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Abstract

Positivity is an important property of the state spaces in quantum mechanical sys-
tems. Since this property is nonlinear, it is often difficult to investigate. In order
to study quantum field theories and in particular Hilbert space positivity of higher
correlation functions in globally conformal invariant theories, the partial wave expan-
sion is subject to current investigations. Due to its complexity, an explicit expression
of the expansion is only known in a few exceptional cases. Using orthogonality re-
lations between partial waves, it is possible to express n-point functions by lower
correlation functions. We have found operators performing the reduction in the case
of correlation functions involving only scalar fields of the same scaling dimension. In
a more general case, we have obtained some intermediate results, but further work
is necessary to complete the analysis. Furthermore, implications of conservation
laws resulting from the twist-2 contribution to the operator product expansion in
a correlation function are investigated. These laws can also be used as a test of
positivity.

Zusammenfassung

Positivitat ist ein wichtiges Merkmal der Zustandsrdume in quantenmechanischen
Systemen. Da diese FEigenschaft nichtlinear ist, treten bei der Untersuchung der Po-
sitivitat oft Probleme auf. Um Quantenfeldtheorien und insbesondere Hilbertraum-
positivitat hoherer Korrelationsfunktionen in global konform invarianten Theorien
zu Uberpriifen, steht die Partialwellenentwicklung im Fokus aktueller Studien. Auf-
grund der komplexen Struktur ist die explizite Berechnung der Entwicklung nur in
wenigen Ausnahmeféllen bekannt. Mithilfe von Orthogonalitatsrelationen zwischen
den Partialwellen konnen n-Punkt-Funktionen durch niedrigere Korrelationsfunktio-
nen beschrieben werden. Fiir Korrelationsfunktionen von skalaren Feldern gleicher
Skalendimension wurden Operatoren gefunden, die diese Reduktion durchfithren. In
allgemeineren Féllen konnten wir einige Zwischenresultate erzielen, eine vollstandige
Betrachtung erfordert jedoch weitere Arbeiten. Des Weiteren wurden Folgerungen
von Erhaltungsséitzen untersucht, die von dem Twist-2 Beitrag zur Operatorpro-
duktentwicklung in einer Korrelationsfunktion herrtihren. Diese kdnnen ebenso als
Positivitatstest genutzt werden.
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Notation

We give a short list of notations and abbreviations used throughout this thesis.

Symbol or Ab- Meaning

breviation

OPE operator product expansion

PDE partial differential equation

GCI global conformal invariance

Tij T; — X; — 1€€

0ij squared distance (z; — x; — iceg)?

731 proper orthochronous Poincaré group

H Hilbert space

Q vacuum state

M four dimensional Minkowski space
Conf(M) conformal group acting on Minkowski space
con f (M) conformal algebra acting on Minkowski space
0; partial derivative w.r.t. x;

oy partial derivative w.r.t. g;;

Vi derivative w.r.t. 0;

Wi, n-point function

P, generators of translations

D generator of dilations

M, generators of the connected Lorentz group
K, generators of special conformal transformations
S(R?) Schwartz space
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1 Introduction

1.1 Motivation

One of the most remarkable facts of nature is that microscopic fields and particles
are described by a quantum theory. Quantum field theories have been studied inten-
sively for many decades. Most physicists have followed and still follow an approach
where classical fields are quantized, leading e.g. to the standard model in particle
physics which is to date a very successful theory. Unfortunately, this kind of theories
may yield problems concerning the mathematical structure. Starting in the 1950s,
an alternative way of formulating a QFT has been established. The idea is to start
from a certain set of minimal properties which should be satisfied by any physical
theory and translate them into the language of mathematics. Next, concrete physi-

cal models should be constructed.

Despite the success of rigourous constructions of quantum field theories in two space-
time dimensions, there are no physical models present in four dimensions but free
field models so far. Many different axiomatic formulations provide us with math-
ematically sound frameworks but the universality of these frameworks, e.g. a pure
Wightman theory [2], is problematical: Namely, it is difficult to construct specific
models. As a result, a typical strategy is to narrow the wide range of possible models

by extending the symmetry group.

An often studied class of theories are conformal theories. In such a framework,
all angle preserving transformations are required to be symmetry transformations.
Although our world is not conformally covariant, some physical systems might ex-
hibit at least an approximate conformal symmetry, e. g. in high energy physics [7] or
in statistical mechanics [19]. The postulation of conformal covariance implies many
helpful consequences. One effect is that the operator product expansion and the par-
tial wave expansion (PWE) of correlation functions (i. e. the main objects of interest

in a Wightman-theory) are determined in some cases [15]. The PWE turns out to be
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very useful in order to investigate a theory and is already well-studied in the case of
four-point functions [4,[5]. In order to restrict the theories even more, we can demand
global conformal invariance (GCI) where we postulate the existence of a true repre-
sentation of the conformal group on our Hilbert space [I§]. This highly restrictive
symmetry leads e. g. to rationality of all correlation functions and commutativity of
covariant fields not only at spacelike but also at timelike distances [I§]. Under these
conditions, candidates for contributions to 6-point functions which cannot arise in
a free theory have been found [16]. These candidates automatically fulfil almost all
Wightman axioms, except for positivity. Therefore, they have to be tested if they
also satisfy this last condition and thereby would yield a physical theory. PWE has
proven to be a helpful tool to study in particular positivity. However, the partial

wave expansion is not known for 6-point functions or higher.

The purpose of current studies is a further developement of this tool in four but also

in two dimensional conformal quantum field theories.

In this thesis, we restrict our analyses to four spacetime dimensions. An alternative
to the actual decomposition is provided by using orthogonality relations between
partial waves [I3]. The aim is to find operators which project separately on differ-
ent contributions of the irreducible positive energy representations of the conformal
group. Hence, they express a n-point function by (n-1)-point partial waves. Succes-
sive reduction would permit studying Hilbert space positivity using PWE without

knowing the explicit expansion of the n-point functions.



1.2 Organization

1.2 Organization

This thesis is structured as follows: In a first part, we review some general as-
pects of the framework used throughout the thesis, in particular we focus on the
notion of conformal covariance and global confomal invariance. Next, consequences
of these additional symmetries within a Wightman theory on a Minkowski space
are discussed and we work out the central question. We then present the partial
wave expansion, a tool used very often in the investigation of conformal theories and
starting point for the analyses performed in this thesis. Properties of the partial
waves are used in order to express n-point functions by expansions of lower corre-
lation functions for the purpose of avoiding an explicit partial wave expansion. To
conclude, these results are then applied to the investigation of conservation laws

occuring in a GCI theory.
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2 The setting

This first chapter is dedicated to the general framework used in the following. Every
physical quantum theory should satisfy a couple of fundamental principles such as
locality, covariance under the action of the Poincaré group, stability (existence of an
energy ground state) and unitarity (existence of a probability interpretation since we
are interested in a quantum theory). These principles are fixed among others in the
Wightman-formalism in which the objects of interest are the correlation functions
since they carry all information about the fields [2I]. In particular, it is important
that the axioms require Hilbert space positivity. Throughout the whole thesis, only
the case of four spacetime dimensions is considered even though many results can

be generalized to higher dimensions.

We first review the general physical input. In the second part, we focus on the
notion of conformal covariance and global conformal invariance and conclude with

some definitions used in the following.

2.1 Wightman theory

There are two ways of working in a Wightman formalism. The first possibility is to
formulate axioms for the fields themselves, but it is often more useful to consider
their correlation functions. The reconstruction theorem [2I] permits to recover the
fields from their correlation functions, so that both formulations are equivalent [9]

19, 21]. The following axioms are valid for bosonic fields.

2.1.1 Axioms for the fields

Relativistic quantum theory

Let H be a separable Hilbert space and U(g) a unitary representation of 771 =
R* x SL(2,C) on H. A state is a unit ray in H and there exists a unique state

(vacuum), which is invariant under the action of PL Since the representation is
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Pzt

unitary, a pure translation can be written as U(z) = e , where the spectrum of

P, lies in the closure of the forward cone {p,|p,p" > 0,po > 0}.

The fields

There exists a multiplet of operator valued distributions on S(R?) defined (together
with their adjoints) on a domain D dense in H. This domain contains the vacuum
and is invariant under the action of the field algebra and 771. The adjoint ®*(f) of
a field ®(f) is defined by

<‘I’2|(I)*(f)|‘1’1> = <\I/1\CI>(f)]\IIZ>, (2-1-1)

where Wy, Uy, € D.

