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Introduction

The discovery of the accelerated expansion of the universe has led to renewed interest in the
cosmological constant. This is due to the fact that a positive cosmological constant is a possible
cause for such an expansion. Much of this newfound interest extends to de Sitter space. The
reason for this is twofold: First, de Sitter space is the most prominent solution of Einstein’s
equation with a positive cosmological constant. Second, according to the cosmic no-hair con-
jecture, every ever-expanding universe with a positive cosmological constant will asymptotically
approach de Sitter space.

Spacetimes that asymptotically approach de Sitter space are called asymptotically de Sitter.
A noteworthy example of such a spacetime might be our universe: If its expansion is caused by
a cosmological constant, it might comply with the cosmic no-hair conjecture. In this thesis, we
will have a close look at asymptotically de Sitter spaces. We will try to find conserved quantities
for these spacetimes.

Conserved quantities play a major role in all physical theories. They correspond, for instance,
to notions of mass and angular momentum. Different methods have been employed to construct
such quantities in asymptotically de Sitter spacetimes [1, 2, 3]. But so far, no attempt has been
made to approach the construction within a Hamiltonian framework. In this thesis, we will
construct conserved quantities for asymptotically de Sitter spacetimes by using the covariant
phase space formalism of Wald et al. [4]. It is a Hamiltonian formalism that exploits the fact that
Hamiltonians are conserved under certain conditions. This will give us a formula for conserved
quantities that is in no obvious way related to any other such formula that has been derived
before.

This thesis is structured as follows: In the first chapter, we will briefly recapitulate some
definitions and concepts that we will need throughout this thesis. The purpose of chapter 2 is to
introduce the term asymptotically de Sitter. To that end, we will review the definitions of certain
other classes of spacetimes, we will give the definition of the term asymptotically de Sitter, and
we will discuss a few examples of such spacetimes. In the third chapter, we will describe the
Hamiltonian framework and Wald’s covariant phase space formalism. How these tools can be
applied to asymptotically de Sitter spacetimes will be discussed in the second part of chapter
3. In chapter 4, we will present our conserved quantities. We will show how and that they are
conserved and we will derive them within the framework of chapter 3. At this point, we will also
return to the sample spacetimes that we introduced in chapter 2: We will compute conserved
quantities for these spacetimes, which we will then discuss. The last point that we will address
in this chapter is the possible existence of positive conserved quantities. These could pave the
way to a notion of mass of a spacetime. We will conclude this thesis with a perturbation analysis
of de Sitter space. Its purpose is to shed some light on the question of how large the class of
asymptotically de Sitter spacetimes is.



Notations and conventions

In general, we will use the symbol M to represent the spacetime manifold. We will assume
throughout this thesis that it is smooth, connected, paracompact, orientable, and d-dimensional,
where d > 4. A spacetime is not only comprised of a manifold but of a manifold with a Lorentzian
metric. We will denote such a spacetime as (M, gq). It will be required to be time orientable.
The metric gqp, which is assumed to be smooth, has the signature (—+++...). The inverse of
the metric is denoted as ¢®.

Latin indices a, b, ¢, ... on tensor fields are abstract indices (see e.g. [5]). A (2, 1)-tensor field,
for instance, might be written as T "'bc. Chapter 3 is an exception to this rule: For the sake of
clarity and readability, we will suppress all indices there. Other indices than lower Latin letters
from the beginning of the alphabet will denote tensor components. This will in particular be
used in chapter 5. Abstract indices on tensor fields will be raised and lowered in the usual way,
namely with the metric and its inverse. For example, we have Tacgd’ = Tab and T, “gep = Typ-

All the derivative operators that we will consider in thesis are torsion-free and associated with
a spacetime metric (Vq,g, = 0). The Riemann tensor can be defined in terms of derivative
operators. We will use the convention Rabcdk:d := 2V, Vyjke, where the brackets represent anti-
symmetrization. To denote symmetrization, we will use parantheses. The Ricci tensor is given

by Rup := R, ,,°.

An unphysical spacetime manifold that arises from M will be denoted by M and its metric will
accordingly be denoted by G = Q2%gap, Where € is a conformal factor. Again, the inverse will
be written as §%°. Indices on tilde tensor fields will be raised and lowered with the unphysical
metric instead of the physical one. In case M is a manifold with boundary, we denote its interior
by int(M) and its boundary by OM := M — int(M).

Throughout this thesis, we will work extensively with variations of various quantities. The
variation dgg of a metric gg is to be understood as follows: Let gy be a smooth one-parameter
family of metrics. Then we denote dgy/dA|x=og by dgo. Similarly, the variation of an arbitrary
functional S[g,] is given by dS[go] = dS[gx]/dA|r=0-

Further note that ¢ = 1 in this thesis. For a table of symbols see page 81.



1 Preliminaries

In this chapter, we will shortly introduce some important concepts that we will use in this thesis.
The following sections are not to be understood as thorough introductions but rather as short
reminders, which emphasize the points that are important for us.

1.1 Isometries and conformal transformations

In general relativity, spacetime is a manifold M with a Lorentzian metric g,. The metric
is a symmetric and non-degenerate (0,2)-tensor field on M, which contains all the relevant
information about the spacetime.

Should there exist a diffeomorphism between two spacetime manifolds that maps their re-
spective metrics onto each other, both these spacetimes are identical from a physical point of
view.

Definition 1. Let M be a manifold with metric g, and N be a manifold with metric hg,. A
diffeomorphism f : M — N is called an isometry if

9ab = (f*h)ab, (1.1)
where (f*h),p is the pullback of the metric hgyy, by f.

Of course, isometries do in general not exist for two arbitrary manifolds. Those that are related
via an isometry are called isometric.

Definition 2. Two manifolds M and N with metrics g, and hg, are called isometric if there
exists an isometry f: M — N.

This concept can be easily transferred to a local level:

Definition 3. A manifold M with metric g, is called locally isometric to a manifold N with
metric hgy, if there exists an open neighborhood U for every point p € M, such that (U, g,p) is
isometric to (V, hgp), where V' is an open subset of N.

Consider the following example: Globally, a cylinder clearly differs from R™ (with their natural
metrics). These two spaces are neither isometric nor isomorphic to each other. However, the
cylinder is locally isometric to R™. In this particular example, this means, for instance that the
Ricci scalar of the cylinder must vanish everywhere, because it vanishes in R".

We mentioned in the beginning that spacetime is a Lorentzian manifold (M, gq) (with metric
signature — 4+ + - - - +) in general relativity. On such manifolds, a vector v is said to be timelike
if its norm is negative, i.e. gupv®? < 0, null if guv®® = 0, or spacelike if gguv®v® > 0. This
concept can easily be carried over to curves on manifolds: A curve is timelike, spacelike or null
if the norm of its tangent is everywhere timelike, spacelike or null.



1 Preliminaries

Clearly, isometries preserve this so-called causal structure: If v* is a timelike, spacelike or null
vector, (f«v)® is correspondingly also timelike, spacelike or null. Conformal isometries share this
property with isometries.!

Definition 4. A diffeomorphism f : M — N between two manifolds M and N with metrics gqp
and hgy, is called a conformal isometry if

gab = QL (f*h)ab, (1.3)
where (2 is a smooth non-vanishing function on M.

A conformal isometry is also an angle preserving map, in the sense that

1 b 1 b

gV W’ = ————=Npv" ", (1.4)
V |[vevewdwy| fo'eviwdu,|

where v®, w® are not null and v"* = (f,v)%, W* = (fiw)®.
Closely related to conformal isometries are conformal transformations.

Definition 5. Let g, be a metric on M and let €2 be a smooth, positive, and non-vanishing
function on M. Then the metric

gab - Q2gab (15)

is said to arise from g, via a conformal transformation.

Clearly, conformal transformations also preserve angles and the causal structure of a given
Lorentz manifold. Some useful relations regarding quantities of conformally tranformed metrics
can be found in appendix A.1l.

1.2 The Weyl tensor

The Weyl tensor is the tracefree part of the Riemann tensor Rabcd. It can be written as

2

2
Cabed = Rabed — ﬁ(ga[cRd]b - gb[cRd]a) + nga[cgd]ba (16)

where R, and R are the Ricci tensor and scalar, respectively. The Weyl tensor is a conformally
invariant quantity in the following sense: If we denote the Weyl tensor which is associated with
a conformally transformed metric G, = Q%gap as Cabcd, the relation

4= .0 (1.7)

holds.

'See definition 4.
Gapv 0" = Q2 hap (f20)* (fav)” (1.2)

is satisfied for an arbitrary vector v* on M. Thus, v® is timelike if and only if (f.v)® is timelike, v* is null if
and only if (f.v)® is null and v® is spacelike if and only if (f.v)? is spacelike.



1.3 Gaussian normal coordinates

Equation (1.6) implies that the Weyl tensor inherits some of the symmetries of the Riemann
tensor. First, it is antisymmetric with respect to commutation of the first pair of indices as well
as to commutation of the second pair of indices:

Cabcd = 7Cabdc
Cabed = —Chacd

Second, the antisymmetrization of the Weyl tensor over its first three indices vanishes:
C[abc]d =0 (110)

From these relations follows that Cypeq is symmetric under commutation of the first pair of indices

with the second one.
CYabcd = Ccdab (111)

1.3 Gaussian normal coordinates

First, take notice of the following definition:

Definition 6. Let M be a d-dimensional manifold. An embedded (d—1)-dimensional submanifold
of M is called a hypersurface.

Now consider a manifold M with metric g,,. Let ¥ C M be (a portion of) a spacelike
hypersurface with metric (hgp)o and unit future directed normal field n®. Then construct the
unique geodesics through ¥ with tangents n®. We get a coordinate system in a neighborhood of
> by choosing coordinates on ¥ and by labeling the points in a neighborhood of ¥ by the affine
parameter ¢ of the geodesics on which they lie and the coordinates of the points of ¥ from which
the geodesics emanated (¢ = 0 on X). In this coordinate system and neighborhood, the metric

takes the form
gab = —Vat Vit + hap(t), (1.12)

where hgp(0) = (hap)o- hap(t) is the metric on surfaces of constant t. It satisfies hgp(t) Vet = 0,
which means that the geodesics remain orthogonal to the hypersurfaces of constant t.2 By
construction, n® = V% is a geodesic tangent field, i.e. we have (recall that ¢ is an affine parameter)

nVn® = 0. (1.13)

Conversely, if we are given a metric of the form (1.12), where hq,(t)V% = 0, the vector field
n® = V% must be a geodesic tangent field: Its norm clearly satisfies

nng = —1, (1.14)

which implies
Va(nbny) = 0. (1.15)

Now recall that V, is torsion-free?, i.e. VoVt = VV,4t. Therefore, we must have
1
0= va(nana) = n*Vyng, = n*Vanp, (1.16)

which proves that n® is indeed the tangent to a geodesic.

2Let X® be a coordinate basis field of the coordinates on the hypersurfaces of constant ¢ and t* = (9/9t)*. X*
satisfies th;,(t,lXa) = 1, 1"V X = t, XVt = %vab(t“ta) = 0, where the first equality follows from (1.13),
the second one from the fact that coordinate basis fields commute, and the last from the norm of ¢* being unit.

3See chapter “Notations and conventions” on page 6.






2 Asymptotically de Sitter spacetimes

In this chapter, we will give our definition of the term asymptotically de Sitter. But before we
do so, we will introduce some concepts which we will need to understand our definition. More
precisely, we will discuss the definitions and properties of asymptotically flat and asymptoti-
cally anti de Sitter spacetimes. Having introduced the necessary notions, we will then establish
the term asymptotically de Sitter. We will conclude this chapter with a few examples of such
spacetimes.

2.1 Asymptotically flat spacetimes

Heuristically, asymptotically flat spacetimes are spacetimes that approach Minkowski space at
“large distances” from some spacetime region. Now one might be tempted to simply define
asymptotically flat spacetimes as manifolds with metrics whose metric can be written as

g 90 o 0
g“”axu ox? _”“”ax# oxY

+O(1/r) (2.1)

in some coordinate system. Here, r = [(z!)? + (2%)? +...]"/? and 7, = diag(—1,1,1,...).
However, a big drawback of this condition is that it is given in terms of coordinates. For instance,
it might be of interest to calculate a quantity at “infinity” in an asymptotically flat spacetime.
In a coordinate dependent description, it would be necessary to specify exactly how this is to be
done, i.e. how limits (r — o0) are to be taken.

To evade this and other difficulties, one defines asymptotically flatness in a coordinate inde-
pendent manner. Roughly speaking, a spacetime is asymptotically flat if a boundary can be
attached to the spacetime manifold in a suitable way. This boundary then represents “infinity”.

Before we give a precise definition of asymptotic flatness, let us illustrate this concept by
constructing such a boundary for d-dimensional Minkowski space. In spherical coordinates, the
Minkowski metric can be written as

ds? = —dt? + dr? + r?do3_,, (2.2)

where do3 , is the metric of a (d — 2)-dimensional sphere. A coordinate transformation to
advanced and retarded null coordinates, which are given by

v=_t+r, (2.3)
u=t-—r, 2.
casts the metric into the following form:
1
ds? = —dudv + 1(1} —u)?do3_, (2.5)

Now let us construct a so-called unphysical metric

d3? = 0%ds? (2.6)

11



2 Asymptotically de Sitter spacetimes

via a conformal transformation (see section 1.1). In our case, an appropriate choice for the
conformal factor is

4
(14 02)(1+u?)
If we now attach points with = 0 to the spacetime manifold (representing “infinity”), we get a
so-called unphysical manifold. Together, this manifold and the unphysical metric are called the

unphysical spacetime. Accordingly, the spacetime manifold with its metric is called the physical
spacetime. If we make another coordinate transformation

0% =

(2.7)

T =tan ‘v —tan~! U,

R=tan"'v — tan ' u,

we find that the unphysical Minkowski metric can be written as
d§* = —dT? + dR? +sin? Rdo3_,. (2.10)

The ranges of the coordinates that correspond to finite values of ¢ and r, i.e. points of the physical
spacetime manifold, are given by

—-T<T+R<m, (2.11)
—rm<T—-R<m, (2.12)
0<R. (2.13)

Points with 7'+ R = +m and/or T — R = +r correspond to points of the boundary of the
unphysical manifold. Equation (2.10) is the metric of the Einstein static universe, which is
the manifold R x S%! with its natural Lorentzian metric. Thus, there must exist a conformal
isometry that embeds Minkowski spacetime into a finite region of the Einstein static universe.!

If we suppress the spherical coordinates of da§_2, we can depict Minkowski space in a conformal
(also Penrose or Penrose-Carter) diagram (see figure 2.1). In this diagram, the sets #+ and .~
as well as the points i°, i*, and i~ correspond to the boundary that we have just constructed.
They do not belong to the Minkowski spacetime itself. .#* and .#~ are null hypersurfaces
and are called future and past null infinity. Every null geodesic terminates at the former and
emanates at the latter set. The point i° is called spatial infinity. It is spacelike related to every
point of the interior of the unphysical manifold (i.e. the physical spacetime manifold). Moreover,
all the spacelike geodesics of Minkowski space start and end there. The remaining points i ™
and ¢~ are called future and past timelike infinity, respectively. All the timelike geodesics of the
spacetime begin at i~ and end at 7. Additionally, i+ and i~ are timelike related to every point
of the interior of the unphysical manifold.

Since we suppressed the spherical coordinates in figure 2.1, every point of this diagram repre-
sents a (d — 2)-sphere. Exceptions are the points i*, i~, i”, and points on the leftmost line with
r = 0. These points do not represent a higher dimensional space. They just correspond to points
of the unphysical spacetime manifold.

In the literature, there exist different, inequivalent, notions of asymptotic flatness. Spacetimes
can be asymptotically flat at null infinity (.# = £ U.# "), at spatial infinity (i) or at spatial as
well as null infinity. Ultimately, we want to define what asymptotically de Sitter spacetimes are.

!Equivalently: There exists a conformal factor, such that the unphysical metric is isometric (equal) to that of
the Einstein static universe.

12



2.1 Asymptotically flat spacetimes

f—f—

/ t = constant

r = constant \ Ve

Figure 2.1: Conformal diagram of the Minkowski spacetime. Here, the boundary consists of i,
i~, i as well as the hypersurfaces #+ and .#~.

Such spacetimes, or more precisely their corresponding unphysical spacetimes, cannot possess
anything similar to spacelike infinity (or timelike infinity for that matter). There does not exist
a point or a set that is spacelike related to every point of the physical manifold. Therefore, we
will disregard the notion of asymptotic flatness at spatial infinity. We will only give a definition
of asymptotic flatness at null infinity. The definition will be similar to the ones given in [6] and
[7] except that we restrict ourselves to vacuum spacetimes. Definitions of asymptotic flatness at
null as well as spatial infinity can be found in [8, 5].

Definition 7. Let (M, gq4) be a spacetime. (M, gqp) is called asymptotically flat at null infinity
if2

(i) gap satisfies Einstein’s vacuum equation

1
Ry, — iRgab =0. (2.14)

(i) One can attach a boundary .% = #+ U .#* to M with 7+, v~ = S92 % R, such that
M = M U . is a manifold with boundary.

2Equivalently, definition 7 can be formulated in terms of conformal isometries instead of conformal transforma-
tions. Then it would read:
(M, gap) is called asymptotically flat at null infinity if it satisfies Einstein’s vacuum equation and if there exists
a manifold with boundary M, a smooth metric §o» on M and a conformal isometry ) : M — (M) C M with
conformal factor €2 which satisfy the following conditions:

() Gab = Q*(¥ ™) gap in Y(M) and M = (M) U .#
(ii) On .# = #TU.#~ we have Q =0 and V,Q # 0
(iii) #* and £~ have topology S92 x R

)

(iv) For a smooth function w on M with w > 0 which satisfies V,(w*VQ) = 0 on .#% U .#7, the vector field
w1V is complete on £ T U .#

13



2 Asymptotically de Sitter spacetimes

(iii) On M there is a smooth metric gqp and smooth function €, such that g, = Q2 2§. and
such that 2 = 0 and 1, = V£ # 0 at points of .&.

(iv) For a smooth function w on M with w > 0 which satisfies V4(w*V®Q) = 0on £+ U .71,
the vector field w='V?Q is complete on £+ U .7 .

Remark 1. If a given spacetime is asymptotically flat, there is not just one unphysical spacetime
(M, §ap) that satisfies the conditions of definition 7. Let € be a conformal factor and let Q' :=
w§2, where w is a smooth and non-vanishing function. In that case, the spacetime (M ") =
(M, w?Gq) also satisfies (i), (iii), and (iv) of the above definition. Hence, there is considerable
freedom in the choice of the unphysical spacetime.

The first condition of the definition states that asymptotically flat spacetimes are always
solutions of Einstein’s vacuum equation. The second and the third condition specify how .#
must look like and that it really represents “infinity”. The last condition states that “all of .#”
must be present in the unphysical spacetime and that .# has the global asymptotic structure of
Minkowski space (see [7] for details). This means in particular that .# is complete.

Definition 8. .# of an unphysical spacetime manifold M is complete if we cannot find another
unphysical spacetime manifold M " that satisfies (ii), (iii), and (iv) of the above definition as well,
such that M C M’

Without this fourth condition, it would, for instance, not be possible to apply the usual criteria
(see e.g. [5]) for spacetimes containing black holes to asymptotically flat spaces.

