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Using computer simulation of a solvent-free, coarse-graied model for amphiphilic mem-
branes, we study the excess free energy of hourglass-shapsghnections (i.e., stalks)
between two apposed bilayer membranes. In order to calculatthe free energy by sim-
ulation in the canonical ensemble, we reversibly transferwo apposed bilayers into a
con guration with a stalk in three steps. First, we gradually replace the intermolec-
ular interactions by an external, ordering eld. The latter is chosen such that the
structure of the non-interacting system in the external, ordering eld closely resembles
the structure of the original, interacting system in the absence of the external eld.
The absence of structural changes along this path suggestéat it is reversible; a fact
which is con rmed by expanded-ensemble simulations. Secah the external, ordering
eld is changed as to transform the non-interacting system fom the apposed bilayer
structure to two bilayers connected by a stalk. The nal external eld is chosen such
that the structure of the non-interacting system resemblesthe structure of the stalk in
the interacting system without eld. On the third branch of t he transformation path,
we reversibly replace the external, ordering eld by non-baded interactions. Using
expanded-ensemble techniques, the free energy change aothis reversible path can
be obtained with an accuracy of 10 3kg T per molecule in thenV T-ensemble. Calcu-
lating the chemical potential, we obtain the defect free enegy in the grand-canonical
ensemble, and employing semi-grandcanonical techniquesie calculate the change of
the excess free energy upon altering the molecular architéare. This computational
strategy can be applied to compute the free energy of self-aembled phases in lipid
and copolymer systems, and the excess free energy of defeotsinterfaces.

1 Introduction

The ability to organise on mesoscopic length scales of sex@manometres into a diver-
sity of morphologies is a fascinating property of amphiphilc uids. In some cases, like
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block-copolymer melts, these morphologies consist of deely packed, ordered struc-
tures (e.g. lamellae, cylinders, or spheres), which makeshem particularly attractive
for applications in nano-technology [1[2]. On the other haml, the self-assembly of am-
phiphiles in solution caninter alia result in structures without long-range order, such as
micro-emulsions, micelles or vesicles. The understandingf the kinetics of self-assembly
as well as the description of the evolution of interacting sgpramolecular structures re-
quires the ability to identify preferential pathways of mol ecular organisation and to
assess the thermal stability of the emerging morphologies.

Typically, the interactions that drive the self-assembly are on the thermal energy
scale, kg T. This \softness" of self-assembling uids causes the freerergy di erence
between various intermediate structures to be small. Freqently, one nds free energy
di erences on the order of only 10 ?kg T per molecule.

Accurately calculating the excess free energy of self-agabled structures by com-
puter simulation, however, is a challenge because the freenergy of a system is not
a simple function of the particle coordinates, and special isnulation techniques have
been devised([B]. In hard-condensed matter systems, e.g.ystals, one popular method
consists in calculating the free energy by thermodynamic itegration along a path that
reversibly connects the structure of interest to a referene state of known free energy.
For crystalline solids, the Einstein crystal is an appropriate reference state, where non-
interacting particles are harmonically tethered to their ideal lattice position. The free
energy of the ordered system is derived [4] from thermodynain integration based on
gradually decreasing the strength of the tethers and, in tun, increasing the interactions
between particles. In self-assembling uids, however, thee is no analog of the Einstein
crystal because even in the defect-free, self-assemblecat# molecules di use and are
not constrained to be at some preferential positions; henceéhe above technique can
not be easily generalised to particle-based simulations fc Ref. [5] for a eld-theoretic
approach).