Locality

If f and g are test functions with spacelike separated support, then

[©;(f), Pu(g)] = 0. (2.1.2)

In other words, fields should commute for spacelike distances.

Transformation law

Under the action of 731, the fields transform according to
Ula, A)@,;(f)U(a, A)* = Sin(A™H@k(f(A™ (= a))). (2.1.3)
k

Here S(A) is a finite dimensional representation matrix of the Lorentz group speci-

fying the tensor or spinor character of the field.

Completeness

The vacuum (2 is cyclic for the smeared fields:




2.1 Wightman theory

2.1.2 Axioms for the correlation functions

The field axioms yield the following set of axioms for their correlation functions.

These Wightman distributions are defined as

Wi (@, 2o,y xn) = (Q, $1(21), ..., Dp(x,)Q). (2.1.5)

Hermiticity condition

The Wightman distributions satisfy

(Q,®1(21) ... B (2,)Q) = (0, D1(1) - .. BF (2)S2) (2.1.6)

Locality

For Bose fields, the following equality holds if (x; — z;11)? > 0.

Wi 1, o Ty Tig1y ooy ) = Wal, oo, a1, Ty oo, Tp). (2.1.7)

Covariance

Wightman distributions are translation and Lorentz invariant. It follows that they
only depend on the relative coordinates x;; = z; — x; (reduced Wightman distribu-

tion).

Spectral conditions

The Fourier transforms of the reduced Wightman distributions are tempered distri-

butions and have their support in the product of the future light cones.

Positivity

For any sequence {f;} of test functions, the Wightman distributions of a single field
® have to satisfy

Z /dml odaydyy . dyef () Wik (g, moa, oy k) fe( - Yk)

J,k=0

> 0, (2.1.8)
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where Wy, = (Q, @*(z;) ... ®*(21)P(y1) ... (yx)2). For several fields, appropriate

generalizations are satisfied.

Cluster decomposition property

For a spacelike vector a we have:

W(l’l, ey Ly Tj41 + )\G,, Tj42 + )\CL, e, Ty T+ )\(Z) — W(l’l, ce :Cj)W(ijrl, e ,CCn)
(2.1.9)

as A — o0o.

2.2 The conformal group and global conformal

invariance

We would like to enlarge the symmetry group. In order to obtain a physical theory,
the external symmetry transformations have to preserve at least the causal structure.
The largest group satisfying this demand is the conformal group [6]. This subsection

refers mainly to information from [9, 1T}, 19)].

Definition 2.2.1. (Conformal group)

The conformal group Conf(M) is the group of all angle preserving transformations:
Ty = Ty, di,di" = w(r)*dr,d2", (2.2.1)

with a real, smooth function w(z) (scale factor).
These include
o Poincaré transformations,
o dilations: z, — Az,
« and special conformal transformations:

— xlu_blu .
1—0-x+ b222

z, (2.2.2)

Note that the special conformal transformations cannot give a global symmetry

since they admit singularities where the denominator vanishes. Hence, working



2.2 The conformal group and global conformal invariance

on the Minkowski space itself, we encounter problems because a special conformal
transformation may map points from Minkowski space to infinity. Thus, we can find
a unitary conformal transformation which violates causality by mapping spacelike
separated fields on timelike separated fields [18], unless they commute also at timelike
distances. This problem can be avoided by working with a projective representation
of the universal covering group of Conf(M) on the covering space of the Minkowski

space [10] and pass to the conformally compactified Minkowski space:

Definition 2.2.2. (Conformally compactified Minkowski space)
The compactified Minkowski space is defined as

_ 4
_ z
M = {z = (21, 20, 23,24) € C* | 2z = = 2= sz = 224 22} (2.2.3)
B=1
In the following, we would like to require the existence of a well-defined unitary
representation on the compactified Minkowski space itself, which leads to global
conformal invariance (GCI). This strong constraint will have an important impact

on the field content itself and on correlation functions.

In [18], global conformal invariance is defined in the following way:

Definition 2.2.3. (Global conformal invariance)
A quantum field theory defined on Minkowski space and satisfying Wightman azioms
is called globally conformal invariant if the Wigthman distributions are invariant

under the action of the conformal group.
We will see that any QFT satisfying GCI defined on Minkowski space admits an
extension to the compactified Minkowski space.

In the following, we are mostly interested in theories generated by scalar fields ®

which transform under dilations according to
z— Ar,  ®(z) — Nd(\x), (2.2.4)

where d is the scaling dimension.

It can be shown [11] that all irreducible unitary positive energy representations are
lowest weight representations. This demand already restricts the possible weights
a = (d,—7j1,—j2) where d is the scaling dimension and j;, jo € SL(2,C) spins.

The admissible representations can be classified [11]:
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1) d = j; = j» = 0 (trivial 1-dimensional representation)
2) j1,Ja #0, d > j1+ jo+2
3) j1°J2=0,d>ji+j2+ 1.

The corresponding Lie algebra con f(M) is generated by the generators P, of trans-
lations, the generators M, of the connected Lorentz group, the dilations D and the
special conformal transformations K,. A positive energy representation is charac-
terized by Py > 0, which is equivalent to positivity of the conformal Hamiltonian
Hy = (Py + Ko) [11]. The reason for this is that there exists a unitary conformal
transformation mapping Ky to Py. With a scalar field ®(x), the generators have the

following commutation relations:

i [P, ®] =0,
i[D,®) = (x-0+d)d
i[M,® = (2,0, — 2,0,)P
i[Ku, ® = 2x,(z - 9) — 2°0, + 2dz,,)®. (2.2.5)

It is sometimes useful to define the twist:

Definition 2.2.4. (Twist)
The twist 2k is the quantity
2k=d— L (2.2.6)

for a rank L operator of scaling dimension d.

Furthermore, we will often use cross ratios:

Definition 2.2.5. (Cross ratios)

The cross ratios are defined as
Qij Okl

R}, =
K Qik 0l

2

with 0;; = xfj = (z; — x; — iceg)®. In the case of four points in spacetime, we can

choose two algebraically independent cross ratios:

5 — 012034 f— 014023
013024 ’ 013024

(2.2.7)

All other cross ratios can be expressed by products or ratios of s and t.

10



2.2 The conformal group and global conformal invariance

Additional postulation of GCI leads to very constrained correlation functions and
therefore, it simplifies the calculations a lot. This permits a better understanding
of the structural properties of possible theories. Among others, these consequences

are discussed in the following chapter.

11
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3 Consequences of conformal

covariance and GClI

Conformal covariance and in particular global conformal invariance have far reaching
consequences. In conformally covariant theories, the operator product expansion of
products of scalar fields ®;®, is achievable, since its coefficients are determined
by conformal symmetry up to a (model dependent) normalization. In addition,
postulation of GCI strongly restricts the admissible correlation functions and the
field content. These implications simplify calculations a lot and may even lead to

an example for a nontrivial theory.

In a theory satisfying GCI, the twist-2 contribution to the OPE plays an important
role since it gives rise to infinitely many conserved tensor currents. They are the
starting point to derive a concrete condition for a (twist-2 contribution to a) n-point
function to be nontrivial and in addition, it is possible to compute the whole twist-2

contribution of a n-point function from its leading part.

In this chapter, we first summarize the consequences of GCI on the field content and
on the correlation functions. We continue with an overview about OPE and point
out the importance of the twist-2 contribution to the OPE in a GCI QFT. Last we

focus on the notion of nontriviality and how it manifests.

13



3 Consequences of conformal covariance and GCI
3.1 Field content and structure of correlation
functions

Even in a conformally covariant theory, the 1-, 2- and 3-point functions of scalar

fields are fixed up to a constant [7]:

Wl(x) =0
C
Wh(x1,72) = 5d1,d271
012
Cl
W?)(xl)*ran?)) = (di+da—ds)/2 (di+ds—dz)/2 (datds—d1)/2" (311)
012 013 012

The demand of global conformal invariance (combined with the Wightman axioms)
in Minkowski space strongly restricts the field content and the structure of corre-
lation functions [I5], 18]. Nikolov et al. have studied the consequences of GCI in

detail [18]. The most important implications for scalar fields are [15] [18]:

1) The correlation functions of fields ®(z) are invariant under transformations

d/4
O (z) — det (%) O(g(x)), (3.1.2)

where g € Conf(M) and 2 is the Jacobi matrix. Furthermore, it follows
that d € N.