As we have seen, £ and £~ are null surfaces in Minkowski space. Definition 7 implies
that this is true for every asymptotically flat spacetime. This can be seen by writing Einstein’s
equation (2.14) in terms of conformal curvature quantities (see appendix A). For a metric
Gab = Q2 2§ap, Binstein’s equation takes the form

Sap + 2071V, V2 — Q25 VEQV.Q = 0, (2.15)
where S, = 2(d — 2)_1Rab —[(d—=1)(d— 2)]j1]:2§ab. Here, R and R are the Ricci tensor and
scalar of the unphysical metric. Noting that S, and V,V,$) are smooth on .# (since gq and €
are smooth there) and using the fact that Q = 0 on .# gives

VeQV.Q | Z = 0. (2.16)

Hence, Vo is null on .#, which implies that .#* and .#~ are null surfaces.

2.2 Asymptotically anti de Sitter spacetimes

Anti de Sitter space is the maximally symmetric solution of Einstein’s equation with a negative
cosmological constant. The anti de Sitter metric can be written as

2 2\ 71
ds? = — (1 + 22> de? + (1 + 2,2> dr? + r’doj_,, (2.17)

where ¢ > 0 is the anti de Sitter radius and where do2 , is the natural metric of S22 By
choosing a suitable conformal factor, it can be shown that (the complete) .# of anti de Sitter is
conformally isometric to R x S92, Furthermore, if we make use of Einstein’s equation in a way

14



2.3 Asymptotically de Sitter spacetimes

similar to (2.15), we can show that .# of an anti de Sitter spacetime is timelike. An immediate
consequence of this is that anti de Sitter spacetimes do not admit Cauchy surfaces.

These are fundamental deviations from the properties of asymptotically flat spacetimes. How-
ever, the definition of the term asymptotically anti de Sitter is quite similar to definition 7 [9]:

Definition 9. Let (M, g,5) be a spacetime. (M, gqp) is called asymptotically anti de Sitter if

(i) gap satisfies Einstein’s vacuum equation with a negative cosmological constant A

1
R — iRgab + Agap = 0. (2.18)

(ii) One can attach a boundary, .# = R x S*2 to M, such that M = M U .# is a manifold
with boundary.

(iii) On M there is a smooth metric ggp and smooth function Q such that gg = Q2 2G. and
such that 2 = 0 and 1, = V. # 0 at points of 7.

(iv) The metric ﬁab on .# induced by g, is in the conformal class of the Einstein static universe

hap = ew[_(dt)a(dt)b + Uab]? (219)
where oy is the metric of a (d — 2)-sphere and w is some smooth function.?

The third point completely agrees with the corresponding one of definition 7 and the first one
differs only in that the spacetime has to be a solution to Einstein’s equation with a negative
cosmological constant. The differences in condition (ii) stem from the fact that (the complete)
# of anti de Sitter space consists of only one hypersurface with topology R x S%~2, whereas .# of
Minkowski space is comprised of two hypersurfaces. Only the fourth conditions do not resemble
each other at all. This is mainly because definitions 7 and 9 were made with different purposes in
mind. As we have already said in section 2.1, the fourth condition in the definition of asymptotic
flatness ensures that .# is complete and has the global asymptotic structure of Minkowski space.
This enables us to give definitions of asymptotically flat spacetimes containing black holes and
tells us, whether a spacetime really resembles Minkowski space everywhere in the asymptotic
region. Definition 9, on the other hand, was solely designed to fulfill the needs which arose in the
construction of conserved quantities in asymptotically anti de Sitter spacetimes. Ultimately, this
fourth condition makes the construction of conserved charges in asymptotically anti de Sitter
spacetimes possible [9].

2.3 Asymptotically de Sitter spacetimes

De Sitter space is the maximally symmetric solution of Einstein’s equation with a positive cos-
mological constant. Its metric can be written as

ds® = —dr? + a*(1)dog_y, (2.20)

where do?_| is the natural metric of the (d — 1)-sphere and where the function a is given by
a(t) = Lcosh(r/¢) with £ > 0 being the de Sitter radius. It can be shown that the complete

3Equivalently, we could have demanded here that there exists an unphysical spacetime with boundary .# whose
metric is exactly that of the Einstein static universe.

15



2 Asymptotically de Sitter spacetimes

& of de Sitter space consists of two separate parts .#* and .# ", each of which is conformally
isometric to S4~1 with its natural metric. Contrary to Minkowski and anti de Sitter space, .# of
de Sitter space is spacelike as can be seen as follows: In terms of conformal quantities, Einstein’s
equation with a positive cosmological constant can be written as

Sab 4+ 2071V, VQ — Q725,,(VEQV.0Q + £2) = 0, (2.21)

where S, is as in (2.15). From this we can immediately deduce that .# of de Sitter space is
spacelike (see below (2.15)).

In this thesis, we will focus on the construction of conserved quantities in asymptotically de
Sitter spacetimes. The approach that we will pursue in order to achieve that goal is very similar to
the approach of Hollands, Marolf, and Ishibashi [9] to conserved charges in asymptotically anti de
Sitter spacetimes. Thus, we would expect a useful definition of the term asymptotically de Sitter
to resemble the definition of the term asymptotically anti de Sitter (definition 9). Considering
the differences between the definitions of the previous sections, we should have to alter definition
9 only minimally. And indeed, apart from one major change in condition (iv), our definition of
the notion of asymptotically de Sitter spacetimes is very similar to definition 9.

As already mentioned, (the complete) .# of the de Sitter spacetime is comprised of two separate
parts .#+ and .#~, each of which has topology S?! and is conformally isometric to S9! with
its natural metric. Looking at the topological difference between the boundaries of unphysical
spacetimes of asymptotically flat and asymptotically anti de Sitter spaces and their respective
definitions, one might be tempted to require .#% and .#~ of an unphysical asymptotically de
Sitter spacetime to have topology S?~!. Unfortunately, this will turn out to be too restrictive.
The Schwarzschild de Sitter spacetime, for example, would not be asymptotically de Sitter if
we clung to this condition. Therefore, we will not require for a spacetime to be asymptotically
de Sitter that it possesses an unphysical spacetime whose .#* has a particular topology. An
appropriate unphysical spacetime only needs to have a .# with induced metric (hgp)o, such that
(F%, e (hap)o) is locally isometric to S with its natural metric for an arbitrary but smooth
function w.

Definition 10. Let (M, g,5) be a spacetime. (M, gqp) is called asymptotically de Sitter if

(i) gap satisfies Einstein’s vacuum equation with a positive cosmological constant? A

1
R, — §Rg“b + Agap = 0. (2.22)

(ii) There exists a manifold with boundary M, such that M = M U .# and M = .# open.

(iii) On M there is a smooth metric gqp and smooth function €, such that gg = Q 2§ap and
such that 2 = 0 and 1, = V) # 0 at points of 7.

(iv) Let (hg)o be the induced metric on £+ and £, respectively. Then (%, e (hg)o) is
locally isometric to (Sd_l,aab), where oy is the natural metric of S9! and w is some
smooth function.

(v) S satisfies J*(#F) = #F ie. the causal future of £ is .#* itself and the causal past
of 7 is /'~ itself.

4Einstein’s equation with a positive cosmological constant can also be written as Raqp = gab(d — 1)/(2, where / is
given by (2.25).
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2.3 Asymptotically de Sitter spacetimes

Note that this definition can easily be weakened: Instead of demanding all the properties to
hold for both .# " and .#~, we can define a spacetime to be asymptotically de Sitter at .#* or
#~ if the above definition is satisfied for merely one of these sets.

Definition 11. Let (M, g.5) be a spacetime. (M, gqp) is called future asymptotically de Sitter if

(i) gap satisfies Einstein’s vacuum equation with a positive cosmological constant A

1
Rab - iRgab + Agab =0. (223)

(ii) There exists a manifold with boundary M, such that M = M U.#* and M = .#* open.

(iii) On M there is a smooth metric ggp and smooth function € such that g, = Q2§ and
such that Q = 0 and 7, = V,Q # 0 at points of .#T.

(iv) Let (ha)o be the induced metric on .#+. Then (£, e¥(hay)o) is locally isometric to
(Sd_l, Oab), Where o, is the natural metric of S9=1 and w is some smooth function.

(v) ST satisfies JT(F1) = 7 ie. the causal future of £ is F7 itself.

We introduced the additional condition (v) in the above definitions to ensure that .#* and/or
#~ really correspond to future and/or past infinity, respectively. The main analysis of this thesis
will be carried out for future asymptotically de Sitter spacetimes. This is mainly for clarity and
notational convenience, but it is also somewhat more general: Future asymptotically de Sitter is
a weaker condition than asymptotically de Sitter.

Note that we will refer to the conditions (ii), (iii), (iv), and (v) of definition 11 as the asymptotic
conditions.

Furthermore, whenever we talk about an unphysical spacetime of a future asymptotically de
Sitter space, we will assume that it satisfies the asymptotic conditions.

Remark 2. Consider a future asymptotically de Sitter spacetime M. Definition 11 does not
require the boundary (i.e. #%1) of an unphysical spacetime (M, jq) to be “maximal” in the
following sense: There might exist other manifolds with boundaries N, such that int(M) = int(N)
but OM C ON. It does not even require .#* to be equal to the “maximal” boundary on which
the unphysical metric is smooth (cf. definition 8). .#7 is just a set that satisfies conditions (ii),
(iii), and (iv) of definition 11.

For our purposes, this is a very appealing definition. Usually, however, one might rather want
to take # T to be the “maximal” boundary that satisfies (ii) and (iii) of the above definition. For
a spacetime to be future asymptotically de Sitter, this boundary would have to contain a subset

that satisfies condition (iv).?

Remark 3. Note that some future asymptotically de Sitter spacetimes exist (see below). It is,
however, not clear if a wide class of such spacetimes exists.%

SFor our purposes, property (iv) of definition (11) is vital. By using our definition of .#* rather than the “usual”
one, we avoid having to state constantly that an analysis does not hold for all of .# but only for subsets that
satisfy (iv).

In chapter 5, we will show that definition 11 probably does allow for a large class of spacetimes.
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2 Asymptotically de Sitter spacetimes

2.4 Examples of asymptotically de Sitter spacetimes

Now let us have a look at a few asymptotically de Sitter spacetimes. We will encounter all of
them again in the following chapters. Of particular significance is the de Sitter spacetime. We
will refer to it on various occasions throughout this thesis.

2.4.1 De Sitter spacetime

As we have already mentioned, de Sitter space is the maximally symmetric solution of Einstein’s
equation with a positive cosmological constant. It is a space of constant positive scalar curvature
and its Weyl tensor (see section (1.2)) vanishes. Of course, de Sitter space is an asymptotically
de Sitter spacetime.

In the global chart, the de Sitter metric can be written as (cf. e.g. [10, 11])

ds? = —d7? + a®(r)do?_,. (2.24)

do?_, is the natural metric of the (d — 1)-sphere, the function a is given by a(r) = £ cosh(r/¢),
and /¢ is the de Sitter radius, which is defined as

(d—1)(d—2)
b=)/—F——. 2.2
Introducing the new coordinate [10]
t = 2arctan(exp7/l) — /2 (2.26)
gives
ds® = a*(1)(—dt* + do3_,). (2.27)
By choosing the conformal factor
Q=1/a, (2.28)
we find an unphysical metric
d&® = —dt? + do3_,, (2.29)

which gives an unphysical spacetime if we construct an unphysical manifold by adding points
to the spacetime manifold at which the (continuation of) the conformal factor vanishes. A
conformal diagram of the de Sitter spacetime is depicted in figure 2.2 [10]. Every hypersurface
of constant 7 is a Cauchy surface and a (d — 1)-dimensional sphere. In particular, .#* and %~
are (d — 1)-spheres.

If we choose the conformal factor €' = 2exp(—|7|/¢) instead of (2.28), we find that the un-
physical metric can be written as

2 14

dg? =2 | —dQ? + (1 + — + — | do? 4| . (2.30)
2 16

It should be noted, however, that (2.30) is not smooth on the 7 = 0 hypersurface.

An interesting region of the de Sitter spacetime is the static region [11]. It consists of the
region that is denoted by I in figure 2.3. In this region, the metric can be written as

ds® = —Wdt* + U~ 1dr? + r2do3_,, (2.31)
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2.4 Examples of asymptotically de Sitter spacetimes

T = constant T, 7T =00

\ '

\ =
T \ I
~ 3
r
I, T=—00 x = constant

Figure 2.2: Conformal diagram of de Sitter space. x is a polar angle parametrizing the sphere.

where dag_2 is the natural metric of S42 and

r2

U=1- 7z (2.32)
An interesting feature of (2.31) is that it does not contain any functions of ¢. Hence, 0/0t is a
Killing vector field, which is obviously timelike in this region.

In the other regions, it is possible to write the metric in exactly the same way. The only
difference is that r > £ in region II and IV, which implies that ¥ becomes negative there. 0/0t
is again a Killing field in these regions, even though it is not necessarily timelike anymore: It is
spacelike in region II and IV.

Remark 4. From de Sitter space, we can construct other asymptotically de Sitter spaces in the
following way: Consider, for instance, a discrete subgroup of the symmetry group of de Sitter
space which maps surfaces of constant 7 to itself. Another asymptotically de Sitter space is then
given by the quotient of de Sitter space by this group. In that case, .# T is not a sphere anymore
but the quotient of a sphere. However, it is still locally isometric to a sphere.

Remark 5. At this stage, we should point out that there exist different, inequivalent, notions
of the term asymptotically de Sitter in the literature. In particular, one often encounters the
following definition: Let g, be the de Sitter metric. A spacetime is called asymptotically de
Sitter if its metric is of the form

9ab = Gab + Kab, (233)

where kg vanishes at infinity. To see what is meant by “infinity” let us take a look at the
cosmological chart of de Sitter space (see figure 2.4). In this chart, the metric can be written as

ds? = —dt® + exp(2t/¢)dz?_,, (2.34)

where dz?_| = §,,dz#dz" is the (d — 1)-dimensional flat metric. Now, by “at infinity” usually
the limit 7 — oo is meant, where r = [(2')2 4+ (22)2 4 ...]"/2. This limit corresponds to the point
that we denoted by i® in figure 2.4.7 Obviously, this definition of asymptotically de Sitter differs
drastically from ours.

TAs in the asymptotically flat case, this point is called spatial infinity.
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2 Asymptotically de Sitter spacetimes

r = constant T = 00

——

NN

AN

t = constant
Figure 2.3: Regions I, III and II, IV are symmetric with respect to surfaces of constant ¢,r. The
diagonal lines correspond to r = £ and are not included in the regions.

r increasing
—_———

/io

t = constant

Figure 2.4: The cosmological chart of de Sitter space. It covers only half of de Sitter space. Here:
The upper left region.

2.4.2 Schwarzschild de Sitter spacetime

Another asymptotically de Sitter spacetime is the Schwarzschild de Sitter spacetime. It describes
the spherically symmetric solutions of Einstein’s vacuum equation with a positive cosmological
constant. As in the flat case, i.e. as in the usual Schwarzschild solution, this encompasses
spherically symmetric black hole solutions.

Let us have a look at the metric [2, 12]

ds? = —@dt® + & 'dr? + r2do2_,, (2.35)
where 9
Cd r

(I)Zl_rdi—:s_ﬁ (2.36)

and where do?_, is the natural metric of the (d —2)-sphere and Cj is some constant (the “mass”
parameter). This is the metric of the Schwarzschild de Sitter spacetime for values of r and ¢ that
do not correspond to ® = 0. The situation is very similar to the one we discussed in the context

20



2.4 Examples of asymptotically de Sitter spacetimes

identify

Figure 2.5: Conformal diagram of the Schwarzschild de Sitter spacetime. r; and 7y correspond
to the black hole and the cosmological horizon, respectively.

of the static region of de Sitter space: In all the depicted regions in figure 2.5, i.e. between the
horizons, it is possible to write the metric as in (2.35). Note that (2.35) does not contain any
functions of ¢. Hence, the vector fields (0/0t)* are Killing fields of the Schwarzschild de Sitter
spacetime. In particular, (0/0t)® is spacelike in a neighborhood of ..

The function ® possesses up to two positive roots: The larger one corresponds to the position
of the cosmological horizon and the smaller one represents the position of the black hole event
horizon. This case is depicted in figure 2.5 [13]. If ® has only one positive root (and Cy > 0), the
cosmological and the black hole horizon coincide. Conformal diagrams for this degenerate solution
can be found in [13, 14]. In case there are no positive roots, the spacetime possesses an initial
or final spacelike singularity and (an associated unphysical spacetime possess) correspondingly
only #F or .#~, respectively.® Charts that cover all these horizons can be found in [15].

For our purposes, it will be sufficient to stick to the metric (2.35) to investigate .#. Introducing
X = 2arctan(expt/¢) and choosing the conformal factor ) = sin x/r gives rise to the unphysical
metric

ds? = 1 Ca__ -1 L o2 B Ao — 0 dy)?
ST ﬁ—i_m _sin2x (dS2 = L eot xdx)

C 0
+ <1 Lot 92> dx® + sin® xdog_, (2.37)

sin®™ " x sin® x
for 0 < © < sin x/r;, where r; denotes possible horizons. Attaching all the points to the spacetime
manifold to which the conformal factor and unphysical metric can be smoothly extended and
where then {2 = 0 gives an unphysical spacetime manifold. Note that the scalar

CapeaC? = (d — 1)(d — 2)(d — 3)C2 - Q2(@=3) (in y ) ~2(@-D (2.38)

is not well defined at points with Q =0, y = 0 and Q2 =0, x = 7 if Cy # 0. Consequently, the
unphysical metric is not smooth there either. Hence, these points are not part of the unphysical
spacetime manifold.

8This prevents the spacetime from being asymptotically de Sitter. However, it could still be future asymptotically
de Sitter.
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2 Asymptotically de Sitter spacetimes

It follows from (2.37) that the induced metric dh? on .#* and .#~ is given by
dh? = dx? + sin® xdo2_, (2.39)

where x € (0, 7). Therefore, for our choice of the conformal factor, (£, dh?) as well as (.# ~, dh?)
are isometric to (ST \ {p, ¢}, do? ), where p and g are antipodal points.”

2.4.3 Tolman-Bondi spacetime with a positive cosmological constant

The Tolman-Bondi spacetime [16] is a solution of Einstein’s equation with a stress-energy tensor
which describes an inhomogeneous spherically symmetric dust sphere. In four dimensions, its
metric can be written as

ds® = —dt* + X2 (r, t)dr? + Y2(r, t)(d6* + sin? 0dp?), (2.40)
where
W'y 2ml) Y2 (2.41)
ot ) Y 2’ ’
oY
X = (). 2.42
5 v (r) (2.42)

Here, W is an arbitrary function that corresponds to the binding energy and
T
m(r) = 4n / pW XY?2dr, (2.43)
0

where p is the energy density of the dust sphere.

According to our definition, this spacetime is not asymptotically de Sitter, since it possesses a
non-vanishing stress-energy tensor. However, its vacuum region can be considered as an asymp-
totically de Sitter spacetime on its own: Birkhoff’s theorem (see e.g. [10]) implies that the metric
in the vacuum region outside of the dust sphere must be equal to the Schwarzschild de Sitter
metric. Indeed, after a change of coordinates, it can be written as

oM. y? 2M y2\ !
ds? = — <1 _ 2T ) ar? + (1 - YTB - z2> dY? + Y2(d6? + sin? 0d¢?). (2.44)

Remark 6. Note that the entire Tolman-Bondi spacetime is considered asymptotically de Sitter
n [16]. This is due to different definitions of the notion of asymptotically de Sitter. (We do not
admit non-vacuum spacetimes. But see also remark 5.)

Note that the parameter 2Mpp corresponds to the “mass” parameter of the Schwarzschild de
Sitter metric. This has some interesting consequences if we consider the following result:

Remark 7. Nakao, Shiromizu, and Maeda [16] have shown that it is possible to choose W in
such a way that Mpp = m(r — o0) becomes negative.

