
perturbative approach is very unreliable; in particular, quarks and gluons do not
exist as asymptotic free particles (confinement). Furthermore, hadronic bound
states (baryons and mesons) cannot be viewed just as bound states of three quarks
or a quark and an anti-quark, but have a very complicated structure involving
many “virtual” additional quarks and gluons.

At high energies, the strong interaction becomes very weak due to renormal-
ization effects (asymptotic freedom): therefore, in “deep-inelastic scattering”
electrons interact with only one of the three quarks making up a nucleon, which
is only loosely bound to the other quarks at high energy. This can be computed
perturbatively. The predictions are quantitatively well confirmed, up to certain
structure functions, which describe the interior structure of hadrons and the for-
mation of hadrons out of scattered quarks after the interaction. These functions
cannot be computed with perturbation theory, but must be fitted from experiment.

An experimental method to “count” the number of three colors is the total
hadronic production cross section in e*e™ annihilation; namely the relevant Feyn-
man diagrams contain a sum over all colors. An independent, purely theoretical
reason is as follows: The parity-violating weak SU(2) symmetry produces diver-
gent, diagrams with fermion loops with three gauge vertices, which would require
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a cubic gauge field counter term involving the totally antisymmetric € tensor, not
present in the unrenormalized Lagrangean. (In the abelian case, this is known as
Adler anomaly). This anomaly would violate gauge invariance, and hence spoil
BRST. The coefficient of the anomaly turns out to be a sum over certain quantum
numbers of the representations of all particles in a family (cubes of the charges in
the abelian case). This sum vanishes — provided each quark is counted three times.

Because the coupling constant is not small, the perturbative approach (ex-
pansion in Feynman integrals) is not a good approximation. Instead, a non-
perturbative approach to QCD is the lattice approximation: it consists in taking
the path integral serious (ie not as a Gaussian integral with a power series expan-
sion) and approximating it by an integral over field configurations in a discrete
space-time. In order to do this, one takes advantage of the “Euclidean” reformula-
tion of QFT, from which the true QFT in Minkowski spacetime can be recovered,
and the geometric interpretation of gauge fields as a “parallel transport”.

More precisely:

(a) One replaces all times by imaginary times such that 2% = iz? is real, and

writes ©p = (21,...,24) € R%. Then the action S = [ d*zL (say, for a scalar field)
becomes

Thus the integrand e™ of the path integral becomes e~*#, which is exponentially
damped rather than oscillatory (and the PI has the same form as a partition func-
tion [e P of a four-dimensional system in Statistical Mechanics).

One then restricts the fields to the points of a Euclidean lattice aZ* C R* which
can be made finite by imposing, say, periodic boundary conditions ¢(77 + Né,) =
é(n) (7 € Z*). Derivatives are replaced by difference quotients

0u0(Z) = a™ (o(7L + €,) — 6(71)).
Thus, the PI consists of finitely many rapidly convergent integrals, and is mathe-
matically well-defined.

(b) In the case of gauge theories, the parallel transport between two points
is a unitary operator Uﬁ) = 7T(P exptg fc AZTadx“). On the lattice, instead of
integrating over gauge potentials, one assigns a unitary matrix Uz, 7 to each
lattice edge, and replaces the covariant derivative by

D,¢(%) = a  (n(Uz s, 5)0(7 + €,) — ¢(7)).
From this, one also obtains a lattice version of the field strengths F? as the
commutator of lattice covariant derivatives. One then integrates over the compact
unitary group, giving rise to another finite number of convergent integrations.
The continuum limit requires to take a — 0 (UV) and N — oo (IR). Clearly,
these limits are divergent and must be renormalized. For finite @ and N, one can

simulate the behavior of quarks by fast computers, and indeed finds the expected
signals for confinement; but computer power allows only very small N.
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9 Resume

The lectures should have made it clear that “writing down an interacting La-
grangean” by no means defines a QFT, but is just the seed whose specification
marks the beginning of the actual work.

e Free fields are constructed with creation and annihilation operators on a Fock
space. This can be generalized to all unitary positive-energy representations
of the Poincaré group.

e Quantum fields can be coupled to external (classical) sources. The scattering
matrix describes the integrated change of multi-particle states during the
presence of the external fields. In the interaction picture, the time-ordered
exponential

S — Teifﬁint

is a formal expression for the scattering matrix. An infrared divergence no-
toriously appears when the external fields are taken to be constant.

e The same formula for self-coupled quantum fields cannot avoid the IR prob-
lem, because interactions cannot be “switched oftf”. Therefore it must be
discarded. (In addition, UV divergences appear.)

e The LSZ formula provides a different formula for the scattering matrix in
terms of time-ordered vacuum expectation values of the interacting fields.

e The Gell-Mann—Low formula expresses interacting time-ordered VEV in terms
of free fields.

e Perturbative evaluation of this formula using Wick’s theorem leads to Feyn-
man diagrams, representing Feynman integrals. The previous IR problem is
absent. UV divergences must be dealt with by renormalization. The combi-
natorics is controlled by generating functionals. Euclidean methods, like the
path integral, provide helpful analytic tools.

e The standard model of elementary particles is described by a renormaliz-
able QFT. However, the perturbative treatment requires an indefinite Hilbert
space. The passage to a positive Hilbert space substantially exploits gauge
invariance. But massive standard model particles are in conflict with gauge
invariance. The Higgs mechanism is a way to describe massive particles with-
out explicit mass terms in the Lagrangean.

e In spite of its success, the perturbative treatment is unsatisfactory: first, the
coupling constant of the strong interaction is not small; second (and more
fundamentally), the perturbative series is expected to be divergent. Better,
non-perturbative methodes for the construction of QFT are required.

e Axiomatic approaches allow complementary structural insight, based on fun-
damental properties of QFT that are independent of a constructive scheme.