2) Fields satisfy Huygens locality: for sufficiently large N € N,
o [ @1 (1), Py(x2)] = 0, (3.1.3)

i.e. fields commute if (z; — z9)? # 0.

3) Correlation functions are rational:

(B1... @) = > Clupy [ J (o), (3.1.4)

{mj} J<k

with pjr = pu; € Z and, as a consequence of (3.1.2)),

> gk = —d. (3.1.5)

J,J#k

14



3.2 Operator product expansion and twist-2 contribution

Here, dj, is the scaling dimension of the field ®;. Furthermore, the exponents

ik satisfy the pole bounds (unitarity bounds)

dj—i-dk—i-(sdjdk —1
2 J;

e > —| (3.1.6)

where |- ] denotes the floor function. It follows that the sum in (3.1.4)) is finite.

These results admit, among others, an extension of any GCI QFT to the compactified

Minkowski space.

3.2 Operator product expansion and twist-2

contribution

The operator product expansion is a very powerful tool to study conformal theories.
Combined with the demand of conformal invariance, it reveals candidates for non-
trivial theories. The main concern is whether these candidates satisfy Hilbert space

positivity.

In order to find a candidate for a contribution to a n-point function, it is useful to
define
Uy, 22) = (012)"" - (B1 (1) a(2) — (0]@1D5)0)) (3.2.1)

where ®; and ®, are two scalar fields of the same scaling dimension d [I5]. The
subtracted term corresponds to the (most singular and trivial) twist-0 contribution
(vacuum) and the factor (012)* " ensures regularity of the correlation functions in-
volving U in 015 because the pole bounds exclude poles of higher order than

d—1. U is Huygens bilocal but not conformally covariant. The Taylor expansion in

T12

Uz, o)=Y > aly-aly - XJ (22) (3.2.2)

introduces the OPE of ®;®,. It involves fields X which do not transform irreducibly
under conformal transformations. They can be replaced by introducing quasiprimary
fields Oﬁl___ ., Of rank L (i.e. fields which transform irreducibly under the action of
the conformal group) by subtracting derivatives of lower dimensional fields. These

fields Oﬁl are traceless tensors. The OPE can be reorganized according to the

i

15



3 Consequences of conformal covariance and GCI

twist 2k = d — L:

U(xy,T2) ZV (1, 22) - 055 ", (3.2.3)
with
[L‘hZL’Q ZK‘“ 'uL Ilg, $2)05j25 (CL’Q) (324)

Due to the universality of the 2- and 3-point functions of scalar fields in a con-
formal theory, these KH'#L(x5,0,,) can, up to a normalization, be determined
globally for any (!) conformal QFT. Hence, the whole operator product expansion

can be performed explicitly in a conformal theory.

For twist-2, the 2-point functions are conserved and so are the fields, since a vanish-
ing norm square of a vector implies the vanishing of the vector itself and the Reeh-
Schlieder theorem now implies that the fields themselves have to vanish. In a GCI
theory, this yields that the twist-2 contribution V; is biharmonic [V} = 0 = V)

(the argument uses the explicit expressions of the K#~#z (x5, 0,,)) [17].
In general, we can use the following property [2]:
Lemma 3.2.1. (Harmonic completion)

For every power series p in z € C" there ewists a unique h = p + 2% - q, ¢ another

power series, such that h is harmonic.

Therefore, we can find the unique harmonic decomposition of U:
Ul(w1, 22) = Vi(a1, 32) + 012U (21, 72).

The fact that V; is harmonic w.r.t. x; and also x5 gives a condition on possible
candidates of twist-2 contributions, since the two a priori different harmonic comple-
tions have to coincide. This condition yields a differential equation, which is solved

by candidates g for the leading part of the twist-2 part [15]:

(ElDQ - EQDl)UO = 0, (325)
with
D, = Z ij:aljalkv E, = Z 020,
3<j<k<n 3<i
where 0j;, = ai' 3.2.5|) ensures that these leading parts can be completed to the
%k

full twist-2 contribution. Issues regarding convergences of the decompositions are

16



3.3 Pole structure and nontriviality

studied in [I5].

3.3 Pole structure and nontriviality

The question is whether there exist harmonic bilocal fields which are nontrivial, i. e.

which are not a biharmonic combinations of canonical free fields, e. g.

sp(n)e(x) 1
() (w1 — 22),0 )(w2) -,
 F

W(afl)@x?ﬂ% - nynx%Q)Fff(x?) 5

where : - : denotes normal ordering and F),, is the Maxwell field, ¢ a scalar field and
1 a Dirac field. Investigation of the pole structure of possible candidates yields a

useful classification.

It can be shown that the PDE (3.2.5) combined with rationality of the correlation
functions also leads to constraints on the pole structure of the candidates for ug [16].

The most involved structure we can find is of the form

1 polynomial
ofy " il 0h;05;

- some factors.

If both p and ¢ or r and s are positive, the structure has a double pole, otherwise
it is called a single pole. It can be shown [I5], that the following statements are

equivalent:

1) The twist-2 bifield V;(z1, x2) converges to a Huygens bilocal field (i. e. spacelike

and timelike commutativity is satisfied w.r.t. both variables).
2) The correlation functions (-V;-) are rational.
3) (-V4-) admit only single poles.

Furthermore, a trivial V; has these properties: for trivial fields, the correlation
functions are sums of products of two-point functions according to Wick’s theorem.

Those in turn are fixed by conformal invariance and rational.

17



3 Consequences of conformal covariance and GCI

One good example for a typical solution to the PDE (3.2.5) with double pole

structure is the following six-point structure [16]:

(015926034 — 2015023046 — 2@15@24@36)[1,2”5’6}

Fy = d—1 cd—1
012 * 014023013024035036 045046 056

: (3.3.1)

where (-)j;;) denotes the antisymmetrization in the variables x;, x;. To date, pos-
itivity is neither proved nor rejected. In order to study Hilbert space positivity of

this candidate (and similar ones), we would like to use partial wave expansion.

18



4 Partial Wave Expansion

The partial wave expansion (PWE) is similar to the OPE and provides a very useful
tool in order to study a quantum field theory, in particular to investigate Hilbert
space positivity. In the following, we first explain the main idea. In a conformal field
theory, the partial waves can be determined explicitly for correlation functions of (up
to four) scalar fields. In the second part, we show a possible way of computing them.

In addition, this is then applied to the well-studied case of four-point functions.

4.1 General idea

The idea is to expand a correlation function by projecting onto the irreducible pos-
itive energy representations of the conformal group (a similar expansion is known
from quantum mechanics, where wave functions are expressed by spherical harmon-
ics which are eigenfunctions of the Casimir operators of the angular momentum
algebra). The partial waves depend only on the (conformal) algebra and are there-
fore universal for any conformal field theory. Thus, the physical content of a specific
theory is only characterized by the coefficients. In particular the PWE of four-point
functions has been studied successfully, but so far we do not know much about the

PWE of higher correlation functions.

By inserting projections 1 = Zai I1,, into a general correlation function, we obtain

the expansion:

(@1(21) ... (@) = Y (D1 PoTLo, D311, .. T, , Py D)

— ZBaﬂa(ml, .. ,xn),

where o = (o, ..., 2), B, are partial waves and a; = (d;, j1,, jo,) representations

of the conformal group.

19



4 Partial Wave Expansion

For up to four scalar fields, the partial waves are determined by GCI (again be-
cause of the explicit knowledge about the 2- and 3-point functions). Furthermore,
they are universal (i.e. they do not depend on the fields ®;). This implies that if a
specific ( is known to exist in any free theory, the contribution is neccessarily posi-
tive and reduces therefore the study of positivity to investigation of the coefficients.
In the case of four-point functions of free massless fields, each partial wave in the
expansion appears with a positive coefficient and, as a consequence, also the univer-
sal partial waves are positive. For other fields or more than four scalar fields, the
three-point functions are linear combinations of a finite basis of structures. These

structures are universal but unfortunately, they are not known to date.

4.2 Determination of the partial waves

In order to find the partial waves, Casimir operators are useful objects. In four
dimensions, the conformal group has rank 3 and therefore, the corresponding algebra
has 3 Casimir operators. A Casimir operator is composed of the generators of
the algebra which have known commutation relations with the fields. Thus, the
commutation relations of the Casimir operators with the fields are also known.
By Schur’s Lemma, every irreducible representation space is an eigenspace of the
Casimir operators at the same time. In D = 4 spacetime dimensions, the quadratic

Casimir operator has the form:

1 1
C — 5 (puKu + Kup'u) - D2 + éM/u/ij (421)

with the eigenvalues:
Co =d(d—4)+ L(L +2).