If we choose Mrp to be negative, the spacetime possesses a timelike singularity in its vacuum
region beyond which it cannot be extended (see figure 2.6). This is in sharp contrast to the
usual Schwarzschild de Sitter spacetime with a positive parameter Cy—y4 (see (2.35)). All the
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t = constant

0, singularity

Dust

Y —

Y =

r increasing

Figure 2.6: Conformal diagram of the Tolman-Bondi spacetime with negative Mrp. Taken from
[16]. The omitted region on the left side has m > 0.

singularities of this spacetime are spacelike. However, if we choose a conformal factor analogous
to (2.37) for the vacuum region of the Tolman-Bondi spacetime, .77 (of the vacuum region)
must clearly be isometric to a subset of a sphere. It is “intersected”!? by the timelike singularity
at a single point. As in the Schwarzschild de Sitter case, the contraction of the unphysical
Weyl tensors is not smooth at this intersection point. In terms of the coordinates of (2.40),
the contraction is not well defined at Q = siny/Y = 0, x = 2arctanr = w. Consequently, in
the vacuum region, (.47, izab) corresponds to a simply connected subset of a 3-sphere minus one
point.

2.5 Asymptotic symmetries

Heuristically, asymptotic symmetries are maps that preserve the intrinsic geometric structure of
7+ 11 For instance, in an asymptotically flat space with unphysical spacetime (M, §a), asymp-
totic symmetries correspond to diffeomorphisms v : £+ — 7T that are conformal isometries
with respect to the induced metric hg, on £ +.12

Similarly, we give the following definition for future asymptotically de Sitter spacetimes:

Definition 12. Let (M, g.) be a future asymptotically de Sitter spacetime, let (M, §a) be an
associated unphysical spacetime and let hap be the induced metric on .#+. Then the asymptotic
symmetries are the diffeomorphisms 1 : .# — T which satisfy ¢*he = w2hap, where w is an
arbitrary but smooth function.

90ne might suspect that this not being smooth of the metric at Q@ =0, y =0 and Q = 0, x = 7 is related to the
singularities intersecting .#* at these points (for our choice of the conformal factor).

108ee footnote 9.

1 One could also include .# ~; in this thesis, however, we are only interested in asymptotic symmetries at % .

12The BMS group.
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2 Asymptotically de Sitter spacetimes

Remark 8. In the following, we will also use the term asymptotic symmetries for equivalence
classes of vector fields on M, where each class is comprised of the vector fields that generate the
same one-parameter group of asymptotic symmetries.

Remark 9. Note that definition 12 implies that every vector field which represents an asymptotic
symmetry is (i) a conformal Killing field on .#; (ii) spacelike on .# 7.

Let £* be a Killing vector field on an future asymptotically de Sitter spacetime (M, gup). Then
we have L¢gqp = 0 on all of M. This can be rewritten in terms of an unphysical metric gq, = Q%ga

as
'C'Egab = Qgil(gcvcg)gab (2'45)

If Gop€°€Y is finite in a neighborhood of £, the left hand side of the above equation is finite
as well. In that case, (the extension of) £* must be tangent to £, because (£°V,Q) has to
vanish there to compensate for the Q7! term. Consequently, the flow generated by £% maps £+
to #t. Furthermore, (2.45) implies that £ is a conformal Killing field of the unphysical metric
Jap- Hence:

Remark 10. A Killing field of a future asymptotically de Sitter spacetime is the generator of
a one-parameter group of asymptotic symmetries on .# 1 of an associated unphysical spacetime.
It is the representative of an asymptotic symmetry in the sense of remark 8.
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3 Hamiltonian approach to conserved quantities

Wald and Zoupas [4] have shown how conserved quantities within a Hamiltonian framework can
be constructed in theories that arise from a diffeomorphism covariant Lagrangian. In section 3.2,
we will apply these ideas to (a subset of) future asymptotically de Sitter spacetimes. But first,
following [4], we will describe the general framework that is needed to construct Hamiltonians in
general relativity. Details can be found in [17, 18, 19, 20].

3.1 Covariant phase space formalism

3.1.1 Defining the notion of a Hamiltonian

Let M be a d-dimensional manifold and let F be the space of “kinematically allowed” Lorentizan
metrics on M of the theory under consideration. What kinematically allowed means depends
on the theory and on what is most suitable for one’s purposes. For instance, one could demand
all the metrics to have a certain asymptotic behavior: One possibility would be to require the
metrics to satisfy the asymptotic conditions of definition 11. For the moment, we will assume
that an appropriate field configuration space F has been chosen, such that the integrals in the
formulas below converge.

Let L be a diffeomorphism covariant Lagrangian density d-form!' on F which gives rise to the
equations of motion ' = 0 of the theory. Then we can write the variation of L as? [4]

6L = F(g) - 6g + db(g,dg), (3.1)

where 6 is the presymplectic potential (d — 1)-form. This form 6 is not uniquely determined by
the above equation: We can add an arbitrary closed (d — 2)-form to € without (3.1) changing.
However, we demand 6 to be locally constructed out of g and dg in a covariant manner, which
restricts the freedom in the choice of the potential to the addition of exact (d — 2)-forms [20].
Hence,

0 — 6+dY(g,d9) (3.2)

is a valid presymplectic potential as well. 8 can be used to define the presymplectic current
(d — 1)-form w. It is given by

w(9751g7 529) = 510(9752) - (529(97 519)7 (33)

where 619 and dog are two perturbations off of g. Like the presymplectic potential 6, w is not
unique. Its ambiguity stems from the freedom in the choice of 6. Hence,

w—w+ d[51Y(g, d2) — 62Y (g, 51g)] (3.4)

!Diffeomorphism covariant means that for every diffeomorphism f, we have L(f*g) = f*L(g). Theories that
arise from such Lagrangians are diffeomorphism invariant.

2Here, the “ - ” notation means “contract the indices of dg into the first indices of F”. For an explanation
regarding the variations: See chapter “Notations and conventions” on page 6.

#Here and in the following, we will assume that the variations commute, i.e. §1(d2g) — d2(51g) = 0.
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3 Hamiltonian approach to conserved quantities

is a valid presymplectic current form if w is one.

Now consider a perturbation dg: For any such perturbation, there exists a smooth one-
parameter family of metrics gy, such that 6g = dgy/d\|[x=o. In case g) € F, this perturbation
clearly corresponds to a vector which is tangent to F.

By integrating the presymplectic current (3.3) over a closed spacelike hypersurface* without
boundary of M, we can construct a map oy, that takes two tangent vectors d1g and d2g of F at
a point g into the real numbers. Because of (3.3), this map

o5:(9: 519, 629) = / (9,619, 829) (3.5)
>

is antisymmetric in the perturbations, which implies that it is a presymplectic form on F. How-
ever, it is not a true symplectic form, since it is not non-degenerate [4]. Like the presymplectic
current, the presymplectic form inherits the non-uniqueness of the symplectic® potential. More
precisely, (3.4) gives rise to the ambiguity

ox(9,019,029) — ox(9, 019, 029) +/ [61Y (g, 029) — 62Y (g,d19)]. (3.6)
[

By the above integral over 0%, we mean a limiting process, in which the integral is first taken
over the boundary® 0K of a compact region, K of ¥ and then K approaches all of ¥ in a suitable
manner. Of course, the integral over the right hand side will only be well defined if the limit
exists and is independent of the way in which K approaches all of X.

It is possible to construct a phase space I', equipped with a true symplectic form, out of the
field configuration space F with its presymplectic form oy. But for our purposes, F and its
presymplectic form will be sufficient. Details on the construction of a phase space can be found
in [17].

Now we are in a position to define the notion of a Hamiltonian. But first, take notice of the
following two remarks:

Remark 11. A complete vector field {* on M can be used to define metric variations d¢g = L¢g.
These correspond to a tangent field on F if the flow ¢; generated by L¢g is a diffeomorphism on
F to itself for fixed t.

Remark 12. We will denote the subspace of F whose elements are solutions to the equations
of motion of the theory as F. This space F is called the covariant phase space.

Definition 13. Let F be a field configuration space with covariant phase space F of a diffeomor-
phism covariant theory on a manifold M. Further, let ¥ C M be a closed spacelike hypersurface
without boundary, let £* be a vector field on M, and let oy be the presymplectic form (3.5) on
F. (If there is an ambiguity in oy, due to (3.6), we assume that a particular oy, has been chosen.)
Assume that these quantities have been chosen in such a way that the integral fz w(g, 09, Leg)
converges for all g € F and all tangent vectors dg to F at g. Then a function H¢ : 7 — R is said

We define the orientation of this hypersurface as (d=V¢ .= 7 - ¢, where n is a future directed timelike vector

normal to ¥ and “ - ” represents the contraction of the vector into the first index of the spacetime volume form
(ie. (@D
5Note that we will occasionally omit the prefix “pre”.
5The orientation of K is such that the volume form is given by
vector in compliance with Stokes’ theorem.

b
€aj...ag_q =N ebal...ad,l)-

(d=2)¢ — 4.4 Ve where 4 is an outward pointing
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3.1 Covariant phase space formalism

to be a Hamiltonian conjugate to ¢ on a hypersurface X if for all g € F and all field variations
dg tangent to F we have

Remark 13. In case L¢g is tangent to F, this vector field can be understood as defining a notion
of “evolution” on F, similar to the Hamiltonian vector field in classical mechanics.

There does not need to exist a function He that satisfies (3.7). But in case there is such a
function, there are other ones as well: Definition 13 fixes the Hamiltonian only up to terms of
vanishing variation. However, under the assumption that F is connected, we can pick out a
particular one by requiring the Hamiltonian to vanish for a reference solution: Let gy be a path
between the reference solution gy and an arbitrary other solution g;. Now, if a Hamiltonian
exists, we can write the difference between the Hamiltonian associated to the reference solution
and the Hamiltonian associated to g1 as (H¢)1 — (He)o = fol dAoyH. (If a function H exists,
the right hand side is clearly independent of the choice of the path.) Then, setting (H¢)g = 0
fixes H¢ uniquely.

Finally, note the following remarks:

Remark 14. L¢g is always a solution of the linearized field equations if g is a solution of the
field equations and £ is a vector field that generates a one-parameter family of diffeomorphisms
¢ on the spacetime manifold M. Since (3.1) is diffeomorphism covariant, ¢} g is a solution of the
equations of motion as well, i.e. F'(¢fg) = 0 holds. Hence it follows that we have dF'(¢;¢g)/dt = 0,
which corresponds to the linearized field equations with solution L¢g = d(¢7g)/dt|;—o. Therefore,
L¢g satisfies the linearized equations of motion.

Remark 15. Similarly, if g is tangent to JF, it satisfies the linearized field equations. This
can be seen as follows: In case dg is tangent to F, it corresponds to dgy/d\|x—o, where g, is a
one-parameter family of metrics in F. This family satisfies F'(gx) = 0, which implies that dg
satisfies the linearized field equations, i.e. dF'(gx)/dA|x=0 = 0.

3.1.2 Existence of a Hamiltonian

As mentioned below definition 13, there does not necessarily exist a function H¢ which satisfies
(3.7). It would be helpful to have a condition which implies the existence of a Hamiltonian
depending on the theory, the field configuration space, the hypersurface ¥ and the vector field
&. In this section, we will show how such a condition can be found. Again, we will assume
throughout this section that all the fields have been chosen in a such a way that the integrals
converge.

First, define the Noether current (d — 1)-form J¢. It is given by

where 0 is the presymplectic potential, L is the Lagrangian of the theory, and £ is some vector
field. £ - L denotes the contraction of ¢ into the first index (cf. footnote 4 on page 26) of the
differential form L. Note that the ambiguity in the choice of 0 (3.2) gives rise to the ambiguity

Je = Je +dY (g, Leg) (3.9)
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3 Hamiltonian approach to conserved quantities

in Je. Equation (3.1) together with the general identity
LA =d(€-A)+ € dA, (3.10)

which holds for any differential form A and vector field £, implies that the exterior derivative of
the Noether current is given by
dJg = —F - Leg. (3.11)

Hence, Jg¢ is closed if the equations of motion of the theory (i.e. F' = 0, see above (3.1)) are
satisfied. For the same reasons that restricted the freedom in the choice of the presymplectic
potential (see (3.2)) Je is not only closed but exact as well [18, 20]. Consequently, there exists a
(d — 2)-form Q¢, called the Noether charge, such that

Je = dQ¢ (3.12)

holds. This form Q¢ is not unique either. It inherits the ambiguity (3.9) plus an additional exact
form”:

Q¢ = Qe +Y (9, Leg) +dZ (3.13)
If the equations of motion are not satisfied, the Noether current can be written as
Je=dQe+¢-C (3.14)

[19], where C' is a d-form that corresponds to the “constraints” of the theory (since C' = 0 when
F=0).

Now let us calculate the variation of the Noether current Je. To that end, we use (3.8), (3.1),
(3.3), and identity (3.10). Then we find that the variation of Jg is given by

0Je = w(g, 09, Leg) +d(€-6) (3.15)
if g € F and dg tangent to F. Combining this equation with (3.14) gives
w(g,09,Leg) =& 6C +d(0Q¢) — d(¢ - 0). (3.16)
This relation can be used to rewrite (3.7). We find
5H5:/§-6C’+/ [0Q¢ — & - 0], (3.17)
by )

where the integral over 9% is to be understood as in (3.6). If the metric perturbation satisfies
the linearized equations of motion, (3.17) reduces to

SHe = /az[m£ _¢.0). (3.18)

If a Hamiltonian exists, the right hand side of (3.17) is a variation of some quantity. This
clearly implies that

0 = (8105 — 6201) He (3.19)
= - 825 - [610(g, 629) — 620(g, 019)] (3.20)
= - 5 ‘W(g,519,529) (321)

o%

" Again, the reason for the form to be exact and not just closed is the same one that led to the ambiguities (3.2)
and (3.9).
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3.2 Application to asymptotically de Sitter spacetimes

is satisfied for perturbations d1g,d2g that are tangent to F at g € F. In particular, this holds
for 619,929 tangent to F. Even though this condition seems to be only a necessary one, it turns
out to also be sufficient for the existence of a Hamiltonian [4]. It is not even necessary to check
it for perturbations that are not tangent to F. Thus, if

§-w(g,d19,029) =0 (3.22)
o))

is satisfied for all g € F and all §1g, 619 tangent to F, a Hamiltonian (3.7) exists. This equation
will be called the consistency condition.

3.2 Application to asymptotically de Sitter spacetimes

Now let us evaluate the quantities of the previous sections for the Lagrangian (3.23). Since there
is an ambiguity in the choice of some of those quantities, the formulas below merely represent
convenient choices of the respective quantities to which we will, however, stick in the following
chapters.

A diffeomorphism covariant Lagrangian d-form density that gives rise to Einstein’s equation
with a positive cosmological constant A is given by

1
Lal---€d = R(R — 2A)6a1_._ad, (323)
where R is the Ricci scalar and € is the volume form associated with a metric gq. It can be

shown that this Lagrangian yields the field equations

1 1
Fabcl...cd = qu...cd <Rab - §Rgab + Agab) (324)
and the (or more precisely, a) presymplectic potential
1
aal...ad_l = mvcecal...ad_la (325)
where
v = g"g" (Vadgbe — VeSgba)- (3.26)
From (3.25), we can derive the associated presymplectic current (d — 1)-form
1
Waj...ag_1 — 167TGwc€ca1...ad,1- (327)
The vector which appears in the above equation is given by
w® = P (81 g1V 402get — 0295V ad1ger), (3.28)
where
Pabcdef — gaegfbgcd _ lgadgbegfc _ lgabgcdgef _ lgbcgaegfd + lgbcgadgef (3 29)
2 2 2 2 ’ '
Then, from the definition of the Noether current (3.8), we find
1 legb]
(Jg)al---ad—l = 87TGVCV € eb(ll...adfl- (330)
Finally, we can use (3.30) to calculate a Noether charge. A possible choice is
1
(Qﬁ)al.--adﬁ = _167TG (ngc)ebcay--ad—z' (3'31)
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3 Hamiltonian approach to conserved quantities

3.2.1 Convergence of the Hamiltonian

Some of the formulas in section 3.1 contain metric variations that do not need to be tangent to
F. These variations play a crucial role in justifying the interpretation of Hy¢ as the generator of
dynamics conjugate to {. But we are mainly interested in the conservation properties of He. For
our purposes, it will therefore be sufficient to investigate (3.18). In contrast to relations (3.7) and
(3.17), this equation for the Hamiltonian holds only for perturbations that satisfy the linearized
equations of motion. Hence, we will assume in the following that dg is tangent to F.%

Furthermore, we will restrict our analysis to spacelike hypersurfaces ¥ in the physical spacetime
manifold M that are closed, without boundary, and extend smoothly to .#* of an unphysical
manifold M for every g € F, such that ¥ N.#* is a smooth (d — 2)-dimensional submanifold and
Y U OY is compact. Note that this means that 0¥ C 7.

Now assume that the vector field § is such that L¢g is tangent to the covariant phase space.
Then let us take a look at the right hand side of (3.18):

I:iAEMQ—§~ﬂ (3.32)

First, we want to show that this expression is always well defined via the limiting procedure
described below (3.6). Let K; be a nested sequence of compact subsets of ¥ such that 0K;
approaches 0% and let

9

Q:/)MQ—éﬂ. (3.33)
OK;
According to (3.16), we have
which can be used to write the difference between I; and I; as
-ti= [ ab@-g-0 = [ wlg.dg.Leo) (3.35)

Here, 3;; denotes the portion of ¥ that lies between 0K; and 0K;. An important result of
chapter 4 will be that w(g, d1g,d2g) vanishes on £ for perturbations g, dog that are tangent
to F. Hence it follows that w(g,0g, Leg) vanishes on # . Together with the compactness of
> U 0%, this implies that I; is a Cauchy sequence with limit 7.

To show that (3.32) is also independent of the choice of the hypersurface, define

J; = / 0Q —¢- 0], (3.36)
OK;
where K; is a nested sequence of compact subsets of another hypersurface 3, such that 9% = 9.
Then, by the same arguments that we employed above, it follows that (3.32) does only depend
on the cross section 0¥ with #% and not on the particular choice of the hypersurface.'®
Hence, we have shown that the right hand side of (3.32) or (3.18), respectively, is finite and
does not depend on the choice of the hypersurface for g € F and dg tangent to F.

8The precise definition of F can be found in section 4.2. However, it is not yet necessary to know what metrics
it is comprised of.

9The first thing that comes to mind is that £ is probably a representative of an arbitrary asymptotic symmetry.
But in that case (considering our definition of F (definition 14)), we could not immediately conclude that L¢g
is tangent to F: Let ¢, be generated by ¢ and let g € F. If we knew that ¢;g € F, Lcg = dé; g/dt|t—0 would
be a vector tangent to F. However, we do not know that. Even though ¢ is not a representative of an arbitrary
asymptotic symmetry, it still is a representative of some asymptotic symmetry.

10Note that this argument holds only if the orientations of the boundaries coincide.
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3.2 Application to asymptotically de Sitter spacetimes

3.2.2 Conservation of the Hamiltonian

In the previous section, we have seen that the right hand side of
SHe / 50 —¢- 0] (3.37)
ox

is well defined for appropriate vector fields &, suitable hypersurfaces ¥, and our choice of F.
But we have not yet discussed whether a function H; exists that solves this equation. This can,
however, simply be answered by making use of the consistency condition (i.e. equation (3.22)):
Together with the fact that w(g,d1g,d29) = 0 on £+ for variations d1g, d2g tangent to F (see
previous section), it implies the existence of a function He (recall that 0% C # ). Thus, we can
write

0l = 6Qc — £ -0 (3.38)

for a function Iz and
He — / IL. (3.39)
X

Now that we have succeeded in establishing the existence of a Hamiltonian, we can finally begin
to investigate as to how H¢ and  Hy are conserved, i.e. depend on the choice of the hypersurface X.
The hypersurfaces that we considered in the previous section were required to have no boundary
in the physical spacetime manifold. But extending them to #* of an unphysical manifold had
to yield a hypersurface with boundary.

To get an idea of how such hypersurfaces look like, we will resort to de Sitter space as an
example spacetime.!! Cauchy surfaces do not satisfy the above requirements (see figure 3.1(a)),
since they do not possess a boundary in an unphysical manifold M. The surfaces sketched in
3.1(b), however, do meet these criteria: They are hypersurfaces with boundaries while their
restrictions to M are hypersurfaces without boundaries. Consequently, such hypersurfaces can
be used to construct Hamiltonians.'?

Since we want to construct a conserved quantity, H¢ should be independent of the choice of
the hypersurface within a certain class of hypersurfaces for a fixed metric g € F. It follows from
(3.1), (3.3), and (3.24) that the exterior derivative of the presymplectic current vanishes, i.e.

dw<g,5197 629) - 07 (340)

if 619 and dog satisfy the linearized Einstein equation. Now consider two hypersurfaces ¥; and
Yo which, together with a portion .#15 of .# 7, enclose a spacetime volume Y15 (see figure 3.2).
Then we can use (3.7) and Stokes’ theorem to determine the difference between dH¢[%;] and
§H¢[¥o). This difference is given by!3:14

SHe[S1] — 0He[So) = + (/E dw — /f w) —0, (3.41)

"Recall that £+ of every spacetime that satisfies Einstein’s equation with a positive cosmological constant is
spacelike.

12(Clearly, such hypersurfaces satisfy all the conditions on hypersurfaces listed above (3.32).

B This difference would, for instance, vanish if ¥; and s were either like the continuous surfaces or like the
dashed surfaces in figure 3.1(b). However, due to the orientations of these surfaces, we would have 04, shed =

~Icontinuous-
MThe sign on the right hand side of (3.41) is determined by the position of the hypersurfaces relative to each

other. For the surfaces sketched in figure 3.2 we would get a plus sign.
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3 Hamiltonian approach to conserved quantities

boundaries of the
Cauchy surfaces & * hypersurfaces

RN

A

I~ hypersurfaces
(a) (b)

Figure 3.1: Different surfaces in de Sitter spacetime: (a) Cauchy surfaces. (b) Hypersurfaces
with boundaries on .# . Symplectic forms associated with the dashed surfaces are
identical, the same holds for the continuous ones (3.41).

where we again made use of the fact that w = 0 on .# . This establishes that 6 H is independent
of the choice of the hypersurface as long as the hypersurfaces together with a portion of £+
enclose a spacetime volume.

Even though 0 H is independent of the choice of ¥, one might suspect that H¢ is not. However,
we have shown below definition 13 that a unique H¢ can be found for a fixed hypersurface by
requiring a solution of (3.7) to vanish for a reference metric in F. Now, if the right hand side of
(3.7) is independent of the choice of the hypersurface, this requirement clearly ensures that the
Hamiltonian H¢ is independent of the choice as well. Hence, setting

He(go) =0 (3.42)
for all asymptotic symmetries in de Sitter space guarantees that H is independent of the choice

of the hypersurfaces within the class of hypersurfaces satisfying (3.41).

Zl j12

|

N

2

Figure 3.2: Hypersurfaces Y7 and Yo, the portion .#15 of .# T and the area 5.
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3.2 Application to asymptotically de Sitter spacetimes

= gt

Hypersurfaces

Figure 3.3: Hypersurfaces with disjoint boundaries on .# .

Remark 16. Our analysis is based on the assumption that the hypersurfaces X in the physical
spacetime manifold are without boundary. If this is not satisfied, i.e. 9% N M # (), the above
formalism might still be applicable if the consistency condition (i.e. equation (3.22)) holds. A
Hamiltonian would, however, not necessarily be conserved anymore. This can be seen by con-
sidering the following equation:

SH[S1] — SHe[Ss] = + / w (3.43)

Here, X1, X9, another hypersurface ', and a portion of .#* enclose a spacetime volume. The

non-conservation follows from the fact that the integral on the right hand side is not guaranteed
to vanish.

Remark 17. Instead of using hypersurfaces in the construction of H¢ that behave like the ones
that are sketched in figure 3.1(b), we could also use hypersurfaces that behave like the ones in
figure 3.3. An H¢ that is associated with such a surface ¥ clearly vanishes if ¥ and a portion
of #7 enclose a spacetime volume. Therefore, if He does not vanish, we can conclude that the
situation must be as in figure 3.4: Some part of #T must be “missing”. For the sake of the
argument, let us call this missing part “A”. In this scenario, a non-vanishing H¢ bears some
resemblance to a flux of a conserved current that emanates from K through the hypersurface X:
It is independent of the choice of the hypersurface as long as the surface encloses K.

LN
\j/

not contained in ¥ "

Figure 3.4: Example of a situation in which H¢ would not necessarily vanish.
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4 Conserved quantities in asymptotically de
Sitter spacetimes

In this chapter, we will present and derive a formula for conserved quantities in future asymp-
totically de Sitter spacetimes.

We will begin this chapter by introducing this formula (i.e. (4.1)) and by discussing some of its
properties. In section 4.1, we will then investigate as to how conserved quantities arising from this
formula are conserved. At the same time, we will show that (4.1) really gives rise to conserved
quantities for every future asymptotically de Sitter spacetime. The derivation of the formula for
conserved quantities will be presented in section 4.2. By using the Hamiltonian framework of the
previous chapter, we will be able to derive a formula that, albeit less general, is identical in form
to (4.1). It can only be applied to spacetimes whose metric is in some covariant phase space (see
below for the precise requirements), whereas formula (4.1) works for every future asymptotically
de Sitter spacetime. Hence, our formula for conserved quantities is a generalization of the one
found via the Hamiltonian method. After the construction of the formula, we will apply our
results to some sample spacetimes: We will calculate conserved quantities for the Schwarzschild
de Sitter and the Tolman-Bondi spacetime. In the last section of this chapter, we will then turn
to investigating whether positive conserved quantities exist.

Let (M, gqp) be an arbitrary future asymptotically de Sitter spacetime with unphysical space-
time (M, jap = 2%gq) and let C be a cut! of #+. Then a conserved quantity conjugate to a
vector field £* which represents an asymptotic symmetry is given by

¢ 5 aphid

dS is the integration element on C, @® is a unit? spacelike normal to C' within .#*, and

s 02

Eq = ﬁﬂg_déacbdﬁcﬁd (42)

is the normalized electric part of the unphysical Weyl tensor.> The definition of the Weyl tensor
can be found in section 1.2 and the vector 7% is given by 7% = V), where V, is the derivative
operator that is associated with the unphysical metric. Note that the vector 4% is not uniquely
defined by the above condition. Being a unit spacelike normal to C within . fixes 4% only up
to sign. Equation (4.1) is consequently only fixed up to sign as well.

It is worth noticing that it can explicitly be seen that H is independent of the choice of the
conformal factor. Expressing He in terms of another conformal factor ' = w2, where w is a
smooth and strictly positive or negative function on C, does not change the form of (4.1).

As we mentioned at the beginning of this chapter, H¢ is foremost a conserved quantity. It is a
Hamiltonian in the sense of chapter 3 only if the following conditions are satisfied: (i) the metric

YA cut is a smooth (d — 2)-dimensional submanifold of .# .
2Normalized with respect to the unphysical metric.
3Despite the inverse powers of Q, Eqp is finite on .# " (cf. sections 4.1 and 4.2).
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4 Conserved quantities in asymptotically de Sitter spacetimes

gab is an element of a covariant phase space F over M (see definition 14); (ii) the cut C is the
boundary of a suitable hypersurface (see section 3.2.1); (iii) L¢g is tangent to F. Hence, if H¢ is
a Hamiltonian, the sign of @ is fixed by the induced orientation on C' (see footnotes 4 and 6 on

page 26 for our orientation conventions).

Remark 18. It should be pointed out that the physical interpretation of H¢ remains unclear at
this point. In particular, we cannot relate any conserved quantity or Hamiltonian to the mass
of a spacetime: To calculate the mass, we would first turn to a representative of an asymptotic
symmetry £ that is timelike on .#*. But according to section 2.5, such symmetries do not exist
in future asymptotically de Sitter spacetimes.

Remark 19. Note that H¢[C] can be understood as the flux of (the conserved current (cf.

(4.15)))

~ ‘o~
Jo = ——=EFE, 4.3
S abs (4.3)
through C. In terms of J, H¢ can be written as
He = /C J,dse. (4.4)

This property is related to the one portrayed in remark 17.

Remark 20. Note that most of the conformal quantities that we will encounter in the following
(unphysical Riemann tensor, unphysical Ricci tensor and scalar, unphysical Weyl tensor, un-
physical extrinsic curvature tensor, ...) are smooth on .#*. These quantities depend smoothly
on the (smooth) unphysical metric, the conformal factor, and smooth derivatives of thereof.

4.1 Conservation

Before we derive the formula for H¢ within the framework that we outlined in chapter 3, we will
explicitly show how and that H¢ is conserved for all future asymptotically de Sitter spacetimes.
But first note that our formula for H¢ really gives rise to a finite quantity: This follows from the
fact that the electric part of the Weyl tensor of an arbitrary unphysical spacetime of a future
asymptotically de Sitter spacetime behaves like Cypegit®n® = O(Q43) in a neighborhood of #+ 4
This implies that E,j is smooth on .#+ and that H is finite.

Now let us turn to the conservation properties of H¢. By using Einstein’s equation and the
contracted Bianchi identity, it can be shown that

@G(Qg_déacbd) =0, (4.5)

where € is an arbitrary conformal factor. A derivation of this equation can be found in appendix
A. There we also give a derivation of

Rapy = Rap 4 (d — 2)Q7 'V, VQ + §upQ71VVQ — Gop(d — 1)Q2VEQV.Q. (4.6)

We will derive this relation in the next section (see (4.41)). Even though this derivation will be done for particular
unphysical spacetimes, Capean’n = O(Qdig’) holds for any unphysical spacetime satisfying the conditions of

definition 11. This can easily be checked by making use of the conformal invariance of the Weyl tensor.
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4.1 Conservation

This equation describes the relation between the Ricci tensors R, and Rab. The former is
associated with some future asymptotically de Sitter spacetime and the latter with a respective
unphysical spacetime. We can rewrite (4.6) as (cf. (A.9))

Vaiip = — [(d — D (1% + 0 Gap — (Vi) Gab — QR (4.7)

where we again made use of Einstein’s equation and where 7% = V. If we contract 7n°a? into
(4.5) and use (4.7) and the symmetries of the Weyl tensor as well as its tracelessness, we find

- 1 - -
VB IC, pqnnd) + ﬁQ“*dCacbdﬁCR“d =0. (4.8)

Now we again need to refer to the asymptotic behavior of unphysical Weyl tensors in future
asymptotically de Sitter spacetimes. As we will show in the next section, Cypeqn® = O(Q%73)
holds (cf. (4.43)). This implies that

Q47dc~'acbdﬁc]éad =0 (4.9)

on .£T and we can conclude that o
VeE,, =0 (4.10)

on #*. If we denote the metric on surfaces of constant 2 by Bab and its associated derivative
operator by D,, we can write

D®Ey, = h®,h, 1, V°Eye, (4.11)

from which follows that o
D°E,, =0 (4.12)
on .# . To obtain this last equation, we expressed the unphysical metric as g, = — f (p)ﬁaﬁb—i—izab

in a neighborhood of .#* and used relation (4.7) and the symmetries of the Weyl tensor. Here,
f is a smooth positive function with f(p) | £+ = £2.

Hence we have shown that Eg is divergence-free on .# 7. We can use this as follows: According
to Stokes’ theorem, the difference between conserved quantities associated to cuts Cy, Co of & T
which are the only boundaries of a set %15 can be written as either

H[Cy] — He[Co) = DY(E &%) d3s (4.13)
BZP)

or

He[C] + He[Cy] = + D (Bue")ds (4.14)

&rG S1a

depending on the specific choice of the vector field @® on the cuts. The right hand sides of these
equations vanish, since

L L 1 -~ -

D*(Eas") = E** Do) = 2= By " Dig” = 0. (4.15)
Here we used (4.12) and the fact that representatives of asymptotic symmetries are conformal
Killing fields on .# " (cf. section 2.5). Hence, conservation of He means the following: If two cuts

can be smoothly deformed into each other, i.e. are homotopic, the respective H¢’s will differ at
most by sign. If H¢ is a Hamiltonian that is associated with some hypersurface, conservation
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4 Conserved quantities in asymptotically de Sitter spacetimes

in the sense of (4.13) corresponds to the conservation properties outlined in section 3.2.2 (cf.
(3.41)).

Let us now investigate how the conserved quantities He are affected by the structure of .#.
To that end, consider an arbitrary unphysical spacetime of a future asymptotically de Sitter
space. Then consider a subset - of £ that is diffeomorphic to the disc D4 1. A conserved
quantity He associated to the boundary C of .#¢ can then be expressed as

He = % B DY(Ea€")ds =0, (4.16)
where the last equality follows from the fact that Da(Eabgb) = 0 on 1. Thus, every cut
C C 71 of an arbitrary unphysical spacetime of a future asymptotically de Sitter space which
is the boundary of a subset of .#* that is diffeomorphic to D?! can only have vanishing H¢'’s
associated to it.

Hence, starting from a sphere, the minimal condition which allows for the possibility of non-
vanishing conserved quantities is the following one: There does not exist an unphysical spacetime
of a given spacetime whose . is diffeomorphic to a (d — 1)-sphere or a (d — 1)-sphere with one
point (or a connected set) removed.

4.2 Construction

In this section, we will, in a manner similar to [9], derive equation (4.1) within the Hamiltonian
framework of chapter 3. The necessary steps are to show that: (i) the variation of He is given by
(3.18) for perturbations tangent to F; (ii) H¢ vanishes for de Sitter space. The second property is
certainly satisfied, since the Weyl tensor vanishes in de Sitter space. To verify the first property,
we need to give a definition of the covariant phase space F. But prior to that, we will analyze
certain consequences of our definition of the term future asymptotically de Sitter. We will do so
to ensure that the conservation of H¢ is guaranteed on account of the arguments of the previous
section for all future asymptotically de Sitter spacetimes and to motivate our definition of F.
Hence, up to (4.48), the following analysis holds for all future asymptotically de Sitter spacetimes
and not just for spacetimes in a covariant phase space.

According to condition (iv) of definition 11, it is always possible to find a conformal factor
and unphysical spacetime (M, §z) of a future asymptotically de Sitter spacetime (M, gqp) such
that the induced metric (ﬁab)g on £t is locally isometric to the natural metric on S9=1. Since
this condition fixes  only on .# T, it is further possible to choose the conformal factor in such a
way that (see section 1.3)

Gab = —@QQ@I,Q + ilab (4.17)

in a neighborhood of % +5 Here, hyp, is the metric on surfaces of constant € and (ﬁab)o =
hap(£2 = 0). In the following and in the related appendices, we will assume that the unphysical
metric and conformal factor have been chosen, such that (4.17) is satisfied.

For de Sitter space, the conformal factor (see section 2.4.1)
Q= 2exp(—|7|) (4.18)

can be used to get an unphysical metric of the form (4.17). Expression (4.18) is not smooth
everywhere, but it certainly is smooth in a neighborhood of .#, which is all that is needed.

®See [9] for as to how such a particular conformal factor can be found.
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4.2 Construction

Using this conformal factor, we find

N ~ _ QQ Q4
Gab = _anvbQ + (1 + ? + 16> Tab (419)

for the unphysical de Sitter metric g and

~ QZ Q4
for the induced unphysical metric on hypersurfaces of constant 2. Here, o, is the standard
metric of S9!,

Now let us have a look at Einstein’s equation to analyze the behavior of future asymptotically
de Sitter metrics more closely at .# 7. The unphysical Ricci tensor and scalar can be used to

define the tensor
- 2 . 1

= Riub- 4.21

Then we can write Einstein’s equation with a positive cosmological constant as (appendix A.1)
Sab + 2Q_1@aﬁb - Q_anb(ﬁcﬁc + 5_2) = 07 (422)

where 7% = V*Q and where £ is the de Sitter radius (cf. (2.25)). For the sake of simplicity, we
set
=1 (4.23)

for the rest of this section and in the related appendices. The de Sitter radius ¢ can always be
restored by dimensional arguments. Then it can be read off (4.22) that

g | IT = -1, (4.24)

i.e. 7% is unit and timelike on .# . By making use of (4.23) and the specific form (4.17) of the
unphysical metric, we can reduce (4.22) to

Sap = —2Q7 1V, 7. (4.25)

Due to the nature of (4.17) this clearly holds only in a neighborhood of .#*. This equation can
be split up with respect to the hypersurfaces of constant (see appendix A.2 and A.3): First,
by contracting 77’ and h 27’ into (4.25), we find

R+K?— Ku3pK®—2(d—2)Q 'K =0, (4.26)
DyK,’ — D,K = 0. (4.27)
These equations are called the constraint equations. The remaining information that is contained

in (4.25) can be extracted by contracting h,%h . into this equation. The resulting relation, which

we will call the first evolution equation, can be expressed as
d - - o - -
—mKab =R+ KK —(d-2)Q'K," - 6,07'K. (4.28)

Here, R and 7~€ab are the intrinsic Ricci scalar and tensor of the surfaces of constant ) and
D, is the derivative operator that is associated with hg,. The tensor K,, = —V.ng is the
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4 Conserved quantities in asymptotically de Sitter spacetimes

extrinsic curvature of these surfaces. It is symmetric and purely spatial®, i.e. it satisfies Ky =
—hachbdvcﬁd. Hence, we can raise and lower its indices with the spatial metric h,,. We denote
its trace by K = K% The second evolution equation is given by

d - -
diQhab = 2hchac- (429)

It just captures the fact that ~ 3
Lihgy = —2K g (4.30)

(cf. appendix A.3).
In order to investigate the consequences implied by (4.28) and (4.29), we perform a Taylor
expansion in 2, such that

OO ~ . OO . ~ Oo ~ .
= (ha);, 5= B, K= (K);, (4.31)
j=0 j=0 j=0

where j,? is the traceless part of K .2 and where the expansion coefficients are independent of €.
If we similarly expand the intrinsic Ricci tensor and scalar, we get

j—1
(—d+2+ )5 = ~(R,D)j1 + ﬁ(ﬁ»ﬁf = Rl 1m (4.32)
m=0
7j—1
(—2d+ 3+ 4)(K); = —( K)j—1-m (4.33)
i m=0 1 ~ ~
2y [hbc T e (I (431
m=0

from the evolution equations.

If we knew (§,")0, (K)o and (hap)o, the above relations would uniquely determine (K,%); and
(iLab) j up to order d — 2 and d — 1, respectively. All the information we need about these “initial
conditions” can be found in the definition of the term future asymptotically de Sitter (definition
11). First, from Einstein’s equation follows that (to be more precise: from multiplying (4.28) by
Q)

K=0 (4.35)

a

on £, which implies i
(P)o = (K)o =0. (4.36)

Second, the necessary information about (fzab)g is provided by the fourth condition of definition
11. We have already seen the consequences of this condition in (4.17): With our choice of the
conformal factor, (# T, (hap)o) is locally isometric to (S, ,).

Now recall that (£, (hap)o) of an unphysical de Sitter spacetime is not only locally but really
isometric (equal) to a (d—1)-sphere with its natural metric for our choice of the conformal factor.
This implies that we recover the (unphysical) spatial metric of de Sitter space and its extrinsic

curvature (up to the respective orders) if we insert the metric of a sphere into the recursion

6Symmetry follows from the fact that V, is torsion-free. Being spatial follows from that fact that 7% is a unit
geodesic tangent field.