A state @2 is irreducible, but not ®;®5¢2. Consider C'®,P,2. By using commu-
tation relations and X2 = 0 (for X = any generator of the conformal algebra), we

obtain the equation
C(I)lq)gQ == D12(I)1(I)2Q,

where D is a differential operator. We insert operators projecting on irreducible
states:
D10 = Y T, D02,
(0%
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4.3 Special case: four scalar fields

The Casimir operator commutes with the projection operators. It leads to the

equalities

CHa(I)l(I)QQ = CQHQ®1®2Q
- Hva)lCIDQQ = D12Ha®1<1>29.

In total, it yields the following differential equation:

(Q, d... @HQD12®1®QQ> = Cq (Q, d-.. (I)Haq)lq)gg)

N
TV
=Ba

— DlQﬁa = Caﬁa'

In the same way, projections have to be inserted at all other places. Thus, Casimir
operators can, in principle, be used to determine the explicite form of the partial
waves (unfortunately, the differential operators are in general pretty involved). In
two spacetime dimensions, this method is succesful [I3] but it is not practical in four

dimensions.

4.3 Special case: four scalar fields

Dolan et al. computed the partial waves of correlation functions of four scalar
fields [5]. In the following, this is shown for the special case of equal scaling di-

mensions and in four spacetime dimensions:

Commutation of C' = % (P, K"+ K,P") — D* + %MWM“” past the fields &3P, in
(D1 Py P3P,) using the commutation relations ([2.2.5) yields

Cﬁ - D34ﬁ with

D34 = 2d(2d — 4) + 2d T34 - (63 — 84) + $§4(63 . 84) — 2%34 @ T3y - 83 &® 64. (431)
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4 Partial Wave Expansion

In general, GCI implies rational correlation functions of the form

(O1(x1) -+ @y () = f (cross ratios) - H ijij

1<j

with p,; satisfying the constraints (3.1.5) and (3.1.6). For n = 4, we only have the

two cross ratios
012034 014023
s = t=

013024 ’ 013024

and therefore

(@ (1) D(2a)) = - f(s,1).

Substitution leads to:
2Ds,tf(svt) = Cqy * f(S,t)

with

D,y =s(t—s5—3)0, + (1 —2t — st — s+ 10,
+ 2st(t — s — 1)0,0;
+ 531 — s+ )02 +t(1 — 2t — st — s+ t2)07. (4.3.2)

This differential equation is still pretty complicated and therefore, we use a second
helpful substitution to obtain a differential equation which is invariant under the

exchange of the two new variables u and v:
s=uv, t=(1—u)(1l—v).

The Jacobi matrix for this transformation is:
—1
d.u O 0ys 0,8
= (4.3.3)
v O Oyt Oyt
1 —
S (“ “) . (4.3.4)
u—v\l—v v

Hence, we find the new differential equation

2Dy f(u,v) = cof(u,v)
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4.3 Special case: four scalar fields
with

Dy = v*(1 — u)0? + v*(1 — v)d?

v

M)
+ (—v2 2 —v)) 9.

u—v

uv

+ (—u2 +2

Dolan and Osborn [5] studied the solutions in detail and in a more general case
(arbitrary spacetime dimension and different scaling dimensions). For the scaling
dimensions d; = d4, dos = d3 they could express the solutions in terms of hyper-
geometric functions. For four-point functions, it is shown that all occuring partial
waves are positive and therefore, only the positivity of the coefficients has to be

checked. In this case, a recurrence formula for the coefficients is known [14].
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4 Partial Wave Expansion
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5 Reduction of n-point functions

Due to its complicated structure, the explicit PWE of higher (n > 4) correlation
functions or correlation functions of nonscalar fields in four spacetime dimensions
is still unknown today. By reducing the n-point functions, we can try to avoid the
resulting problems since we do not perform the partial wave expansion explicitly. In
order to express a n-point function by (n-1)-point functions, we can use that differ-
ent partial waves are orthogonal w.r.t. a suitable mesure du(xy, z2) and project on

the contribution of every representation to the expansion separatly.

In the case of the twist-2 part of a correlation function of scalar fields, local differ-
ential operators have been found that perform the projection. The second part of
this chapter addresses the reduction of arbitrary twist contributions of scalar fields
carrying the same scaling dimension and also lays the ground for a generalization of
the analysis to symmetric traceless tensor fields and/or different scaling dimensions.
If not mentioned otherwise, we consider scalar fields of equal scaling dimensions in

this chapter.

5.1 Reduction of twist-2 correlation functions

In general there exists a differential operator D projecting a state ;P2 on an
irreducible state @, for every representation « occuring in the OPE of ®;®, (local
linear maps):

O ()0 = 1, 0 DBy (1) Do (21)92, (5.1.1)

where ¢, denotes evaluation at z; = x5 = x. To simplify the calculation, we project
in one direction by contracting the tensor fields with polarization vectors: T'(v) =
THvHny, ... v, . The original tensor field is recovered by taking the derivative with
respect to the vectors. Eq. implies that applied to the twist-2 contribution

Vi(z1, z2), we obtain

Ly © DM FnVy (20, ) = TH - Fr ()
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5 Reduction of n-point functions

in case 7" # occurs in the OPE of ®;®,. Hence, ¢, o D(v) projects the twist-2
contribution to a correlation function (... Vi) onto the contributions (...T(v)). In
the twist-2 case, the image of these operators D has very specific properties, so that

we can use them in order to find those differential operators.

It is known that only representations o = (d, j, 7) contribute to the OPE of two scalar
fields, which corresponds to symmetric and traceless tensors [I12]. Therefore, it is
sufficient to contract the tensors with only one vector v. Thus, possible contributions

to the operators are only contractions of the vector v and 9;, 1 = 1, 2.

In addition all correlation functions involving the twist-2 part of the product &P,
are biharmonic (92V; = 0) [17]. Furthermore, we know that correlation functions
involving this part are conserved. Since we have specified the twist to be 2k = 2,

the representations differ only in the rank L = 27.

To summarize, the image of D has to be:
« symmetric: all contractions with the same vector v (v, ... v, T ),
o of rank L: (v-0,)DV; = L DV; (gives the homogenity in v),
o traceless: 9°DV; = 0,
o conserved: (0,01 + 0, 02)DV; = 0.

The rank L contribution is isolated by applying D and setting x; = x5. In this way,

we reduce an n-point function to (n-1)-point functions.

The following examples for L = 0, 1,2, 3,4 are calculated by hand (for L =0, 1,2 cf.

[14]) and are used to check more general results:
o D=1id
e« D'=0v.0,—v-0,
e D?=(v-01)2+ (v-02)? —4(v-01)(v- Do) +v*(0; - Do)

e D¥=(v-01)*— (v %)+ 9(v-01)(v-Dy)?
—9(7} . 62)(1) : 81)2 + 31)2(1) . 81)(81 : 82) - 31)2(1) : 82)(81 : 82)

e D= (0-0)" + (v-3)' +36(v- 9))2(v - Dy)?
—16(1} . (91>(U . 82)3 — 16(1} . 82)(1) . 81)3 + 61)2(1) . 81)2<81 . 82)
602 (v - 0)2(0y - D) + Bv4(Dy - 0y)2 — 1802 (v - D)) (v - Ba)(Dy - D).
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5.2 Reduction of arbitrary correlation functions

In order to find a general formula for the differential operators, we can start with

the ansatz

DY = 3" ) A (v-00)" (v 0y)" (7)) - D).

m+4n=L c<L/2

The property that the image is traceless and conserved yields two recursive equations

which are solved by

g - —(m—c+1)(n—c+1) et
™ 2e(e 4 1) + 2¢(m +n —2¢) ™

minl(m +n — c)!
A

= Ao = D S

with 2
R D

m!2n!2

We conclude with the following proposition.

Proposition 5.1.1. The operator

pe 2 () ) b ar

m+n=L c<L/2

(5.1.2)
returns a traceless, symmetric and conserved rank L tensor if applied to a biharmonic

function.

Thus, using orthogonality of the partial waves, we can reduce a twist-2 contri-
bution to a correlation function of n scalar fields to (n-1)-point functions of (n-2)

scalar and one tensor field.