40



4.2 Construction

relations. But this also means that (7", (ha)o) of an arbitrary future asymptotically de Sitter
space is locally isometric to that of de Sitter space. Consequently, if we insert a metric into the
recursion relations that is locally isometric to the metric of a sphere, (hqp); and (K,?); must be
locally diffeomorphic to their de Sitter counterparts (up to the respective orders) and the maps
that relate these quantities to the respective de Sitter quantities must be equal to the ones that
relate (ilab)o to its de Sitter counterpart.”-® Hence, if we recall the form of the induced unphysical

metric on surfaces of constant 2 of de Sitter space (i.e. (4.20)), we can conclude that

- 02 04\ -
hap = (1 + ? + 16> (hab)O + O(Qdil) (437)
must hold for any future asymptotically de Sitter spacetime in a neighborhood of .#*.?

At order j = d — 2, the left hand side of equation (4.32) is equal to 0- (p,%)4_o. Therefore, we
cannot calculate this coefficient and all the successive ones without further information. But if
(Pa?)d—2 is given, the coefficients (hap)j, (K);, and (5,°); are uniquely determined for j > d —1.10
Consequently, this tensor carries all the information about the metric that is not supplied by the
asymptotic conditions.

Now we will show that this tensor is related to the leading order electric part of the unphysical
Weyl tensor. To that end, consider the following equation (see appendix A.4):

éacbdﬁcﬁd = 'Cﬁf{ab + f{achc + Q_ll%ab (438)
Expanding equation (4.38) in powers of {2 gives

d—3
1~ . ~ 1 ~ ~
_dfg(cacbdncnd)dfi‘} = (Kab)d72 - m %(Kac)m([(bc)d?;m (439)
for the coefficients at order Q9=3. The second term on ‘the right hand side of this equation
vanishes!! for d = 4 as well as d > 6 and is equal to —1/8(hgp)o for d = 5. Hence, we can rewrite

(4.39) as

1 ~ (Kab)d,Q for d = 4, d > 6

————(Campat“n)g_g = ¢ - (4.40)
(Kap)3 — §(hap)o for d =5,

d—3

which relates the leading order of the electric part of the Weyl tensor to the coefficient (Kyp)q—o.
Of course, this also relates (ﬁab)d_g to the electric part of the Weyl tensor, because ﬁab is just
the tracefree part of K,°.

"More precisely, for every point p € # there must exist a neighborhood U C #T of p and a diffeomorphism

f, such that (f74)*(has)j = (hap); and (F 1) (K%)= (K,%)1 on U for j < d—1 and | < d — 2, where (hap);
and (f(,lb)l are the respective quantities of de Sitter space.

8In coordinates, we can locally write the spatial metric of .# of an arbitrary future asymptotically de Sitter
spacetime in the form of the metric of the sphere. Then, obviously, the recursion relations yield identical
quantities (locally) for de Sitter space and other future asymptotically de Sitter spaces.

9This extends to quantities that depend only on (hep); and (K,"); for j < d —1 and [ < d — 2: They must be
locally diffeomorphic to their de Sitter counterparts.

ONote that we can get (K)2q4—3 from the constraint equations.

HThe vanishing in d > 6 follows from the fact that we have (ﬁab)d_l = 0 in de Sitter space: This implies
(Kap)a—2 = 0 via equation (4.30), which means that the first term on the right hand side of (4.39) vanishes.
This is also true for the term on the left hand side, because the Weyl tensor vanishes in de Sitter space.
Consequently, the sum in (4.39) must vanish for de Sitter space. From this follows that this sum has to vanish
in any future asymptotically de Sitter spacetime, because it is locally diffeomorphic to the respective de Sitter
expression.
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4 Conserved quantities in asymptotically de Sitter spacetimes

Remark 21. The quantity C,pqncnd (see (4.38)) depends only on the extrinsic curvature (and
the spatial metric) and derivatives thereof. More precisely, up to order d — 4, its expansion
coefficients can be expressed through!? (f( W) and (ﬁab)l, where [ < d — 2. Hence, (C’abcdﬁbﬁd) j
must be locally isometric to the corresponding quantity in de Sitter space for j < d — 3, from
which

Coacpann? = O(Q473) (4.41)

follows, since the Weyl tensor vanishes in pure de Sitter space. We can draw the same conclusion
for (cf. appendix A.4)

C~’abcd'ﬁ/d = 277"[aé'b]ecdﬁdﬁe - Daf(bc + Dbf(ac- (442)

The asymptotic behavior of the first term on the right hand side of this equation clearly agrees
with the one of (4.41). Up to order d — 4, the second and third term contain (hgp); and (K,°);
as well as ordinary derivatives to first order of these quantities to no higher order than j = d —4.

Hence, B
CYabcdﬁd = O(Qd_g)’ (443)

i.e. the asymptotic behavior of this quantity is identical to the one of (4.41).

To proceed with our analysis, we now relate (hg)q—1 to the electric part of the Weyl tensor.
According to (4.30), the coefficient (hgap)q—1 is simply given by

- 2

(hap)a-1 = —— (Kab)a-2- (4.44)

Then we can use the relation between the leading order of the electric part of the Weyl tensor

and the coefficient (Kgp)q—2 that we have just derived (i.e. relation (4.40)): By definition, we
have (see (4.2))

1
(Eab)o = ——3 (Cachant %)as, (4.45)

which means that (4.44) can be rewritten as

(hab)d—1 = —L

~ -2 (Eab)o ford=4,d>6 (4.46)
- (Eab)O + %(;Lab)o for d =5 ‘ .

DO

Now recall equation (4.37). This equation and the above result imply that we can write the
unphysical metric of an arbitrary future asymptotically de Sitter spacetime as

~ ~ 1 ~ 2 g~
Gab = —VaQV 2 + (1 + 292> (hab)o = 32 Eqy + O(Q)  for d =4 (4.47)
or as
~ = = Q> O\ - 2 d—1f d
Gab = =V OV Q + | 1+ 5 + 16 (hab)o — HQ Eup+0(Q7%) ford >4 (4.48)

in a neighborhood of ..

Now let us restrict our analysis to the covariant phase space F.

2Recall equations (A.25) and (A.27) and that Kup, = K, hpe.
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4.2 Construction

Definition 14. Let M be a manifold, let .#* be a (future!®) boundary, such that M = M U.#+
and let © be a smooth conformal factor on M. A covariant phase space F over M satisfies the
following properties: (i) it is connected; (i) g € F, where g is the de Sitter metric; (iii) gq, € F
is smooth on M and G, = Q2g4 extends smoothly to .#*; (iv) in a neighborhood of T, g4
is of the form g,y = Q7 2§4p, Where g is given by (4.47) or (4.48) and (ilab)o is the same for all
Jab € F; (V) gap satisfies Einstein’s equation (2.23).

Remark 22. Note that (M, gqp) is future asymptotically de Sitter for all g,, € F. The opposite
is not true.

All the metrics in F are of the form ggp = QO 2345, where §yp is as in (4.47) or (4.48) with
(hap)o fixed. Hence, every vector tangent to F must asymptotically (on the spacetime manifold)
be of the form

5gab = Yab + ﬁngaby (449)

where 5
Yab = —ﬁﬁd_%Eab +0(Q97?) (4.50)

and )
LyGab = —ﬁm-%néab +0(Q%2). (4.51)

Lgap corresponds to the gauge freedom in perturbations (see e.g. [5]). It is an infinitesimal
diffeomorphism generated by a vector field n%. With our choice of the covariant phase space F,
the vector field n® is not arbitrary, but must be in compliance with definition 14. This means
that

L,5=0(Q%2), (4.52)

for the de Sitter metric g, which leads to (4.51). Calculating the symplectic current (d — 1)-form
(3.3) for perturbations (4.49) yields (cf. appendix A.5)

on #*. Therefore, as argued in chapter 3, a Hamiltonian He exists.!* Now recall that
ot = [ 160c =€ (.50 (4:54)
for variations dg that are tangent to F. Here, C' C .# 7 is the boundary of a suitable hypersurface

¥ (cf. chapter 3). To evaluate this expression for (4.49), we analyze (4.50) and (4.51) separately.
We begin with dgup = Yap-

The Noether charge Q¢ and its variation under (4.50) can be written as!®
L yi-d: ~bec L 2-d: ~bes gc
(Qg)al...ad,g = %Q €a1-ag_obcTl g - RQ €a1--ag_obcd Veg (455)
and .
(0Q¢)ar..az» = Rgal__ad_zbcﬁbaﬂdgd +0(9), (4.56)

13See condition (v) of definition 11. -
MRecall that £€* is such that Leg is tangent to F. See footnote 9 on page 30.
5Recall that we have chosen the particular Noether charge (3.31).
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4 Conserved quantities in asymptotically de Sitter spacetimes

respectively (see appendix A.6). To further reexpress this equation, let us take a look at the
volume form (“=2)¢ on C. It is fully determined by the volume forms of the physical spacetime:
The volume form of X is ﬁbebalu_a +_1» Where n® is a future directed unit vector normal to ¥.16 The
volume forms of boundaries of a compact subsets of X are "&Cﬁbebcalma 4_o» Where 4% is an outward
pointing unit vector. In terms of conformal quantities, the volume forms of these boundaries can
be written as

‘n

S

d—2zcab b=
Q U N €peay...ag_9 — €bcay...ag_or (457)
where 4¢ = Q7 14¢ and 7° = Q'A% On £, we find!”

ZeZh~ + _ ~c=b= + _ (d-2)=
uCn Ebcal...ad,g r j - ucn ebcal...ad,g r j - ( )Eal...ad_ga (458)

where 4 and n® are as defined below (4.1). This condition fixes the vector 4* uniquely. The
volume form € can be written as

e=aAnA @2e (4.59)

Inserting this into (4.56) and restricting!'® to C' yields

1 oy S
(5Q£)a1---ad_z [ C = %5 (d 2)6a1---ad_2E dUC§d] . (4.60)

We still need to calculate the second term on the right hand side of (4.54). However, it turns
out that (see appendix A.7)

0(g,7) =0 (4.61)
on #1. Therefore, we can write (4.54) as

1 . _
He = — E . qbee 4.62
R (4.62)

for perturbations of type (4.50). Restoring ¢ in this equation already gives formula (4.1), even
though we still need to investigate the second part of the variation (4.49). However, if we repeat
the above analysis for (4.51), we find the exact same result, namely

1 o
5, He = /C 61 Qe = =0 /C Epib¢nds. (4.63)
Thus, the variation of H¢ under (4.49) indeed satisfies (4.54) (i.e. (3.18)) and is consequently the
correct expression for the Hamiltonian.
4.3 Examples

In this section, we will evaluate the conserved quantities H¢ in some examples. In particular, we
will calculate conserved quantities for the Schwarzschild de Sitter spacetime in d dimensions.

16See footnotes 4 and 6 on page 26.
7 The first equality in this equation can always be satisfied: € is antisymmetric.
8Note: This means also restricting the resulting forms to vectors tangent to C.
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4.3 Examples

4.3.1 Schwarzschild de Sitter space

In section 2.4.2, we have shown that there exists an unphysical spacetime (M ,Jap) of the
Schwarzschild de Sitter spacetime whose (., hyp) is isometric to a (d — 1)-sphere minus two
antipodal points. Therefore, it might be possible to construct non-vanishing conserved quantities
(cf. section 4.1).

Let us take a look at the Schwarzschild de Sitter metric (2.35). For simplicity, we choose the
conformal factor 2 = 1/r, which gives rise to the unphysical metric

1

_ 1 _
ds? = -1/ <€2 + 04 — QQ> d0? + <€2

+Cu — Q2> dt? + dog_,. (4.64)
To calculate a conserved quantity, we need a representative of an asymptotic symmetry, the
representation of the vector field 2% (on .# ) in the above coordinates, and a suitable cut with
vector field a®. We choose the Killing field t* = (9/0t)* as the representative of an asymptotic
symmetry (see section 2.5) and we note that the vector field 7® is given by 7% = —¢~2(9/0Q)* at
points of .# . A generic cut that does not necessarily have only vanishing quantities associated
to it (again, see section 4.1), is given by the set whose points satisfy 2 = 0 and ¢ = tg, where

to € R. Finally, in compliance with the cut, we choose u® to be u®* = —£-t*. Then we find
Eith = (d — 2) - Cy/(2¢) and consequently

(d—2)
167G

H; = Agq—2Cq, (4.65)

where Ay is the surface area of a unit d-sphere. In ordinary flat d-dimensional Schwarzschild

spacetimes, one usually chooses Cy = (d_lg)%M [21], where M is the generalization of the

ADM-mass (see e.g. [5]) to higher dimensions. If we use this, we find
H, = M. (4.66)

H; is a non-vanishing quantity for d > 4, which means that there cannot exist an unphysical
spacetime of Schwarzschild de Sitter whose .#* is diffeomorphic to S9! or S?=1\ {p}, where
pe S,
Another conserved quantity can be calculated by replacing the Killing field ¢t with the Killing
field ¢¢ = (0/0¢)*.1° We find
Hy = 0. (4.67)

Let us now have a look at a few suggestions for the mass of the Schwarzschild de Sitter
spacetime:

(i) The most prominent suggestion for masses of asymptotically de Sitter spacetimes is ar-
guably the AD-mass (Abbott and Deser, [1]). Interestingly, H; agrees with the AD-mass
for the Schwarzschild de Sitter spacetime in 4 dimensions. Unfortunately, we are not aware
of any attempt to calculate the AD-mass in higher dimensions. A general comparison of

9This Killing field represents (part of) the rotational symmetry of the Schwarzschild de Sitter spacetime. Usually,
such fields are used to calculate the total angular momentum of a given spacetime. For instance: A field theory
on a fixed background spacetime with rotational symmetry represented by a Killing field ¢“. In that case, if ¥ is
a Cauchy surface, fz % p*d%, is a conserved quantity and is usually taken to be the total angular momentum.
In our case, this interpretation of Hy might also be possible: The angular momentum of the Schwarzschild de
Sitter spacetime should vanish.
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4 Conserved quantities in asymptotically de Sitter spacetimes

our formalism with the one of Abbott and Deser would be extremely interesting: It is the
most widely known approach and often considered as reference in the literature. Since our
result agrees with the AD-mass in the Schwarzschild de Sitter case, one could hope that
these expressions agree in general for appropriate choices of the symmetry and the cut.

(ii) Another approach to conserved quantities in asymptotically de Sitter spaces has been given
by Balasubramanian, Boer, and Minic [2]. They also used their approach to calculate the
mass of Schwarzschild de Sitter spacetimes. More precisely, they calculated the mass in 4
and 5 dimensions. But contrary to our formula, their construction assigns non-vanishing
conserved quantities to de Sitter space, which causes the mass of the Schwarzschild de Sitter
spacetime to deviate from H; by this de Sitter contribution. There is also a difference in
sign, but that can be attributed to conventions. This deviation from our result is not
completely unexpected in light of some results of [9]: In that paper, an analysis similar to
the one found in this thesis has been carried out for asymptotically anti de Sitter spacetimes.
They compared their conserved quantities (also [22]), which are formally identical to our
H¢’s, to charges that were constructed with the so-called counterterm subtraction method
(see e.g. [23]). Since this method was also employed by Balasubramanian et al. in the
construction of their charges and since the form of these charges is identical to their anti
de Sitter counterparts, the comparison of [9] can probably be carried over to the case at
hand with only minor changes. It showed that the charges differ by an integral over a cut
of ., which, in our case, probably corresponds to the de Sitter contribution.

(iii) A third approach to conserved quantities has been given by Kastor and Traschen [3].
They also applied their method to the Schwarzschild de Sitter spacetime. But the mass
they computed differs completely from H;. We mention this approach, because Kastor
and Traschen’s expressions for spacetime masses (the Spinor charge) have the interesting
property of always being positive. In section 4.4, we will to some extent look into the
relation between these expressions and our conserved quantities.

But note that within our formalism we have no reason to consider H; as the spacetime mass.
The vector fields t* and u® as well as the cut were arbitrarily chosen.

4.3.2 Tolman-Bondi space with a cosmological constant

In general, our formalism cannot be applied to spacetimes with non-vanishing stress-energy
tensors. But, as already mentioned in section 2.4.3, the vacuum region of the Tolman-Bondi
spacetime can be considered as a future asymptotically de Sitter spacetime on its own. Since
we know by Birkhoff’s theorem that the spacetime is Schwarzschild de Sitter outside of the dust
sphere, we can immediately give an expression for a conserved quantity which is associated with
a vector field that equals (9/0t)® of Schwarzschild de Sitter on .# (see previous section). It is
given by (4.65), where Cy—4 < 0 if Mpp < 0. Similarly, we can transfer the result for the field
@* of the previous section to the Tolman-Bondi case.

4.4 Are there positive conserved quantities?

It has been shown that the masses of asymptotically flat and asymptotically anti de Sitter
spacetimes are positive (e.g. the ADM-mass). This is known as the positive mass theorem. We
would expect a similar result for future asymptotically de Sitter spacetimes. That is, if we find
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4.4 Are there positive conserved quantities?

a condition that fixes a representative of an asymptotic symmetry £%, the vector field u%, and
the cut C in such a way that H is always positive, then this quantity H¢ might be related to a
viable expression for the spacetime mass.

Remark 23. The quantity H; that we have calculated for the Schwarzschild de Sitter spacetime
seems to be a viable expression for the spacetime mass (recall that H; is equal to the AD-mass
of Schwarzschild de Sitter). But as we have already mentioned, within our formalism we have no
reason to regard H; as the spacetime mass: We arbitrarily chose the symmetry ¢® and the vector
field @® in the computation of H;. Even if the mass of a general future asymptotically de Sitter
spacetime could be calculated in the same way?? as H;, we would be faced with the following
problem: Which representative of an asymptotic symmetry should we use? &% or —£*? A similar
problem stems from the definition of the vector field u®. It is only defined up to sign.

To find such a condition, we will try to relate H¢ to a manifestly positive expression, the Spinor
charge @y [3]. This approach worked very well in asymptotically anti de Sitter spacetimes: The
Spinor charge can also be defined there and it was successfully related to the charges H, of [9],
which are formally identical to our H¢’s. This implied the positivity of H, for suitable vector
fields ¢*. Apart from [9], analyzes regarding the relation between the Spinor charge and H, can
be found in [24, 25]. For simplicity, we will again set £ = 1 in the following. Details and notations
regarding this section can be found in appendix B.