5.2 Reduction of arbitrary correlation functions

In the following, we discuss two possible ways of reducing contributions to n-point
functions of arbitrary twist. First, we make use of conformal covariance, which
implies that the 3- and 2-point functions of scalar fields are determined and we
therefore know, how the differential operators should act. We have applied this
procedure in order to compute examples of operators corresponding to some specific

representations a = (k, L), but we have not found a systematic way of determining
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5 Reduction of n-point functions

the operators corresponding to an arbitrary representation.

Second, we use the fact that the local differential operators should commute with
the action of the algebra conf(M) in order to obtain conditions which completely
determine them. So far, the second method seems to be more promising. For two
scalar fields of equal scaling dimension coupling to a symmetric traceless tensor field,

we could determine the operators that project on an arbitrary representation.

5.2.1 Reduction of n-point functions using the explicit formulas

of 3- and 2-point functions

In order to find differential operators which reduce an arbitrary contribution to a
correlation function, we try to use the fact that the 3- and 2-point functions are
explicitly known. Furthermore, we know that our Hilbert space H is given by the
smeared states ®,(z)|0) and therefore, an arbitrary state |¢)) can be written as
a linear combination of these basis vectors. In particular, it is known that 3-point
functions (PP, ) of a tensor field coupled to two scalar fields of equal dimensions are
only nonzero, if ®,, is a symmetric and traceless tensor, a = (k, L), L = 2j = j; + jo
and d = 2k + L [12].

Hence, we can write a 3-point function as:

0101B]0) = 3 / A o 1 () (Br®3 T 1 () (5.2.1)

KL

with the functions f. 1/(73) and symmetric traceless tensor fields T 1.

The next step is to find operators E,, 1, which select a specific representation in the
expansion and reduce the 3-point function to a 2-point function. Here we use the
expression [12]

(@1 (1) @a(2) T 1. (v, 73)) = 015 (X*)" (v - X)g (5.2.2)

for the 3-point function, where (-)o denotes the harmonic part w.r.t. v and ®;, P,

are of equal scaling dimensions. Moreover, we used these simplified expressions:

X23 T3 012
XH == —“, X?= ==
023 013 013023
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5.2 Reduction of arbitrary correlation functions

The 2-point function is given by

(T L(v,21) T p(w, x2)) = 91—2(2K+L) (v, w; xlg)OLO (5.2.3)
with
T Ty
Ly = oy — 275", (5.2.4)

I(v,w) = [,v"w” and (-)pp denotes the harmonic part w.r.t. v and w. Thus, we

have

lgy © En,L Q?2<(I)1(I)2Tn/,L/(x3)> = (snn/éLL’ <Tﬁ,L<x0)Tn’,L’ ($3)>, (525)

where ¢, refers to evaluation at ;7 = xy = x9. The idea is to use eq. (5.2.5)) in
order to determine E, . Once they are known, we can apply them to eq. (5.2.1)),
leading to

Loy © Ey 1, 0% (1B 1)) = / s fr 1 (25) (T 1 (20) T (23)).

Choosing the state |¢)) to be [¢p) = ®5... D, Q, the operator E, 1, isolates a specific
(k,L) in
(1. @) = > (21 PoTL iP5 ).

Kk, L'
In principle, further application of these local differential operators permits a suc-
cessive reduction of an arbitrary n-point function, but 3-point functions involving

the resulting additional tensor fields have to be reduced, too.

Using the method just presented, these operators have been found for some specific

values of (k, L):

Fio = (0105)

Eii = (010:) [(00h) — (v0s)] — [07 (v02) — 05(v0r)]

By = (0105) [(v01)” + (v0)?] — 4(0,0)(001)(v3) + 3 [02(vDs)? + B2(vD))]
_3(0% + 62)(vdy)

Bxo = (O0)” +(0,0) [(00,)° + (vs)?] + 30705

Fu = Y (—dy) (1) 5 1>!1t! = (5.2.6)

s+t=L
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5 Reduction of n-point functions

Note that for the last operators, corresponding fields do not exist. Kk =0 and L > 0
violates unitarity and x = L = 0 denotes the vacuum contribution, which is not
taken into account, because we apply the operators only to the modified correlation
functions. Those are regular in 01 and do not contain the vacuum contribution,
cf. eq. (3.:2.1)). Hence, any correlation function has to be annihilated by Eoz in a
positive theory. In the following, the operators will be used to check results.

5.2.2 Reduction of n-point functions using intertwining

differential operators

The previous way of determining operators which reduce n-point functions seems to
date too complicated to be generalized to arbitrary representations «. Furthermore,
an explicit formula for the three-point functions is not known for general fields. We
now focus on a possible way of determining them by using the so called intertwining
property in order to find partial differential equations whose solutions are the oper-
ators E, [13].

We first consider two scalar fields ®; and ®5 of the same scaling dimension d. As
before, we use that their 3-point functions can only be nonzero if they couple to a
symmetric and traceless tensor field. Therefore, we only investigate this case. In the
following, the fields are always thought of as being involved in a correlation function.
The aim is to find local differential operators E!, projecting ®;(z1)P2(z5) on a field

®,, which transforms under the representation o = (&, L):
q)a(.'lf) — Ly O E;(I)l(xl)q)2<$1) (527)

where ¢, refers again to evaluation at x1 = x5 = .

It follows by conformal covariance that E!, annihilates 3-point functions involving a

field carrying a representation u # a:

Applied to the OPE of ®;®,, the operators E!, precisely isolate the contribution of
the field ®,. Therefore, they reduce the particular n-point partial wave to a (n-1)-

point partial wave in a correlation function.

In order to determine the operators E’, we use that they are supposed to satisfy

(o2
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5.2 Reduction of arbitrary correlation functions

the intertwining property [8], so that they leave the action of the conformal algebra

invariant:

Definition 5.2.1. (Intertwining property)
Let (E1, 1) and (Es, ag) be representations of an algebra A. We say that a linear

map T : By — FEy intertwines oy and o if
Va € A as(a)oT =T oay(a). (5.2.8)

In this case T is called an intertwining operator for aq and aso.

Thus, we demand

E;<[A: (I)lq)2]q)a> = <[A7 q)a]@a)
= ([A, E,212,]P,) (5.2.9)

for any generator A of the conformal algebra. Using the commutation relations with

a covariant field ®(z) (scalar or tensor) transforming under the representation A,
i[A, ®(z)] = a*®(2)

gives rise to differential operators af + ad and a"L)_ respectively. For scalar fields
a? are given by the commutation relations (2.2.5)) and for the symmetric traceless

tensor fields (contracted with a polarization vector v) a**) are specified by

i[D,®(x)] = (x-0+ 2k + L))®(x),
iM, ®(x)] = (2,0, — 2,0, + v,0, — UVaZ)(I)(Z')
=(xANI+vAN0)P(x),and
i[K,, ®(2)] = (2z,(x - 0) — 220 + 2(2k + L)z, + 20, (20") — 2(z - v)9")®(x)
= (22,(x-0) — 2?0+ 225 + L)z, — 22 - (0 A O"))®(z).  (5.2.10)

Now equation (5.2.9)) reads
1z 0 E' o (a + ad)(®1D5,) = a"P) 0 1, 0 B! (&0, D,,) (5.2.11)

We start with the ansatz B/, = E,(x,+x2,v,01,95)0(012)%. A dependence on x1 — x5
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5 Reduction of n-point functions

does not need to be taken into account since F/, is always followed by ¢,. v is again
the polarisation vector. Note that by conformal invariance, the pole bounds ensure
a singularity in oy, of at most oj3' and therefore, the evaluation map is applied to
a regular function if F, is regular. We tighten the condition and demand equality

also on the operator level:
Lz 0 Eo o (012)% 0 (af + ad) = a* 01, 0 B, 0 (012)%. (5.2.12)

Commuting the factor (g12)? past the operators (af + a4) on the left-hand side
systematically removes the d dependencies for every generator of the conformal

algebra. Hence, we are left with the condition
Lz 0 Eqo(a; +ay) =a* o, 0E, (5.2.13)

for two scalar fields of the same scaling dimension.

In the following calculations, we often need to commute x; o E,. Since E, depends

on 0;, we can use the identity
E,ox;=x;,0FE,+ V;E,, (5.2.14)

where V; denotes the derivative w.r.t. 9;. We already know that they have to be
homogeneous of degree L and harmonic in v. Evaluating the intertwining conditions
(5.2.13]) with the generators

1) A=P,,
2) A= D, and
3) A= M,,

gives information about the general shape of E,, namely:

1) The generators of translations yield
(01 + 0s) Eo = 0, (5.2.15)

i.e. E, does not depend on 1 + x».
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5.2 Reduction of arbitrary correlation functions

2) The generator of dilations gives rise to
(81V1 + 82V2)Ea = (2% + L)Ea, (5216)
where V,; denotes again the derivative w.r.t. 0;. This means that F, is
homogeneous in 0; and 0, of degree 2k + L.

3) Finally, the generators of Lorentz transformations lead to
(OWAV14+ 0 AVa+0vAI)E, =0, (5.2.17)
i.e. E, is a Lorentz scalar depending only on the variables v?, (v9;) and (9;0;),
1,7 =1,2.

It follows from the homogeneities that E,, can only be a polynomial in the variables

y1 and v if £ is an integer which is ensured by global conformal invariance.

The generators of the special conformal transformations K, give detailed informa-
tion about the operators. Evaluation of the intertwining condition ([5.2.13)) and using

the previous results (5.2.16)) and (5.2.17) yields a second order partial differential
equation for F,:

2(11V1) V1 = Vi + 2(y2V2)Va — 12V Ea(v, 41, 42) = 0, (5.2.18)

where 1; = 0;.

In order to solve this differential equation, one can make the ansatz

Eo = (1192)" [(vyr + vy2)" - ealp, a,7)], 5 (5.2.19)
with the new variables

W % e
V1Yo’ Y1y VY1 + VYo

[-]o denotes again the traceless part w.r.t. v. Note that E, can only be a polynomial
if eq(p,q,7) is at most of degree L in r and of degree k in p and q. The ansatz
has been chosen, because it respects the homogeneities and the new variables
are three linearly independent combinations of the possible scalar combinations of

the original variables. Since we take the traceless part w.r.t. v, we do not have
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5 Reduction of n-point functions

to take into account terms oc v2. These terms are uniquely determined by the
ansatz ([5.2.19) and the harmonicity in v, cf. Lemma (3.2.1). Combined with the

homogeneity conditions, only three linearly independent combinations exist.

With these variables, the specific operators ((5.2.6) can be expressed as

e = 1,
_ .. T _pb—a
611—7‘+2(p+Q) 5
er2=1-3r" = 3(p+q)r* +3(p — q)r,
€20 = 1+p+q+%,and
1
— s - t
coL= ) (r+1)(r-1) s~ D=1
s+t=L
With
Vip Vap _ 1 21 —pY2 —DPU (5.2.20)
Vig Vaq (y192) \ —qua  2y2—quu
and
v .
Vir=—— ((-1)" —»r 5.2.21
VY1 + VY2 <( ) ) ( )

and ignoring all terms o< v2, the substitution of ((5.2.19)) in eq. ((5.2.18]) gives rise to

a system of three differential equations:

[L(L+ 1)+ (1 = 7%)07 + 26(L — rd,) + 2(pd, — q0,)0;] €a = 0 (5.2.22)
[4(p0p = 1)8p = a(k =, = 40y)(Kk = 1 = 0 — 40y) +
2(k — p0y — q0y)(k — 1 — pOy + q0, + (r — 1)0,)] eq = 0, (5.2.23)
[4(q9y — 1)0q — p(k — PO, — q0g)(k — 1 = 0, — q0,) +
2(k — p0y, — q0,)(k — 1 4+ pd, — q0; + (r + 1)0,)] eq = 0. (5.2.24)

Eq. (5.2.22) can now be solved in the following way: Since the equation is homo-

geneous in p and ¢, we can make the ansatz

D)= D Pq"emn(r), (5.2.25)

m,n>0m+n<k

where every contribution p™q"e,, (1) has to solve eq. (5.2.22)) separately. Using the

known homogenities and therefore setting pd, = m and ¢d, = n (Euler operators),
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5.2 Reduction of arbitrary correlation functions

we find that (5.2.22) no longer involves 0, or d, but only the difference § = m — n.

The substitution z = 1_; finally yields Euler’s hypergeometric differential equation:
[2(2 = 1)02 + (262 — (kK — 0))0. — L(2k + L — 1)] €qaymn = 0. (5.2.26)

Its solutions are

2
= Commm (= 1) fa_5(—7) (5.2.27)

]_ _
Camn(T) = Coammmn * fas(") = Cammm - (K — )L - 2} <—L, L+2k—1,k—0; T)

with coefficients ¢4, to be determined.

The coefficients cq.m,n are fixed by the other two differential equations ((5.2.23) and
(5.2.24)). In order to solve for them we use

= 7 —Z — — o1\ Y z
2Fi(a, B,y +1,2) = a0 =3) [(1=2)0. = (a4 =) 2F( 75,7(,5;28)
and
oFi(a, B,y —1,2) = (20, 4+ (v — 1)] 2 F1 (v, 8,7, 2), (5.2.29)

v—1
which follows from eq. (15.2.4) and (15.2.6) in [I]. It gives rise to operators

(r¥l)o,+Kk—1F06

Avs = 5.2.30
o0 L+k—1F6 ( )

which lower or raise the parameter ¢ in f, s by 1:
AZ 5 fas = fastr- (5.2.31)

Now we can use the operators (5.2.30)) and the fact that cy.mn = 0 for m +n > &.
The two equations (5.2.23]) and (5.2.24)) then give rise to recursive systems for the

coeflicients:

4(m* = Dewmern +2(k —m —n)(L+ K — 1= 8)Commmn

—(k—m—n)(k —m —n+ 1)camn-1 =0, (5.2.32)
4(n® — Deammer +2(k —m —n)(L+ & — 1+ 6)Cosmmn
—(k—m—n)(k—m—n+1)com-1n, =0. (5.2.33)
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5 Reduction of n-point functions

The following proposition summarizes our results.

Proposition 5.2.2. The intertwining operators in eq. which reduce a n-
point function of two scalar fields of equal scaling dimension coupling to a symmetric
traceless tensor field to a (n-1)-point function involving two tensor fields belonging

to the same representation are given by

El, = (11y2)" | (vy1 + vy2)" Z CamnP"q" (K = )1 - 2 Fi (e, B,7; 2) | 00fy,
m,n>0m+n<k 0

(5.2.34)

where o = —L, B =L+2rk—1,v=r—0, 2= = and the coefficients co.mn solve

2
the recurrences and (5.2.33).

In general, by applying the equations (15.2.2) and (15.4.4) from [I], we find that

fa,0 are derivatives of Legendre polynomials F,,. We use

__n
with n = k — 1 and

DFi(=m,m+1,1,2) = Pp(l — 22) (5.2.36)

with m = L + k — 1. They result to
!
fap = O Py (). (5.2.37)

Application of the operators ([5.2.30)) now permits to express all functions f, s by
derivatives of Legendre polynomials. In the interesting case k = 1 (twist-2), we find
the expression:

p

err = (1 + 2 =10+ g(l + r)(()r) Py(r). (5.2.38)

So far, we have not investigated the recurrences ([5.2.32) and (5.2.33)) intensively and

systematically. We have some first results in the case L = 0 and for small values of
k. It turns out that at least for x < 5, most solution spaces are one-dimensional. In
detail, we found (recall that m + n < k has to be satisfied)

e Kk = 1: c¢go is nonzero and can be chosen arbitrarily (corresponding to the

choice of a normalization).

e k£ =2: Only ¢o, c19, co1 and c¢q; are nonzero and fixing one of them already
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5.2 Reduction of arbitrary correlation functions

determines the other coefficients.

e vk = 3: There are two independent solutions: cg; = 2c¢90 and co = 2c¢o,

otherwise we find ¢, ,, = 0.

e kK =4: Only ¢y is nonzero and can be chosen arbitrarily.

2

e K=20: 0232032:—3

Cg2, otherwise ¢, , = 0.

Starting from these results, we can show (also for general L # 0) that in case k > 4
the coefficients ¢, ,, are zero for m < 2 or n < 2. Due to the factor (n? — 1) or
(m? — 1), the coefficients Cm2 and ca,, decouple from the equations for n = 1 and
m = 1. Hence, the equations for c,,, are overdetermined for n < 2 or m < 2 and
therefore, ¢, ,, = 0 in these cases. Using again the recurrences we find that for m < 2
and n > 2 (or n < 2 and m > 2), all ¢,,,, are expressible by the former coefficients

and therefore, ¢, ,, = 0 also in these cases. Hence, ¢, ,, are zero for m < 2 or n < 2.
We have found closed formulas for c¢g,, and ¢my2 (with ng < x —2 or mg <k —2,
resp.):

ng—2

o — <_1)no— . ( (k—4NL+r—1) - H (<n0_a)2 B 1)—1_022

2 K—ng—2)(L+Kk—no+1)

a=1
mo—2

e <_l)m0_ ( (k=L + k-1 . H ((mo—a)Q—l)il-ng.