On a future asymptotically de Sitter spacetime (M, gq) that satisfies (4.75) and admits a
spinor bundle and curved spacetime gamma matrices with v(,75) = gab, define the Nester 2-form
by )

Bap = ¢’Y[a7b’>/c]vc¢- (468)

Here, 1) is the adjoint spinor to ¢ and V, is the super-covariant derivative operator which is
given by

Vet = Vo + 27 (169

Let ¥ be a spacelike hypersurface without boundary in the physical spacetime that can be
smoothly extended to £ in the unphysical spacetime. If we write the metric on the hypersurface
> as

Gab = _ﬁaﬁb + Gab, (470)
where n® are the future pointing geodesic normals to ¥ and g is its intrinsic metric, we can

define the Spinor charge
1

Qy = = / (Bay + B}y abheds. (4.71)
2 Jox

In this equation, the star denotes complex conjugation, % is to be understood as in (3.6), and
4% is an outward pointing vector which is orthogonal to 7* as well as 0¥. Equation (4.71) can
then be reexpressed as [16]

Qu = /E [ (Vo)) Vi) — (7 V)T (¢°7eVar))

— 2i(YT g7, V) — (¢ V) T)] ds.  (4.72)

20By choosing a vector field as the representative of an asymptotic symmetry that approaches the Killing field
(0/0t)* (see below (2.32)) of de Sitter in the asymptotic region. (Note that —(0/9¢)* is also a Killing field of
de Sitter. It is not possible to distinguish between (9/0t)* and —(9/9t)® in a canonical way.) This requires,
of course, that the metric can be written as gap = Gab + kab, Where gqp is the de Sitter metric and where kqp is
a deviation which vanishes at & .
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4 Conserved quantities in asymptotically de Sitter spacetimes

If the Witten equation R
¢ WVahp =0 (4.73)

is satisfied, (4.72) reduces to
Qu = [ (T T, (4.74)

which is a manifestly positive expression or zero.
Now let us try to find a relation between H¢ and the Spinor charge (),;. We consider, however,
only spacetimes (M, g,5) whose metric is of the form

Gab = Gab + kab, (475)

where g, is the de Sitter metric and where kg, is a tensor which vanishes sufficiently fast as we go
to #*. Additionally, we will assume that the metric of the unphysical spacetime (M, jap = Q2gas)
satisfies (4.47) or (4.48). First, let us reexpress the super-covariant derivative of a spinor in terms
of a background and a deviation part:

<II>

@aw - %aw + (@a - a)w

R . - 1 o ~ (4.76)
= Vot + (Va = Vo)t + 507 (=5aW” + Fa it + %0 — 7)1

Here, the bar quantities are associated with the de Sitter metric g,;, the tilde quantities are
associated with the unphysical metric g,p, and the tilded bar quantities are associated with the
unphysical de Sitter metric. The unphysical gamma matrices?! satisfy o, = Y(aTp) and Yo = Qq.
To further simplify (4.76), note that

1
et = ek, + ikabgbcéﬂc + O(k?) (4.77)

constitutes an orthonormal basis with respect to gq if €, is an orthonormal basis with respect
to the pure de Sitter metric. The tensor ky, in (4.77) is the deviation from the de Sitter metric
(see (4.75)). In a neighborhood of £, it can be written as (see (4.47) and (4.48))

N 1 -
02k, = kgp = _ﬁm—lEab +0(Q9). (4.78)

For the respective conformal metrics, we have
- 1- ., -
e, = ek, + §kabgbcéﬂc + O(K?). (4.79)
Now let us define .
P = QY2 (4.80)

which we assume to be smooth on #*. Together with relation (B.9), we can use (4.79) to
calculate the difference between two derivative operators which act on a spinor and are associated
with gap and §up, respectively. This difference appears in the second term on the right hand side
of (4.76) and is given by

~ ~ 1 _ 1 ~ ~
(Vo — Vo)t = Zgbccbadacdw +0(Q43/%) = —§iQd_5/2Eab7yb1,Z) +0(Q43/%), (4.81)

2!Note that 7, is clearly smooth on .# .

48



4.4 Are there positive conserved quantities?

where C® . = %g“d(%bﬁdg + %Jlbd — %dﬁbc). Furthermore, we can use (4.79) to show how the
gamma matrices 7, and 7, are related to each other.

- 1-
Ya — Ya = ihab:yb + O(hQ) (4'82)
Then, utilizing (4.81) and (4.82), we can rewrite (4.76) as

- B 1. i s/2m b7 52 be x e T _
Vot = Vath — §md 5/2Eabfyb¢+m9d 512 b3y (3.7° — i) + O(Q73/2). (4.83)

Alternatively, this equation can be written as
o 128 7 Loaisims bt Lozl N _
Vatp = Q7 V2Va — i By — 0725, (i — i)d + 0(Q*?). (4.84)

To get to (4.84), we reexpressed the first term on the right hand side of (4.83) and made use of
(4.82).
In [3], Kastor and Traschen have calculated a spinor v that satisfies

Vatho = 0. (4.85)

Such spinors are called Killing spinors. Here, 1y is a Killing spinor of the de Sitter spacetime.
It yields a vector £ (via (B.8)), which is normal to .# T and satisfies §,,&%¢% | # T < oo. Let us
try to use this particular spinor in our attempt to reexpress Qw.m

If iy = Q /24y is a Killing Spinor of the de Sitter spacetime, we can immediately conclude
from (4.84) that 7,(557° — i)1ho = O(Q), from which 7, (557° — i)1g = O(Q) follows (cf. (4.82)).
Hence, (4.83) reduces to

- I g0 - -
Vato = —5iQ" 2 Eaiy + 022 (4.86)

for a Killing spinor of the pure de Sitter spacetime.
Before we insert this expression into equation (4.71), note that we can certainly write (recall
that By is antisymmetric)

By t’h® = B u’n?, (4.87)
where 7% — Q7172 and 4% — Q714% in the limit Q — 0. 7% and @* correspond to the vectors
that we defined below (4.1) only that a® is uniquely fixed by this condition.

If we make use of the relation V67 = Va8 Ve T 29¢[aVe), We can proceed to show that

b 1 o= -~ ~
Byt = —§Qd 2070 By 0, (4.88)

which leads to

Qp=— . Vo7 Yo Egpa’Q?2dS. (4.89)

Now recall that £€* = —py%)g, where the relation

Yo7 b0 = oy o (4.90)

225.,E6%€% | I < 0o can be written as Q2GapPoy oo o | I < o0 (B.8), which implies that 1) is of order
Q™2 This means that our assumption in the above paragraph was justified.
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4 Conserved quantities in asymptotically de Sitter spacetimes

holds, since 1Z = Q1/24). Using dS = Q0279dS, we can then rewrite (4.89) as
Qu = / Ep&u’dS. (4.91)
0%

This result seems to be very promising, because it looks like our formula for H (i.e. (4.1)) (apart
from a constant prefactor). But actually, it is very unfortunate: Since the vector £ is normal to
It Ep€® vanishes and we have

Qy =0. (4.92)

At this point, our entire approach stalls. Even though we have shown that @y can be written
in the same way as our formula for He (4.91), we cannot take advantage of this fact. If @y did
not vanish, i.e. was positive, we could infer a positivity condition for He from (4.91). With Q
vanishing, this is, however, not possible. There is no new information (regarding our problem)
contained in (4.91).

Remark 24. Note that we used a Killing spinor from equation (4.85) up to equation (4.91). This
spinor does not satisfy the Witten equation, which is required to hold for @), to be positive. Since
the above analysis failed, we refrained from showing that a spinor can be found that satisfies the
Witten equation and asymptotically approaches the Killing spinor we used in such a way that
(4.91) remains unchanged.
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5 Perturbation analysis of de Sitter space

In the previous chapter, we introduced a formula for conserved quantities in future asymptoti-
cally de Sitter spacetimes. But apart from the sample spacetimes we looked at in sections 2.4
and 4.3, we do not know if there really exists a wide class of future asymptotically de Sitter
spacetimes. The first condition of definition 11 could in general be incompatible with the asymp-
totic conditions. Unfortunately, due to the non-linearities of Einstein’s equation, it is difficult
to analyze this issue in a straightforward manner. It is, however, possible to address it in the
context of perturbation theory. In the following, we will investigate whether perturbations off of
de Sitter space that satisfy the linearized Einstein equation are compatible with the asymptotic
conditions.

Note that the results of this chapter were not derived by me alone. Originally, I carried the
following analysis out using the form (2.31) of the metric (see appendix E). However, for the
purposes of this thesis it turned out to be advantageous to work in the global chart. A key part
of this analysis rests on formulas derived by Prof. Dr. Ishibashi, whom I had asked for advice.!
He derived (5.43) and (5.47) for vg and solved (5.49). I subsequently derived the differential
equations (5.44) and (5.45), which can be cast into (5.47), and solved (5.50).

5.1 Weyl curvature perturbations

Note that the derivation of the master equation resembles a similar derivation in [9]. In the
following, we will frequently use the global coordinates of de Sitter space (cf. section 2.4.1). In
these coordinates, the de Sitter metric can be written as

ds? = —d7? + a®(7)(dx? + sin® xdo3_,), (5.1)

where do?_, is the metric of the unit (d — 2)-sphere and a(r) = ¢cosh(r/¢). Here, £ is the de
Sitter radius.

Instead of working directly with metric perturbations, it is more convenient to use Weyl tensor
perturbations instead. These have three advantages over metric perturbations: The Weyl tensor
is conformally and gauge invariant and it is the key quantity in our formula for He (cf. (4.1)).
Conformal invariance of the Weyl tensor refers to (1.7) and gauge invariance simply means that
Cabcd = 0 for de Sitter space. That it is the key quantity in our formula for H¢ will enable us to
immediately conclude whether a generic metric perturbation gives rise to a perturbed spacetime
for which conserved quantities can be defined.

By using Einstein’s equation and the Bianchi identity, we can show that Weyl perturbations
in de Sitter space satisfy

2(d — 1)

<vev6 - 62

) 5Ciapea = 0, (5.2)
V6Clpea = 0, (5.3)

'Due to a miscalculation around equation (5.24), I got stuck in the derivation of (5.37)
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5 Perturbation analysis of de Sitter space

where V, is the covariant derivative operator that is compatible with the de Sitter metric gqp.
Now let us define

Y := —sinh(7/¢), (5.4)
Zo = V.Y, (5.5)
and
Eapy = 0Caupq Z°Z°. (5.6)
Then, if we make use of the relations
Y
VaZy = = 3 9ab; (5.7)
1
vavac = *ﬁzagbca (58)

we can show that (5.2) and (5.3) imply
. 2(d —2)
(V VC - €2> gab - 0, (59)
Ve = 0. (5.10)
We now introduce a new notation: Coordinates with capital Latin letters denote the coordi-

nates 7 and y and coordinates with lowercase Latin letters ¢, j,... denote the angular coordinates
of the (d — 2)-dimensional subspace on which do?_, acts. Then we have

gAdeAdyB = —dr? + GQ(T)dXQ (5.11)
and o
do?_y = 0;;d6'de7. (5.12)

In contrast to abstract indices, these new indices denote tensor components and not the tensors
themselves. We denote the derivative operator associated with gag by D4 and the derivative
operator associated with o;; by D;. Then we find the following relations between these derivative
operators and the derivative operator V, which is associated with the de Sitter metric gqp:

Vatp = Datp — X gte — Xy pti, (5.13)
Vati = Dat; — XC ytc — X it (5.14)
Vit; = Dit; — X tc — X¥ it (5.15)
Vita = Ditg — X% stc — XF 4t (5.16)

The connection coefficients are given by

X9p=0, Xxt, =0, Xip=0 X5, =XP, =0, (5.17)
A DAr . Iy Dar
XA,LJ = — , gZJJ XZAJ == ZAJ == r (5lj7 (518)
where
r = a(T)sin . (5.19)
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5.1 Weyl curvature perturbations

Then, if we define

we can rewrite (5.9) as
c DSr [ Dar Dpgr 2(d — 2
D" Dcésp + (d—2)——DcEap — (d - 2) . < - Epe + f o ) A 72 )5A
A D D Dyr)D
+ SEap—2 ATD gm, B’"D gm . 1ol A:l Blem _0, (5.21)
DC DED Dr)(D
DEDeEqi + (d — 4) rr -—( TCT+(d—3)W> Eni
Dar)DC A 2(d — 2 D DCr
- d(A:)2T€ci + ﬁgAi A 12 2 Eni —2 ATD "+ 27D ica =0, (5.22)

and

D%r DY Der Dr)(Der A
Dchgij+(d_6) . ij_2< rC +(d—4)w>glj+ —&ij

2(d — 2 D¢ D®r)D
(52)5 2—(1) Ecj + D;Eci) +2u

Ecagij =0. (5.23)

Similarly, (5.10) can be reexpressed as

DcT DAT

£°

DcECy + (d—2) EC + DpE™y =0, (5.24)

Dp&™; +LD (ri=2e4) = 0. (5.25)

Now define
o\ o\
“i= | =— Ci= = 2
em(a). (). -
and?
&= Eapx\P, (5.27)
& = Eax?. (5.28)
By making use of
a
Daxp = —(XaTs = Tax5); (5.29)
D ) 1 1
U —gTA + 3 XA (5.30)
T a a“ tan x

2Note that EapT” = 0. This is because Z% = (a/€*)7°
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5 Perturbation analysis of de Sitter space

where ” * “ denotes the derivative with respect to 7, we can show that (5.24) implies

1
A m C
D, ET Yy = —— Dc€ d—1)——¢&
X Hme A a? o€ +( )tanx ’
1
c _
€ Cc — a257
and (5.25) implies

. 1 1

1
D™ 4 (d = 2) 5 ——& + —x“Dcé€; = 0.

a? tan y

Furthermore, note that

A\BDcEap = DoE + 2%7¢E,
a
XDCDuér; = DCDE; + 297013(,8 + £2 le,

ANBDCDeEsp = D0005+4 7’ch5+ 5

Using these equations and inserting (5.31) and (5.32) into (5.21) gives

1 1
DCD05+[ (d— 6) 4+ (d+2)———x| D€
a? tany
a > 2d-1) 1 2d—-2) A
2 4+ 2(d-2)= - Zle=0
* a2+ ( )a2+ a? tan2y 2 +r2

Similarly, by inserting (5.33) into (5.22), we obtain

DDt + [—(d ~6)2r% 4 (d - gL 1

C
Dcé&;
aQtanXX ] ce

>  A—(d-3) 11 (d-2) d
d—)L £ 27870 g g _9 e
+ | ) a? r2 + )a2tan2x 2 +€2 £
e
a® tanx
Just simplifying (5.23) gives
' 11 A—2(d—4)
DEDAE:. _ _4 o2 Cl DAE:
cij + (d 6)[ a2tanXX c&ij + 2
1 1 1 1
=—-2— Dé‘ D& ——E7i;.
a2 tan x ( + ) - 4tan2X &

5.2 Master equation

(5.31)

(5.32)

(5.33)

(5.34)
(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

The above differential equations are coupled to each other. It is possible to decouple them if
we make use of certain results of [9] (also [26] and [27]). Consider the harmonic functions Sk,
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5.2 Master equation

vectors Vy;, and symmetric tensors Ty;; which are defined by the eigenvalue equations
(A +Kk3)Sk =0,
(A+k)Vy; =0, DV =0, (5.40)
(A +k3)Twi; =0, D;Ty'; =0, Ty’ =0.

We can then expand &, &;, and &;; in terms of these harmonics as follows [26, 9]:

£ =1sS,

& = ¢sDiS + vV, (5.41)

&'j = SLUZ']'S +&p (Dlﬁj — d12A0_ij> S+ SVE(N]-) + ¢TTij-
Here we omitted the indices k which label the different eigenvalues of the different harmonics
and the summation symbol ¥y over them. It can be shown that there exist solutions of (5.40)
for eigenvalues k% = [(l+d—3), 1 = 0,1,... and k3 = l(l+d—3)—1,1 = 1,2,... and
k2 =I(l+d-3)-2,1=2,3,... [26].

The coefficients vg, ¢g, ¥y, €, Er, Ev, Y7 are not independent of each other: They are
related by (5.31), (5.32), and (5.33). It can be shown that (i) £ is described by g; (ii) ¢g is
described in terms of (¢g, 0ytg); (i) Er is described by (€, ¢g, Oy¢s); (iv) v is described in
terms of (¢, Oy¢v) (cf. appendix C.2). Consequently, if we know g, ¢y, and 97, we know all
the expansion coefficients.?

Noting that ) )

0 a o0 1 0

= A 7<) (5.42)
we find the following decoupled differential equations for ¥g, 1y, and 17 by inserting (5.41) into
(5.37), (5.38), and (5.39):

DDetp = — -
c¥ a0t

+1[8a;+(d+2)2?§;<£<+2(d;;2);k%]¢5—0, (5.43)

[—;;—(d—5) 6]¢V+ 1 [8322+(d 2)2?5)’(‘88)(—18;;;‘5—2(61—4)} by =0, (5.44)
and

-9 Lo [ a0 - MK 0

Now let us define
s = a(r) @5/ (sin )~ 2.
Yy =: a(r) @22 (sin ) @D/ 2 gy, (5.46)
Y =: a(T)f(df‘E’)/Q(sin X)f(dfﬁ)/Z\I/T.

3The tensor harmonics T;; have d(d — 4)/2 independent components, the vector harmonics V; have d — 3 inde-
pendent components, and the scalar harmonics S have one independent component. This corresponds to the
number of dynamical degrees of freedom for gravitational radiation in d-dimensional spacetimes. Therefore,
s, Yv, and P describe all the dynamical modes of gravitational perturbations [9].
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5 Perturbation analysis of de Sitter space

If we use these relations to rewrite (5.42), (5.43), and (5.44), we find that these equations are
cast into the same form. This master equation is given by

a(r)? [;:2—(‘1;;)1 U= [88;2 —{(d_%d_‘l) ”(Hd_?’)}sml%ﬁﬂq’ (5.47)

where WUg, Uy, and Uy are collectively denoted by W.

Before we set out to solve this equation, let us recapitulate what we have done so far. We began
by deriving two equations ((5.2) and (5.3)), which govern the behavior of perturbed Weyl tensors
that obey the linearized Einstein equation. These equations implied the simpler equations (5.9)
and (5.10), which we subsequently rewrote in terms of particular derivative operators and global
coordinates. This finally yielded (5.37), (5.38), and (5.39). However, these were still coupled
differential equations, which were too complicated to be solved directly. By expanding the fields
&, &, and &;; in terms of certain harmonic functions, we were, however, able decouple these
differential equations. The last step of our analysis was to show that these decoupled equations
could be written as a single master equation (5.47). This means that the solutions of this master
equation provide solutions for the linearized equations (5.2) and (5.3) we started with.

5.3 General solutions of the master equation

Now let us try to find solutions of the master equation (5.47). To that end, we make the following
ansatz: Let

U =T(1)X(x) (5.48)
and insert this into the master equation. This yields two ordinary differential equations, namely
0? (d—2)(d—4) 1 9
— (l+d—-3 X =wX 5.49
[ 3X2+{ 4 i )}Sinzx] “ (549

0%  —w?+1/4  (d—5)?
_ = T = .
[ 9.2 2 + e } 0, (5.50)

2

where w” is a separation constant.

If we define X =: (sin x)"t1/2(cos x) X, z := cos® x, and

_w+u+a+1

© o= .51
CI/,O' 2 ? (5 5 )

(5.49) can be cast into a hypergeometric differential equation. More precisely, it can be written
as

21— z);;)_( + % —(EpH G+ D)2 %X o ) (5.52)
where i3
vi=1+ — (5.53)
Hence, any solution of (5.49) is a linear combination of the following two equations [28]:
X1 = (sinx)""/?(cos x) - F(Cl‘jjl/z, C;i"/Q; 3/2; cos® x), (5.54)
X = (siny)" /2. F(G 12 C;f1/2§ 1/2; cos® x) (5.55)
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5.3 General solutions of the master equation

Here, F' is the hypergeometric function (see appendix D). The hypergeometric functions in the
equations above are not well defined* at y = 0 and ¥ = 7, which can be easily shown with the
methods outlined in appendix D. However, it is possible that the functions X; and X5 are well
defined. If the first two arguments of the hypergeometric functions in (5.54) and (5.55) are not
negative integers, we can rewrite these equations as (see (D.4))

X1 = (sin x) /27 (cos x) - F(CT5 90 € 03 3/23 c08” X), (5.56)
Xy = (siny)/?77 . F(CTy g €2y mry2s 1/2; cos” ). (5.57)

Then it turns out that X as well as Xs do not converge at 0 and 7: The hypergeometric functions
in these expressions converge for all x € [0, 7] but we have® v > 1/2, which implies that the sine
terms diverge. Hence, X is only normalizable, i.e. well defined for all x € [0, 7], if Gly g OF 1/_,10/2
is a negative integer, which is equivalent to

w==x2m+v+3/2), (5.58)
where m € Np. Similarly, Xs is normalizable only if
w==x2m+rv+1/2). (5.59)

A normalizable solution of (5.49) for other values of w and v might be given by a linear combi-
nation of (5.54) and (5.55). And indeed, another solution of (5.49) is given by [28]

X3 = (sin x)"*/2(cos x) - F(C;:jl/% Cy_i"/Q; 1+ v;sin? ), (5.60)
which can be rewritten as (again, cf. (D.4))
X3 = (sin X)”+1/2 . F(C;fl/Q, CZJ,—1/2; 1+ v;sin? X)s (5.61)

in case the first two arguments of the hypergeometric function in (5.60) are not negative integers
(recall that v > 0). Equation (5.60) is normalizable for all possible values of w and v. It clearly
is finite if Cl(f,l/Q or (;‘1"/2 are negative integers, and, as we can read off (5.61), it is also finite for
arbitrary other values of w and v.