2 k—my—2)(L+Kk—mg+1)

a=1

Here, we could use that c¢;,, = ¢,,1 = 0 for all m, n and therefore the recurrences

involved only two coefficients instead of three.

5.2.3 Generalizations

The previous calculations are for two scalar fields of equal scaling dimension coupling
to a symmetric and traceless tensor field. Next we generalize the considerations: The
two fields will still be coupled to a symmetric and traceless tensor in all upcoming
considerations, even though it is not neccessarily true that three-point functions
involving the two fields are only non-zero if they couple to a symmetric traceless
tensor. First we allow different scaling dimensions d; and ds for the scalar fields &

and ®,. This situation needs an ansatz

d1+dg

Ey = Ea(v,01,05) 0 (012) 2, (5.2.39)
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5 Reduction of n-point functions

where we have already used that the first condition (A = P,) will exclude any
dependence on z; — x5. In a GCI theory, d; + ds has to be an even number be-
cause otherwise, the three-point function (®,P,7} 1) would not be rational. Again,

we know that the differential operators have to be homogeneous of degree L and
d

harmonic in v. Proceeding as before, we can commute the factor (g12)” 2 past
' +af. For A+ K . it cancels again the dependences of afi on the scaling dimen-
sions. The intertwining property tells us again that the operators are Lorentz scalars
and homogeneous of degree 2x + L in 0;. In the case A = K, the dependences on
the scaling dimensions do not cancel entirely but yield an additional term in the

differential equation which determines our operators:
251 V1) Vi = 1 VT + 2(12V2) Va — 12 V5 + (dy — do) (V1 — V)] Eo = 0. (5.2.40)

Next we can relax the assumption that ®; and ®, need to be scalar fields. They
are now demanded to be symmetric traceless tensor fields transforming in the same
representation § = (', L’) coupling to a symmetric traceless tensor field (o =
(k,L)):

El (D] 05 d,).

Here, we make the ansatz
El, = Eo(v,y1,y2,0",9") 0 (012)* " (5.2.41)

with v; and vy being two additional polarization vectors. In order to ensure regu-
larity, the exponent of the factor g2 has been chosen in such a way that it equals
the pole bound. The operators have to be homogeneous of degree L and harmonic
in v and 0%. Using 0" E, = 0, we find again from the intertwining property that

E,, is a Lorentz scalar. Note that in this case, the Lorentz condition has changed to
(W AV1I+0AVe+ 0 AN +0" AV, +0"2 ANV,,)E, =0, (5.2.42)

where V,, is the derivative w.r.t. 0. Here, the differential operators are homoge-
neous in 0; of degree 2L' + 2k + L:

(81V1 + 6’2V2)Ea = (ZL/ + 2K + L)Ea. (5243)
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5.2 Reduction of arbitrary correlation functions

Evaluating the interwining condition for A = K, and applying eq. (5.2.43)) and
(5.2.42)) yields the differential equation which determines the differential operators:

[2(91V1)V1 — Vi +2V1(0" A V) +2(y2V2) Vo — 12V
OV, AV,,) — 2L (Vi + Vo) Ba =0, (5.2.44)

Combining the two previous cases, we now consider symmetric traceless tensors
transforming in different representations oy = (K1, L1), e = (K2, Lo) and start with

the ansatz
E(/)c - Ea(”a Y1, Y2, avlaaw) © (012)71‘

The exponent n needs to be chosen in such a way that it ensures regularity. The
operators FE, with o = (k, L) are again homogeneous of degree L and harmonic
in v and 0V. Furthermore, they are Lorentz scalars and homogeneous of degree
2k + L+ 2n —dy — ds in 0;, where d; = 2k; + L;. Moreover, they have to satisfy the

equation

21 V1) V1 — 51 V] + 2V (0" A V) 4+ 2(y2V2) V2 — 12 V5
+2V2(8v2 A VU2> + 2d1V1 + 2d2V2 — 271(V1 + Vg)] Ea =0. (5245)

Since this kind of partial differential equations are too complicated to be treated
within the preparation of this master’s thesis, we have so far been concentrating on
the case of two scalar fields of equal scaling dimension coupling to one symmetric
traceless tensor field in further considerations. Additionally, in the case of non-
symmetric tensor fields, one would have to introduce more polarization vectors,

leading to an even more complicated structure.
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5 Reduction of n-point functions
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6 Conservation laws and applications

In the following, we would like to further investigate the twist 2k = 2 contribution to
the OPE in a correlation function. We consider again a correlation function involving
two scalar fields of equal scaling dimension coupling to a symmetric traceless tensor
and use the operators found in the previous chapter in order to project on the
twist-2 contribution. As we said in chapter the twist-2 part of a correlation
function has to be conserved. In this chapter, we start analyzing the resulting
higher conservation laws. In particular, we discuss the strategy in Section and
perform the calculations for the cases L = 1 and L > 1 individually in Section
Last, we start applying our recent results in Section [6.3]

6.1 Strategy

Using the operators ([5.2.38))

Eip o< (1192) (vyr + Uyz)L (1 + g(r - 1)0, + %(1 + r)8r> Pr(r)

found in the previous chapter, we can project a correlation function on the part
which arises from the twist-2 contribution of the operator product expansion. Since

this part is conserved in a positive theory, we can formulate conservation laws:
(0:0y) 0tz 0 Eyp 0 (012)U = 1,0 (01 + 0a) - Oy 0 Eyp 0 (012)U = 0. (6.1.1)

These conservation laws can be regarded as positivity test.

We would like to apply the operators in (6.1.1)) to regular correlation functions U
without vacuum contribution, cf. expression (3.2.1). We therefore define D; =
Eip o (012). With the identity (5.2.14), we can commute the factor pi» past the

operator F1; and make use of the application of the map ¢, afterwards. Terms
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6 Conservation laws and applications
involving a factor z; or x5 systematically cancel and we are left with the expression
Dy = (V1 —V2)?EL. (6.1.2)
Our conservation laws can now be written as
g 0 (01 + 02)0, D), U =0 (6.1.3)
and we define

GL = (yl + y2) . &,(Vl — v2)2E1L
= [t0 (01 + 32)0,D1, - (6.1.4)

In order to take only the traceless part in the end, we have to consider terms D,
of Dy, of order (v?)? and also (v?)!, since we calculate the divergence 9, Dr. Making
the ansatz Dy, = D} + v2Q(v) with Q linear in v and calculating the trace, we find

0 = 0,0 (D}, +v*Q)
= 0,0 D} — 4v0,Q — 8Q
= 0,0"D} —4LQ
1
= = —0,0"D)
Q 4L L»
where we used that () is homogeneous in v of degree L — 2 and that v0, is the Euler

operator. In total, we find

1
GL = |:(y1 + yg)&, (D — 50281,611D):|

0

_ K(yl )0, — %@yl + Uyg)&,@“) DL. (6.1.5)

6.2 Calculations

In the case L = 1, the conservation law (6.1.3)) is trivially fulfilled, because already
[tz © (O1 + 02)0, D1, = 0. Instead, we can set

Gi=yi — 45, (6.2.1)
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6.2 Calculations

because it results from the correct projection operator Dy = v - (0; — 0;) on the

conserved vector current by taking the divergence of D;.

Below, we will often use the Legendre differential equation in order to avoid higher

derivatives than 9?:
(1 —7r30?Pr(r) — 2r0,Pr(r) + L(L + 1)Pr(r) = 0.

First, we calculate the operators D which are the parts of Dy, of order (v*)?. We
find:
D) = 4(L* — L — 2)(vy; +vya)“Pr(r). (6.2.2)

In order to compare them with the operators (5.1.2), we use the representation

Pir) - §%<_1>k(§)2 (5 (50 (6:23)

of Legendre polynomials, which follows from Bonnet’s recursion formula [I]

(n+1)P,1(2) = 2n+1)2P,(2) — nP,_1(2).

Writing

L+r vy L—r vy ( L (L (6.2.4)
2 vy + oy 2 vy vy L—-m) \m o

and m = L — k yields

D}, mi:m)m (2 ey (6:2:5)

0

Up to proportionality factors, these operators are equal to the (v?)°-part of the re-

duction operators we had found before, where ¢ = 0 in (5.1.2]).

Continuing with the calculation of the operators (6.2.6)), we find the following propo-

sition.
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6 Conservation laws and applications

Proposition 6.2.1. In a unitary GCI theory, the operators v, o G, with

2(L —1)(L +2 _
G = ( )( ) [(Uy+)L 1 (2y+y_8TPL + (QTy—f—y— - yz - y—Q&-)aEPL)]O’

L
(6.2.6)

where yy+ = yy £ yo, annihilate all (regular) correlation functions.

Note the prefactor (L—1) in equation (6.2.6]), which confirms that the case L = 1 is
specific and cannot be treated in the way presented above. Moreover, the operators
involve only terms proportional to Laplacians and therefore, they automatically

annihilate all twist-2 contributions.

By construction, the ¢ o GG, annihilate all functions containing a factor g2, which
corresponds to k > 1. The new information of these conservation laws is that 1o G,

also annihilates all leading twist 2k = 2 parts in the OPE.

Nikolov, Rehren and Todorov have studied previously [I5] the case that a function U
admits a biharmonic completion and found a third order partial differential equation
as condition. The structure of this PDE is different from the structure of G. It

would be interesting to study to what extent these different conditions are equivalent.

6.3 Applications

In order to start applying our recent results, we reduce the six-point structure (3.3.1])
to the four-point structure corresponding to the (2x, L) = (2, 1)-contribution both
in the OPE of &P, and of ®5®4. The six-point structure Fj is given by

(015026034 — 2015023046 — 2@15@24@36)[172”5’6}

Iy = a—1 A1
012 * 014023013024035036045046 * Q56

. (6.3.1)

Recall that it is the leading part of a biharmonic function satisfying all properties

of a Wightman distribution except possibly positivity.

We use the operators introduced in Section [6.2] In this special case, they read

Dy = (Vi — V)’ En
=v- (61 — 82) (632)

and
D% =w - (0 — Os). (6.3.3)
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6.3 Applications

In order to apply Di?, the following reorganisation of the terms of Fy is useful:

2
d—1 a—1 (<915Q26Q34)[1,2} - (Q15Q23Q46)[1,2}
012 * 014023013024035036045046 * Q56

_(915924@36)[1,2} - <Q26913Q45)[172} - (926914935)[1,2}) . (6.3.4)

FOZ

Applying the operator ¢,,D1? to one of the terms in the numerator yields

Lag¥ * (01 — 02) (01102j) 11,21 = 4(V - Tok00;) k) (6.3.5)

Moreover, the anti-symmetry in z, x5 of the numerator of Fj implies that any term
multiplied by the numerator itself equals zero after application of ¢,,. Using (6.3.5)

and reorganizing the terms, ., D}? reduces the six-point structure to

8
Lo D12 013 086 T Fo = —v - o3(0450 — v - Toa(0350
017012 056 L0 02 0203 036 01080 ( 03(045006)[5.6] 04(035006)[5.6]
+Q34(U : $05006)[5,6] - 903(U : $05046)[5,6] - 904(U : $05036)[5,6]) .
(6.3.6)
Next, t,, D7 is applied. We find

Lo, W - (O — 05)(V - Tis046)[5,6) = 20 - WOj7 — 4V - Tprw - Tj7 (6.3.7)

Loy W - (05 — O5)(0r5056) 5,6 = 4(Tr7057) (5.1 - (6.3.8)

Combining the results, we obtain the following four-point structure:

16
9(2)4 Q(%?, Q:2>,7 Qi?

—20 - Tog(W - T47007)[0,4] — 2V - Toa(W - T37007)[0,3)

LmD?GLmD%QQ‘fz_ngglFo = : (U : w(@34Q07 — 003047 — Q04Q37)

+2v - 2o7(003W - T4z + Q04w - T37) — 034W - Toy) - (6.3.9)

The result corresponds to a contribution to a correlation function of the form

(Jo®3PyJ7), where Jy and J; are vector currents.
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6 Conservation laws and applications

For comparison, another six-point structure is presented in [13]:

1 1 1 1 1
B(xl,...,:vﬁ):ﬁ-( ) —< ) C A
012 014023 ) 11 9] 034 036045/ 5.6] Q56

1 ( 1 1 ) 1 ( 1 1 ) 1
Qilg ' 014023 024013 034 036045 046035 er,lg g
(6.3.10)

This structure exhibits the same symmetries as Fy, but it does not have any double
poles (i.e. it arises in a free theory) and is separately biharmonic both in z, x5 and
Ts5, Tg. 1t contributes to the six-point function of cubic Wick products of a massless

complex scalar field.

Application of ¢,,Di? and ¢,, D3 yields

1 d- =16 (v - 203004)[3,4) (V- Ta7037) (34
Ly D0y D205 00 By, ) = —— o A L ESTBAL (6.3.11)
034 0030904 037047

These calculations represent only the very beginning of using the methods presented
to study positivity of the structure Fiy. We would need to apply all operators E,,, and
find operators which further reduce the resulting four-point structures of the form
(JoP3P4J7). In Section , we have started the determination of these operators.
The latter completes the analysis by reducing the structure to the final form of a

two-point function.
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7 Concluding remarks

We have shown that postulation of global conformal invariance in a Wightman the-
ory permits far reaching investigations of structural aspects in axiomatic quantum

field theories. Here, we have restricted our analysis to four spacetime dimensions.

In a theory satisfying GCI, the field content as well as the Wightman distributions
are very constrained. In particular, we can make use of the fact that the twist-2
part of the OPE of two fields in a correlation function is conserved. Using other
constraints imposed by GCI on the correlation functions, it is possible to formulate
a condition for the leading part of the twist-2 contribution to be nontrivial, i. e. that
it cannot arise from a combination of canonical free fields. These candidates have

to be tested if they are positive and thereby would yield a physical theory.

A useful tool in order to investigate a conformal quantum field theory is the partial
wave expansion. The PWE expresses a correlation function in terms of eigenfunc-
tions of the Casimir operators. At the same time, the eigenspaces of the Casimir
operators are irreducible representation spaces. The eigenfunctions or partial waves
are universal for any conformal QFT and therefore, the physical properties of a par-
ticular theory is encoded in the coefficients. In principle, the PWE is determined in
any QFT exhibiting a conformal symmetry, but the actual computation of it is very
complicated. In the special case of four-point functions of scalar fields, the PWE is
well studied and the partial waves as well as the coefficiants are explicitly known.
The complexity of the problem for higher correlation functions has prevented us to

date from performing an explicit PWE in a more general case.

Instead of trying a direct computation of the PWE, we have pursued a different
strategy. Using orthogonality relation between partial waves, it is possible to reduce
n-point functions. In the case of the twist-2 contribution to a correlation function
of scalar fields, a closed formula for local differential operators which reduce the
contribution to a n-point function to (n-1)-point functions is found. Here, we could

use the special properties of the image of the operators in order to determine them.
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7 Concluding remarks

For arbitrary twist contributions, we can use the intertwining property of the dif-
ferential operators, i.e. they should commute with the group action. Applying
commutation relations for the fields with the generators of the conformal group, it
is possible to fix the structure of the operators and find differential equations which
they have to fulfil. In the case of correlation functions involving only scalar fields of
the same scaling dimension, we could solve the differential equation. In principle,
the solution is a sum of polynomial hypergeometric functions with coefficients which
are determined by recursive equations. To date, we have not found a closed formula

for these coeflicients.

Starting to relax some conditions, we have studied the intertwining condition in
more general cases. Assuming different scaling dimensions and/or correlation func-
tions involving tensor fields, we have determined the general shape of the differential
operators and also the determining differential equations. Solving the equations is

still an open problem.

Last, the conserved twist-2 contribution was again in the focus. We have stud-
ied implications of the conservation laws by using the differential operators which
reduce n-point functions. By construction, the operators projecting on a twist-2
contribution annihilate all other twist contributions. Using the operators projecting
a n-point function of scalar fields of the same scaling dimension on the twist-2 part,
we have calculated the operators which annihilate all contributions to a correlation
functions, provided the theory satisfies positivity. Investigating the structure of
these conservation laws and a comparision with previous results [15] are still open

tasks.

One major reason for the analyses in this thesis was the question, whether the
6-point structure (3.3.1]) satisfies Hilbert space positivity. It would therefore be in-
teresting to see if our recent results give already new information when applied to

this structure which might be part of a nontrivial theory.
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