Now let us turn our attention to solving (5.50). Again, it is possible to cast this equa-
tion into the form of the hypergeometric differential equation. This time, we define T =:
(sinh 7/£)(cosh /)~ /2T, which enables us to write (5.50) as

2

d” - w w d - w w T
2(1- Z)@T +l+w-(1+ Cu,1/2 + Cfu,1/2)z]&T - ,1/2Cu,1/2T =0, (5.62)
where z := cosh? /¢ and
d—5
pi=— (5.63)

4We are not interested in solutions that are not well defined for all x € [0, 7], because these cannot give rise to
asymptotically de Sitter spacetimes (to first order).
5This does not hold for the mode which is associated with ks = 0 (see (5.40)).
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5 Perturbation analysis of de Sitter space

The solutions of this equation depend drastically on the dimension d. In the following, we
have to distinguish between three different cases. If d is even, two linearly independent solutions
of equation (5.50) are

— w —w 1
Ty = (tanh7/¢)(cosh7/0)"" - F (C,u/g» Cputyor LA 15 coshQT/E) ) (5.64)
1
— + w —w .
Ty = (tanh7/0)(cosh 7 /€)™ - F (Cu,1/2v C_#’1/27 L= C05h27'/€> ) (5.65)

because neither 1 4+ p nor 1 — o can be a negative integer or zero. However, if d is odd, T» is
either not well defined or not linearly independent of 77. Thus, we need other second solutions
in these cases.

First, let us have a look at d = 5. In this case, we have 1 — u =14 g = 1, which implies that
T1 = T5. Hence, we are left with only one solution, namely

w —Ww 1
Tl = (tanh T/E) - F <C071/2, C071/27 1, Cosh27—/€> . (566)

We can show that a linearly independent second solution is given by

Ty = (tanh7/¢)

w —w 1
_9F (Co,1/27 <0’1/2= L; COSh2T/£) log(cosh7/¢)

(G 1\
+Z 071/2(711)2071/2 <cosh7'/€> {z/;(ggjlﬂ—i—n)—w@ﬁﬁ/z)

n=1

FU(Ce 1) — (Gee) — 20+ 1) + 2w(1>}] . (567)

where (@), = I'(a+n)/T'(«) is the Pochhamer symbol (see (D.2)) and where ¢ (z) = T"(z)/T'(2)
is the digamma function.

For odd d with d > 5, 1 — u becomes a negative integer or zero, in which case (5.65) is
indeterminate. Consequently, we again need another second solution, which can be shown to be

Ty = (tanh 7/¢)(cosh 7 /¢)™H

1
—2F <Cu 1/2’Cu 1/27 +M;coshQ7'/€> log (cosh 7/¢)

© (e [ 1\ Y
+ z:l M7(11/2+ M):;{Q <Cosh 7/5) {@b(C;‘j,l/Z +n)— Q/J(C;Uj,l/?) T ¢(Cﬂvl/2 +n)

— (G %) — Yt 1)+ Y1) = P+ 1)+ 9(1)}

- (n = D=p)n coshTKQ"]. 5.68
Z Gy, o/ | 6

The solutions 7T} are smooth on the entire phys1ca1 spacetime manifold. This is also true for T5
in even dimensions. The second solutions in odd dimensions are smooth on the entire physical
spacetime manifold as well, unless C +w - evaluates to zero or a negative integer. In that case, the
solutions are nowhere well defined.

We are mainly interested in solutions that result in normalizable W’s. In the following, we will
therefore disregard the non-normalizable solutions and we will assume that ¥ is smooth on the
spacetime manifold.

1/2
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5.4 Asymptotic behavior of the solutions of the master equation

5.4 Asymptotic behavior of the solutions of the master equation

For our purposes, we do not need the exact behavior of the solutions of the previous section
on the entire spacetime manifold (as long as they are smooth there). What matters to us is
the behavior of these solutions on .#*. The asymptotic behavior® of ¥, which we denote by
the symbol “~”, can be immediately read off the above equations. Note that we will disregard
prefactors when we talk about the asymptotic behavior. For d # 5, we have

a M
U~ { (5.69)

atH
whereas

T

t.
U~ {CODS (5.70)

in d = 5 dimensions. (Recall that a = fcosh(7/¢).) The curly braces in the above formulas
denote the two possible distinct asymptotic behaviors of the solutions of the master equation.
Now, since (see (5.46))

Vg, Yy, Y o a”@0/2p, (5.71)

the asymptotic behavior of ¥ results in the following asymptotic behavior of the expansion
coefficients: For d # 5, we have

const.
Vs, Yv, Y1 ~ {QM (5.72)
and for d = 5, we find
const.
Vs, Yy, Y~ : (5.73)
log 2

where = a~1. Q corresponds to the conformal factor (2.28) of the de Sitter metric.
From this we get the asymptotic behavior of certain Weyl tensor components via (5.41).” If
we recall that Z¢ = (a/f?)7¢, we first find

0Cryr X L2EX X" = Q%€ = Q%sS. (5.74)

Now note that the other expansion coefficients that we introduced in (5.41) exhibit the same
asymptotic behavior as (5.72) and (5.73) (see appendix C.2). Hence, we find

6Cyrir o< Q2 EpX 0F = Q2E; ~ Q2P V; (5.75)

as well as
0Cirjr o D2E0705 = Q°Eij ~ QY Ty;. (5.76)

Now it is of course possible that, for instance, the asymptotic behavior of 1»g dominates the one
of 9y, in which case we would have 0C\i; ~ ¢gf)iS. But this does not give us new possible
asymptotic behaviors, which is why we did not explicitly write this down. For the same reason,
we wrote the asymptotic behavior of 6Cjr - as in (5.76).

5That is the behavior as 7 — oo.
"Recall that &, is related to the perturbed Weyl tensor by (5.6).
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5 Perturbation analysis of de Sitter space

With these results, we can finally analyze the asymptotic behavior of (4.1), i.e

¢ [ ~acb 13
He= o= /C Boi%ebdS (5.77)

for perturbations off of de Sitter space that satisfy the linearized Einstein equation. In our case
and for our choice of the conformal factor €2 = a~ !, the electric part of the unphysical Weyl
tensor E;, can be written as

EQ

~ 1
mﬂg”déC‘acbdﬁbﬁd = df_gn?’*dacmbﬂ (5.78)

Eab =
where 7% = (Q)~'7% Both vector fields £* and 4 of the integrand FE,,u%" of (5.77) are
tangent to .# T and of finite norm. Thus, they must be given by a linear comblnatlon of x* and
0¢,1=1,...,d—2, which implies that the integrand is of the form )\EXX +u EXZ +vh vy El], where
the coeffi(:lents are smooth functions on .#*. Tt follows from (5.74) - (5.76) and (5.78) that

- ~ const.
Eyx Exi, Eij ~ {Q_(d—5) (5.79)
in d # 5 dimensions and
- - ~ const.
Eyy Eyi, Eij ~ (5.80)
log Q2

in d = 5 dimensions.

Remark 25. Note that it is possible to calculate all the components of the (perturbed) Weyl
tensor from 6Cyryr, 0Cyrir, and 6Cjrjr by making use of equation (C.3) (the Bianchi identity
combined with Einstein’s equation) and the symmetries of the Weyl tensor (see section 1.2).
Then it can be shown that the unphysical Weyl tensor exhibits the same asymptotic behavior as
6C aepqnn? (see [9]).

5.5 Conclusion

We will assume here that Eg, is smooth on the physical spacetime manifold (cf. section 5.3).
As we can read off (5.79) and (5.80), different perturbations may then have different asymptotic
behaviors.

In the most interesting case, d = 4, E, is smooth on £+ for both asymptotic behaviors
of (5.79). This means that a generic metric perturbation in 4 dimensions which is smooth on
the physical spacetime manifold gives rise to spacetimes for which quantities H¢ can be defined.
Considering that the smoothness of Eqj, implies the behavior (4.41) of the Weyl tensor (cf. remark
25), H¢ is a conserved quantity in the sense of section 4.1.8

In d > 5, E,, can be either smooth on .#1 or not well defined there. As in 4 dimensions,
the solutions that result in smooth electric Weyl tensors correspond to spacetimes that admit
quantities He. On the other hand, if E, is not smooth on .#*, we can immediately preclude the
associated spacetimes from being future asymptotically de Sitter. This is due to the fact that

8We have not explicitly shown that spacetimes which admit quantities H¢ are necessarily future asymptotically
de Sitter. Here, it is, however, a very fair assumption that this holds.
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5.5 Conclusion

this behavior is not consistent with a direct consequence of the definition of future asymptotically
de Sitter: According to (4.41), an unphysical Weyl tensor of a future asymptotically de Sitter
spacetime behaves like O(2¢73) in a neighborhood of .#+.°

Consequently, we have shown that, for any dimension, there exist metric perturbations whose
corresponding spacetimes allow for the definition of H¢’s. In d = 4, this is even possible for all our
solutions. This indicates that there probably exists a wide class of spacetimes (solutions to the
full Einstein equation) for which quantities H¢ can be defined and which are future asymptotically
de Sitter.

However, we need to keep in mind that our results hold only to first order: We worked with the
linearized field equation instead of the full one, which means that the question of linearization
stability remains open. Moreover, we must not forget that we had to consider solutions with
distinct asymptotic behaviors. In the non-linearized case, we would expect a generic solution
(that corresponds to our linearized solutions) to have an asymptotic behavior that is a mixture
of the behaviors of (5.79) (or (5.80)). This means, in particular in d > 5, that a generic Eg
will probably not be smooth everywhere on a boundary of the spacetime. However, E,;, will be
smooth on subsets of such a boundary, which then might correspond to a .# .

YHowever, E,;, is not necessarily not smooth on all of .#*. Appropriate superpositions of solutions (5.48) could,
for instance, lead to perturbations that are compactly supported on .# . In that case, our formula might again
be applicable to the respective spacetimes, because .# ™ could be chosen to not include the set on which Fyp is
not smooth.
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Summary and outlook

In this thesis, we used a Hamiltonian framework - Wald’s covariant phase space formalism - to
construct conserved quantities for (future) asymptotically de Sitter spacetimes.'? We investigated
these quantities by explicitly deriving their conservation properties and we demonstrated them
by applying our method to the Schwarzschild de Sitter and Tolman-Bondi spacetime.

We also tried to show that there exists a particular prescription for calculating conserved
quantities within our formalism that always yields positive expressions. Our hope was that such
a prescription would lead to a viable notion of mass of a spacetime. However, our analysis stalled
at a certain point and we failed in finding such a prescription.

The last part of this thesis was concerned with the question of whether our definition of the term
(future) asymptotically de Sitter is too strict to admit a wide class of spacetimes. We approached
this question with a perturbative analysis of de Sitter space. Even though this analysis did not
imply the existence of a wide class of (future) asymptotically de Sitter spacetimes, it considerably
supported the assumption that such a wide class exists.

To further extend the understanding and validity of the conserved quantities (4.1) and the
approach of this thesis, the following things could be done:

e The question of whether there exists a prescription for positive conserved quantities could
be further pursued. As already said, this may lead to a viable notion of mass.

e Second, our definition of asymptotically de Sitter excludes spacetimes with non-vanishing
stress-energy tensors. It should, however, be possible to extend the framework of this thesis
to certain non-vacuum spacetimes.

e Third, it is not clear how our asymptotic conditions are related to the ones that have been
used in other publications (cf. e.g. remark 5). This information is necessary to make an
extensive comparison between H¢ and other conserved quantities that rely on these asymp-
totic conditions possible. It would be particularly interesting to compare our conserved
quantities to the ones of Abbott and Deser [1]. Their quantities are probably the most
prominent and referenced ones.

0Strictly speaking, we only used this framework to construct conserved quantities for some covariant phase
space. The extension to all (future) asymptotically de Sitter spacetimes was done by explicitly checking the
conservation properties of these quantities.
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A Formulas needed in the construction of the
Hamiltonian

A.1 Curvature quantities of conformally transformed metrics

(i) The difference between two derivative operators acting on a one form w, can be written as’

@bwc — Vywe = Cdbcwd- (A.1)
If V, is associated with g, and @a is associated with §a, = 9%g4p, we find
CC

a

p =~ N8,V 4 3,5V — G V). (A.2)
Applying another derivative operator V, to (A.1) gives

VaViwe = Vo Viywe — O Vawe — C4 Viwg — (VoC%,)wq
+C%,C% wy+ C%,.C% wq — C% Vawg. (A.3)

Now recall the definition of the Riemann tensor? (see chapter “Notations and conventions”
on page 6):
Rplws = VaViwe — Vi Vawe (A.4)

We can insert (A.3) into this equation, which yields
Ryp'wi = (Rape? = 2V [oC%, + 20°,,C%) Jwa. (A.5)
Contracting over b and d and using (A.2) gives the Ricci tensor
Roe = Rac + (d = 2)Q7 Vo Ve + §ac VIV = Gac(d — 1)Q72VIOV,Q,  (A6)
and contracting over the remaining indices gives the Ricci scalar
R=Q?R+2(d—1)Q'VV.Q — d(d — 1)VQV.Q. (A.7)

These two equations relate the Ricci tensor and Ricci scalar of some spacetime to the
respective quantities of an associated unphysical spacetime.

'For tensors of higher order, we have

l k
bi...by O by...by d by...by b by...d...bg
VQT cr...c; VQT c1...cp : :C aCiT c1...d... + § :C adT c1...cp

i=1 j=1
and

k l
C1...Cl _ CirCl...€...CL €rmncy...Ck
(VaVy — vaa)T dy...d; — § Ry ' T dy...d; + E Rabdj T dy...e...d;
i=1 j=1

67



A Formulas needed in the construction of the Hamiltonian

(ii) Inserting the Ricci scalar R = d(d — 1)/¢? (i.e. the trace of Einstein’s equation with a
positive cosmological constant (see (2.22))) into (A.7) gives

R=-2(d—1)Q7 VWV, Q +d(d — 1)Q 2(VQV N + £72), (A.8)

where the de Sitter radius ¢ is given by (2.25). For spacetimes without a cosmological
constant, the term containing ¢ drops out. Similarly, if we insert Einstein’s equation (2.22)
into (A.6), we find

Rae = —(d —2)Q7V, Ve — §0cQ VIV + Goo(d — D)Q2H(VIQVQ + 072).  (A9)

Now let us define 5 ]
Sypi=——Ryp — —————— Riup- A.10
b g _ g tab d—1)(d—2) Gab ( )

Inserting this into (A.9) and using (A.8) gives the following form of Einstein’s equation:
Sap + 207V, VQ — Q7 25,4(VQVQ 4+ £72) =0 (A.11)

For vacuum spacetimes without a cosmological constant, the term containing ¢ drops out.

(iii) The Bianchi identity
ViaRpcae =0 (A.12)
implies
VRagbe — VoReqg + Vg = 0. (A.13)
In spacetimes that satisfy Einstein’s vacuum equation with a positive cosmological constant,
the Ricci tensor is proportional to the spacetime metric. This means that V,Rp. = 0 holds

and it follows from (A.13) that
VeCopea = 0 (A.14)

(see (1.6) for the definition of the Weyl tensor). The conformal invariance of the Weyl
tensor (1.7) then implies )
Vacabcd - O (A15)

We can rewrite this equation in terms of an unphysical derivative operator as (cf. footnote
1 on page 67)

VCoped + (3 = d)QU 1 Cpeg = 0 (A.16)
if we make use of the symmetries of the Weyl tensor. Hence it follows that
VU UCpeq) = 0. (A.17)
A.2 Constraint equations
Let us define )
Gap = Rap — §Rgab. (A.18)
Then we can write (4.25) as
- - 1~ - o
Gap = Rap — iRgab = (d - Z)Q 1(I{ab - gabK)' (Alg)
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A.3 Evolution equations

Consequently, the first constraint equation can be obtained by contracting 7%7° into (A.19). We
find

- 1 . - -
Gy’ = Z(R 4+ K? — K K®
b = 5 ( K ) (A.20)
=(d-2)Q7 'K,

where R is the Ricci scalar of surfaces of constant 2 and where Ky, is the extrinsic curvature of
these surfaces. K is the trace of K. A derivation of the first line of the above equation is given
in [5]. The second constraint equation can be calculated by contracting k7’ into (A.19). This
calculation yields

Geph,n® = DyK,* — D,K = 0. (A.21)

Again, a derivation of this can be found in [5].

A.3 Evolution equations
First, consider the following two relations:

e We can show that

I Reppani®n® = h,th 02 (VeVy, — Vi Ve)itg
= Enkac + Kbckab7

a C

(A.22)

where Li Ky = VK + Ky Vi + Ko Vi is the Lie derivative of Ky, with respect
to n?.
e According to [5],
Fd IR R R, T = R+ Kooy — R, (A.23)

holds, where ﬁabcd is the Riemann tensor of surfaces of constant 2.

We again consider (4.25) in the form (A.19). The first evolution equation is then given by

X~ . - . e~ e - .. 1~ -
Geaha"hy® = Ry W h b, — Repgin®n? h,Chy® — 5habR

C 3 (A.24)
= (d —2)Q N (Koqg — Gea)h, By
Inserting (A.22) and (A.23) into this equation and using R = 2(d — 1)Q 'K as well as
LiKay = LiK,hye — 2K, Ky, (A.25)
gives
L:K)"=R)+ KK — (d—2)Q7'K," - 6,07 K. (A.26)

The second evolution equation can be obtained by simply calculating the Lie derivative of Pab:

Lihgy = —2Kq = —2hyK,° (A.27)
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A Formulas needed in the construction of the Hamiltonian

Note that 5\
i =Vi=— = A28
7 \Y% (89) ) ( )
which implies
~ d - ~ d ~
b %= o a
‘C’flKa dQ Ka ) ﬁnhab 40 hab- (A29)

If we insert these relations into (A.26) and (A.27), we find the evolution equations as given in
(4.28) and (4.29).

A.4 Relation between the extrinsic curvature and the electric part of
the Weyl tensor
It is straightforward to show that
Raea = Caved + GafeSap — GojeSdja- (A.30)
The latter terms on the right hand side of this equation satisfy
ilaeilcfﬁbﬁd@e[fgd]b - gb[fgd]e) = —Q 'K, (A.31)
which, together with (A.30) and (A.22), implies
Copean®n® = hh S Coppan®n® = LiKae + Kap Kb + Q7 Koy (A.32)

Additionally, let us try to find a relation between Cpeann® and the extrinsic curvature. Note
that

Cabedt® = —Caeeait®Mfiy, + Coecat by (A.33)
= 2711, Chleca™ i + by h Iy Cregaii”.
Together with (A.30) and (A.4), this yields
Capeait® = 27, Chjecatn® — Do Kye + Dy Ko, (A.34)

where we used that ﬁadﬁbeﬁcf@df(ef = DuKpe and S = 0 (4.25). By inserting (A.32) into
this equation, we obtain the relation we were looking for.

A.5 The presymplectic current on ./ "

A general presymplectic current w satisfies (3.3). In our case, w is given by (3.27). For pertur-
bations d1¢, d2¢g that satisfy (4.49),
167G - Way..ag_1 = Qﬁ_dgcal...ad,l Pcabdef((slgabvd(SQgef - 529abvdélgef)
_ Qﬁ_dgcal...ad,lpcabdef . O(QZCZ—?) (A35)
=0
implies that
w(g;019,d29) = 0 (A.36)

on I+
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A.6 The Noether charge and its variation

A.6 The Noether charge and its variation

(i) The particular Noether charge we want to work with is given by (3.31). It can be reex-
pressed in terms of conformal quantities:

1

<Q§)a1'"ad—2 = 167 Gfal “Qd— 2bcv £
! —de v 2-d~
=T Teeg " Cornaated Vel - 167rGQ areeag b Cop€l (A3T)
1 —dc > v ~
T 167TGQ2 dear--ad_zbcgbevegc 87 GQI d€a1 -ag_obcTl bee

The quantity C*,; in the second line corresponds to (A.2).

(ii) The variation of the Noether charge under (4.50) can be written as

1 _ N bec | ~ ~b\ec | ~ ~bee
(6Q§)a1...ad_2 = %Ql d [(6€a1..‘ad72bc)nb§ + Eal...ad,zbc(énb)f + Eal...ad,gbcnbg

1

1 ~ ~beyy ¢c ~ ~bex7 ¢cC
_59(56a1---ad,2bc)gb Veg - §Q€a1---ad72bc(5(gb ve§ ) : (A'38)

If we make use of the following relations

1 -
6gab...c = _er_léEddgab...c + O(Qd) = O(Qd)a (A39)
0Rf = —— 1Qd LsE®h, +0(Q4) = 0(%), (A.40)
5(§be@€£c) — Qd—2,ﬁ[b6E~vC}1€d _ Qd_25E bc) ~ fd + O(Qd 1) (A.41)
we find )
(5Q§)a1...ad_2 = oy Geal aq_ gbcnb(SEC gd + O(Q) (A42)

A.7 The presymplectic potential on .+

Before we investigate the behavior of # on £ for variations dg.,, = Ve (see (4.50)), let us take
a look at the asymptotic behavior of some other quantities. We have

OEp§™ = —Eg0§® = E®6g,, = O(Q471) (A.43)

and . .
By, = —Eqg0n® = 0(Q9), (A.44)

where we used (A.40) in (A.44). Together with (A.1), these equations can be used to obtain
GOV (0 By = gaC[vacsEbc C° 0B — C%, .0 Ep] = —§%°[C% 6 Eoe + C°, 0 Epe] + O(QY)
- = [5Ebcnc + 6B e§®np — 6 Bpen® + 6 Epen® + 6 Byen® — d - (5Ebene] +0(Q%)

= 0(2"),
(A.45)
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A Formulas needed in the construction of the Hamiltonian

where C€,, is given by (A.2). Equipped with these results, we can turn our attention to the actual
calculation of the asymptotic behavior of the presymplectic potential (3.25) for perturbations
(4.50):

167G - Oay.ay s = V" %0y 0y 5059 (Vebgha — ViOgae)

2 N -
= _7€ca1.,.ad_1§0b(ﬁd5Ebd + dieve(SEbd) + O(Q) (A46)

Hence,
0(g;7) =0 (A.47)

on £,
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B Spinors and curved spacetime gamma
matrices

Let (M, gq) be a Lorentzian manifold that admits a spinor bundle S and curved spacetime
gamma matrices. These gamma matrices satisfy the Clifford algebra relation

Y(aVb) = YGab- (B.1)

This is identical to the usual gamma matrix relation

YY) = Nuv- (B.2)

Note that we denote flat gamma matrices by Greek indices. We raise and lower these Greek
indices with 7,,, while we raise and lower the indices on the curved spacetime gamma matrices
with the spacetime metric g,,. Now assume that we have an orthonormal basis in some region
U of the spacetime which satisfies

gabeuaeub = T,;UM nulleuaeyb = Yab- (BB)
According to this equation, we can construct curved spacetime gamma matrices by
Ya = e#a,m’ v = eua')/“ (B.4)

inU.
Let (M ,Jap) be an unphysical spacetime which is associated with (M, gap = Q 2Gs). This
spacetime also admits a spinor bundle S with

’?(a;?b) = Gab- (B5)
A curved spacetime gamma matrix v, is related to the respective matrix v, by

Yo = q, '7(1 = Qﬁ/a' (B'6)

A spinor field ¥ on M is a section in the spinor bundle S. Let us define the Dirac conjugate
(or adjoint) spinor of a spinor 1 by

P =Ty, (B.7)
where 7° is the zeroth flat spacetime gamma matrix. Then the quantity
£ =~y (B.8)

is a vector, which is future directed and timelike for all spinors 7). The covariant derivative
operator on spinor fields is given by

1
Vatp = 0atp + ZwaWV[u%ﬂ/)y (BQ)
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B Spinors and curved spacetime gamma matrices

I

where wy""” is the spin connection. It is defined by

w, M = eV ey = e (D ey — TC,ev). (B.10)
Therefore, the difference between two derivative operators which are associated with a confor-
mally transformed metric g, and the spacetime metric g, is given by

(611 - Va)w = (@aﬂl’ - wauy)/Y[,u’Yu]fL/}

1 P D
= —Zgbchad'y[C'yd] = 3 Faeit’ — ia),

W =

(B.11)

where ¢, = —Q71(5,°VaQ + 3,5V — §up GV aQ) (see (A.2)).
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C Formulas needed in the perturbation analysis
of de Sitter space

C.1 Weyl perturbations

Inserting Einstein’s equation with a positive cosmological constant (see e.g. (2.22)) into (1.6)
gives

1
Raped = Cabed + ﬁ(gacgbd — GadJbe)- (C.1)
Then we can immediately conclude from the Bianchi identity
V[a,Rbc]de =0 (02)
that
v[aC'bc}de =0, (C.3)
which in turn implies
VCheqe = 0. (C.4)
If we apply V* to (C.3), we find
Vavacfbcde + vavbC’cade + Vavcc’abde =0. (C5)

Now we can show that

vavbcfcowle = vaaccade + Rabcfcfade + Rabafccfde + Rabdfccafe + Rabefccadf
1 (C.6)
72(d = 1)Cobe

holds, where we used the generalization of (A.4) to tensors of higher order (cf. footnote 2 on page
67), the symmetries of the Weyl tensor as well as (C.1) and (C.4). Combining (C.6) with (C.5)
yields

= C% 1 Clate + Oy Ceage + C% I Coagr +

<V“Va — 2(d€; 1)> Chede = terms quadratic in C. (C.7)
Now note that B
6(vaCbcde) = va5Cbcdea (C8)

for perturbations off of de Sitter space, where V, is the derivative operator associated with the
de Sitter metric.! Hence it follows from (C.4) that

V6Cpeq = 0 (C.9)
and from (C.7) that
o 2d—1
(v V. - (52)> 5Coped = 0. (C.10)

The last equations holds, since variations of terms that are quadratic in the Weyl tensor must
clearly vanish for perturbations off of de Sitter space.

'Recall that the Weyl tensor vanishes in de Sitter space.
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C Formulas needed in the perturbation analysis of de Sitter space

C.2 Relations between the coefficients of the harmonic expansion

The relation between £, and ¥g can be found by making use of the tracelessness of £,,. We have
&%, =0, which implies

&L =

g 2(sin2 X)vs (C.11)

if we take (5.32) as well as (5.41) into account. The next relation follows from (5.31). Inserting
(5.41) into this equation gives

b = kl%[(sm2 X)X Dot + (d — 1)(sin x)(cos x)ws}- (C.12)

For the two remaining relations, we take a look a (5.33). This equation implies

&v = kig [(d — 2)(sin x)(cos X))y + (sin? X)XCDCM/} (C.13)
1%
as well as L d 2
&r = kﬁﬁ |:(€L + (d — 2)(sin x)(cos x)pg + (sin? X)XCDC@S] (C.14)
24—

The derivatives of the coefficients in the above equations must have the same asymptotic behavior
as the base quantities themselves. Hence, the asymptotic behavior of the coefficients is given by

Er ~ s, bs ~ Vg, (C.15)
Ey ~ 1y, Er ~ Ys. (C.16)
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D A short note on hypergeometric functions

The Gauss hypergeometric series, also called the hypergeometric function, is given by

Fla,b;c;2) = oF (a,b;¢;2) = ;)(C)nn, (D.1)
where

(a)o =1,

(a)nzlw:a(a+1)(a+2)...(a+n—l) (D-2)

is the Pochhammer symbol. The circle of convergence of (D.1) is given by |z| = 1, assuming that
neither a, b or ¢ are negative integers or zero. On the circle, the series diverges if Re(c—a—b) < —1,
it converges if Re(c—a—b) > 0, and it converges, except at the point z = 1, if —1 < Re(c—a—b) <
0. If a or b are negative integers or zero and c is either not a negative integer or zero or smaller
than the negative integer a or b, the series becomes a finite sum. If ¢ is a negative integer or zero
and neither a or b are negative integers or zero with a > c or b > ¢, (D.1) is indeterminate.

In general, it is non-trivial to calculate F'(a,b;c;z) for fixed z. However, for z = 0, the
hypergeometric series (D.1) simply reduces to

F(a,b;¢;0) =1 (D.3)

if ¢ # 0.
There exist a lot of relations between hypergeometric functions with different parameters. In
chapter 5, we will use the following one:

F(a,bjc;z) = (1 — 2) " PF(c—a,c— b;c; 2) (D.4)

This holds only if a, b, and ¢ are not negative integers of zero.
Most prominently, the hypergeometric function appears in solutions of the hypergeometric
differential equation

2

2(1 —z)%w—i— [c—(a+b+1)z] %w—abw = 0. (D.5)

For instance, if @ and b and ¢ are such that F(a,b;c; z) is well defined for |z| < 1, a solution of
(D.5) in that region is given by w = F(a,b;c; z). For further solutions and solutions in other
domains see e.g. [28, 29].
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E Perturbation analysis in another chart

Originally, I did not conduct the perturbation analysis in the global chart. Instead, I used the

form (2.31) of the metric. However, I ran into certain problems that I will briefly describe at

the end of this section. I will not go into much detail here but will only give a short summary

of (some of) the progress I made within this approach. A lot of the following is quite similar to

chapter 5. Consequently, we will repeatedly refer to said chapter and the notations used therein.
Let us take a look at figure 2.3. We will consider region II of de Sitter space with metric

2 r? - 2 r? 2 241 2
ds” = — 6—2—1 dr® + €—2—1 dt® + rdoj_,. (E.1)

As in chapter 5, we define

Y =V (r)cosh(t/?), (E.2)
Zg = V,Y,
and
Eap = 0CpaZ° 21, (E.4)
where

Vir) = <’; - 1)1/2. (E.5)

Note that V' (r) > 0 in region II.
This gives us the following differential equations

(vcvc - 2%;”) Eap =0, (E.6)

Ve =0 (E.7)

if we make use of (5.2) and (5.3). &,’s that solve these give rise to Weyl tensors that satisfy the
linearized Einstein equation. Introducing a component notation' as in section 5.1, we find that
we can write the above differential equations in exactly the same form as (5.21) - (5.25), only
that r is no longer given by (5.19) but corresponds to the r of (E.1).

From there, we can proceed to the following, equivalent, set of equations:

D¢r  Z€ 1, 6
DDcéE + |(d—2 — 4| D€+ | 5A - =Y E=0 E.8
ce+ |- —aT- | poe+ | 5~ gr2le—o, (5:5)
D¢r _Z¢ 1, 2 d—3 2y .
c 2 — )
1See above (5.11); capital Latin letters represent ¢ or r indices, whereas lowercase Latin indices 4, j, ... represent

angular indices.
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DSr

C
D DCgij + (d — 6) ; 5 2

DC’Sij + |:T‘1A — 72(d _ 4):| Ez‘j

200V . - 2y
where

ot ot

We can decouple these equations in exactly the same way that we used in chapter 5 (see at the
beginning of section 5.2). If we stick to the notation we used there, we find

H? Yo 6V? V2 9 9 Y' 9 V2
( —4 ) Vg = [ <’rd_2V2> —4Vi_ 4 ﬁkg] vs,  (E.12)

= <a> , E = EppttB, E = Epth, y =¥ (E.11)

oz Yot 2Y? rd=2 9r or Y or

@ o 2\
oz “yor eyz) "V

_ { VZ 9 <rd4V28> - 4v4ﬁ'ﬁ +{(d—-3) +k%/}‘;22] Yy, (E.13)

rd—4 9y or Y or
and o2 2 5 5 )
_ 14 e d—6y,2 Y . 2 14
5t = s (Vg ) + - 0 41 o, (5.14)

where Y’ denotes the derivative of Y with respect to r. If we define

fl/)S = Y2 . Ti(d72)/2\]:]5’
Py =Y - @D2gy (E.15)
Yp =~ (0w,

and introduce
r 1

¢ " tanhz’
we can again reduce these equations to one master equation:

0? 0? (d—2)(d—4) 1 (d—4)(d—-6) 1
2Y gy | Y _ —
Com? {&62 + ( 1 +1(+d 3)) . 1 . v (E.17)

(E.16)

With the ansatz

U = R(r)T(t), (E.18)
we find
2 w?
(dt2 + g?) T =0, (E.19)
d? , 1 1 , 11 1 )
- = - - — = — = E.2
( da? [U 4} cosh? z + [V 4} sinh2x> R=w'R, (E-20)
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E Perturbation analysis in another chart

where 0 =1+ (d —3)/2 and v = (d — 5)/2.
The solutions of the first equation are simply given by

T(t) = Aexp(iwt/l) + Bexp(—iwt/l). (E.21)

To solve the second equation, we cast it into the form of a hypergeometric differential equation.
Then it reads

d2 D w —w d 5 w WD
Z(l - Z)@R + [1 +o— (Cy,a + CV,U + 1)2] aR - CV,GCI/,UR =0, (E22)
where
R = (sinhz)"T/%(cosh )°F'/2R, (E.23)
z = cosh? z, (E.24)

and ( is as defined in (5.51). Then it is possible to find the general solutions of this equation.

Before we discuss why this entire approach is problematic for our purposes, let us recall what
the coordinates r and ¢ describe. First of all, (0/9r) is timelike in region II (cf. figure 2.3) while
(0/0t) is spacelike there. Hypersurfaces of constant r are spacelike and r — oo corresponds to
#*. Conversely, hypersurfaces of constant ¢ are timelike. If we keep r fixed and let t — Zoo,
we end up at points? of #* (upper corners of figure 2.3).

There are several reasons, why the used coordinate system is not the best possible choice for
our purposes. A very significant one is that (E.21) is not well defined for ¢ — +oo (i.e. on #T)
if w # 0. To resolve this, one could try to find a class of superpositions of solutions (E.18) that
exhibit a suitable decay behavior for t — +00 or have compact support in t. However, it turned
out that both these solutions are quite difficult to implement. This is supplemented by the fact
that even though we can find solutions of (E.22) that are smooth for x = 0 (which corresponds
to r — 00), it turned out that their behavior for z — oo depends on the separation parameter w
in such a way that the solutions might not be well defined there. This is problematic, because
perturbations that are not smooth in the interior of the spacetime manifold cannot give rise to
asymptotically de Sitter spacetimes. Hence, we would have to be very careful which mode to use
when trying to construct superpositions of (E.18).

Another property of the coordinate system that interfered with our analysis is related to the
fact that it does not cover the entire spacetime manifold. By using these coordinates, we cannot
find out what happens in the other regions (i.e. region I, III, and IV; cf. figure 2.3) of the
spacetime. This is of considerable interest, because, as mentioned above, perturbations that are
not smooth in the interior cannot give rise to asymptotically de Sitter spacetimes.

These problems can be evaded by using the global coordinate system. Its constant time
hypersurfaces do not end at .# T and it covers the entire spacetime. This led us to redo the
analysis in this coordinate system (see chapter 5).

We were able to carry a lot of the above analysis over to the one in the global chart. The
results of this appendix might also be useful in other contexts.

2Note that the coordinates are not smooth at these points: The horizon “intersects” .#+ there and we may end
up at the the same point if we take ¢ — oo for different values of r.
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Symbols

Here we list some of the symbols that appear repeatedly throughout the thesis.

Symbol Description

M Spacetime manifold

Jab Spacetime metric; in chapter 5: the de Sitter metric

d Dimension of the spacetime manifold

ds? Spacetime metric without abstract indices

M Unphysical spacetime manifold

OM OM =M —M

Jab Unphysical metric

Q Conformal factor

I+ Future infinity of M

I~ Past infinity of M

54 I =9TUI"

Va Derivative operator associated with the spacetime metric; in chapter 5: associated
with the de Sitter metric

Ve Derivative operator associated with the unphysical metric

s N = diag(—1,1,1,...)

JE(U) Causal future/past of U

€ay...ay Volume form

S d-dimensional sphere

Oab Natural metric of the sphere

daﬁ Metric of the sphere; given in terms of coordinates without abstract indices

Cy “Mass” parameter of the Schwarzschild de Sitter spacetime, cf. (2.35)

F Field configuration space

F Covariant phase space

Oay..ay_; Presymplectic potential form, cf. (3.1) and (3.25)

War...ag_1 Presymplectic current form, cf. (3.3) and (3.27)

(Je)ay..ag: Noether current with respect to vector field £%, cf. (3.8) and (3.30)

(Q¢)ar...ag_» Noether charge with respect to vector field &%, cf. (3.12) and (3.31)
Gab De Sitter metric

Va Derivative operator associated with the de Sitter metric

Le¢ Lie derivative with respect to the vector £°

Tla fia = Vaf

A Cosmological constant

1 De Sitter radius, £ = /(d — 1)(d — 2)/(2A)

ey Difference between two derivative operators that are associated with a spacetime

metric and a corresponding unphysical metric, i.e. (Vq — Vo)wp = C° pwe
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E Perturbation analysis in another chart
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it
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Erryv
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F(a,b;c;2)
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Riemann tensor

Weyl tensor

Riemann tensor with respect to the unphysical metric
Weyl tensor with respect to the unphysical metric

Normalized electric part of the unphysical Weyl tensor; Ey = %Qg_déacbdﬁ%

Ricci tensor
Ricci tensor with respect to the unphysical metric
Ricci scalar
Ricci scalar with respect to the unphysical metric

Metric on some spacelike hypersurface; in chapter 4: metric on surfaces of constant

Q

Unphysical intrinsic Ricci tensor of surfaces of constant 2

Unphysical intrinsic Ricci scalar of surfaces of constant (2

Unphysical extrinsic curvature of surfaces of constant 2; Kap = —Vai
Trace of IN(ab

Derivative operator on surfaces of constant 2

Deviation from the de Sitter metric

Basis vector of an orthonormal basis with respect to the physical metric
Basis vector of an orthonormal basis with respect to the unphysical metric
Basis vector of an orthonormal basis with respect to the de Sitter metric
Metric on a spacelike hypersurface, cf. (4.70)

Dirac spinor

= QM%)

Dirac adjoint, ¢ = {40

Flat spacetime gamma matrix

Curved spacetime gamma matrix

The Nester form, cf. (4.68)

The super-covariant derivative operator, cf. (4.69)

a(t) = £ cosh(r /)

Y = —sinh(7/4)

Zo =V, Y
gab = gab = 6OacbdZCZd
&= gabXaXb

Ei = Eupx®02, where 0¢ is as in (5.12)

Eij = EabeO?

See (5.40)

See (5.40)

See (5.40)

Nu {0}

See (5.46)

F = 5Fy, the Gauss hypergeometric function
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