An alternative technique [6, [4], inspired by similar methods developed for crys-
talline solids [8, [@,[10], consists in calculating the free mergy di erence between the
structures of interest by transforming them reversibly into each other with the help of
an external, ordering eld. Like the transition from a liqui d to a crystal, self-assembly
or transformation between di erent morphologies in resporse to a physically relevant
control parameter (e.g., temperature, density, or repulson between amphiphilic enti-
ties) occur via rst-order transitions. Using an external, ordering eld, whose spatial
structure and strengths are adopted to the self-assembledtsicture and varying the
intermolecular interactions, one can avoid the rst-order transition and transform one
structure into another via a reversible path. For the self-assembly from a disordered
structure of an ideal gas, such a transformation path is compsed of two branches:
Along the rst branch, one transforms the self-assembled sgtem into an ideal gas that
exhibits the same (or very similar) spatial organisation due to the presence of exter-
nal, ordering elds. Along this branch, the intermolecular interactions are gradually
decreased to zero while, simultaneously, the strength of th external, ordering eld is
increased such that the structural changes along this brant are minimised [8]. Opti-
mally, the morphology remains unaltered during the entire transformation, therefore,
this transformation is free of thermodynamic singularities, and the concomitant free
energy di erence between the self-assembled uid and the idal gas in the external
elds can be obtained by thermodynamic integration. Along the second branch, we
transform the externally structured, ideal gas into a disordered one by progressively



reducing the strength of the auxiliary elds. This is also a reversible process because
of the absence of collective, ordering e ects in the non-intracting system, and the
free energy di erence along this branch can be obtained by termodynamic integration
(TDI). Along this transformation path one transforms a self-assembled uid into an
ideal gas without passing through a rst-order transition.

In this manuscript, we illustrate this computational techn ique by calculating the
free energy of a single, hour-glass shaped connection (skalbetween two, apposed bi-
layer membranes (see inset of Figll1l). Dense arrays of thes®mnections have been
experimentally observed in diblock copolymer melts[[Tl1["TPand aqueous solutions of
lipid molecules [I3]. The occurrence of stalks in systems i very di erent micro-
scopic interactions and molecular architectures suggestthat their salient properties
are universal and can be investigated by minimal, coarse-gined models [T4[15]. The
structure and free energy of stalks has attracted abiding iterest because it is hypoth-
esised that the stalk structure is a key intermediate of memloane fusion.

Membrane fusion is involved in numerous biological process, such as virial infec-
tion, endo- and exocytosis, synaptic release, and cell tracking [18, [17,[18,[1B]. Its
initial stage involves bringing the membranes into proximity and is regulated by pro-
teins. Once the membranes are in close apposition, howevethe proper fusion event,
which changes the membrane topology, is thought to be a coli#ive phenomenon, in-
volving a large number of the amphiphilic molecules. Phenoranological theories have
assumed a sequence of intermediate structures of the fusigmathway as illustrated in
the inset of Fig. [, among which the stalk morphology plays anessential role in dictat-
ing the rate of the fusion process. The subsequent evolutioof the stalk into a fusion
pore is still a subject of debate [ZD].

Early phenomenological calculations estimated the excedsee energy of stalk forma-
tion to be on the order of 20(kg T; an unrealistically large value. Subsequent improve-
ments of the theoretical description [271,[22] have signi catly lowered the estimated
excess free energy of the stalk to 30 40kg T. Self-consistent eld calculations [23,[24]
have been employed to calculate the free energy of stalks arather intermediate struc-
tures along the fusion pathway without assumptions about the detailed geometry and
molecular conformations. These mean- eld calculations hae obtained an even lower
value, =13 kgT, for the excess free energy of the stalk 128, 24].

Computer simulations are able to observe the fusion processithout prior assump-
tions. The stalk intermediate has been observed in numerousimulations of amphiphilic
bilayers using minimal, coarse-grained modeld 25,26, 228, [29,[30], systematically
coarse-grained descriptions[[31], as well as atomistic mets [32] indicating that the
stalk is a universal fusion intermediate. In the following, we will use a minimal, solvent-
free, coarse-grained model for amphiphilic bilayer membraes [33] to calculate the ex-
cess free energy of a stalk using thermodynamic integratiomalong the reversible path,
which is sketched in the main panel of Fig[lL.

The paper is arranged as follows: In Sectiolll2, we describe ¢hcoarse-grained model
of amphiphilic bilayer membranes with implicit solvent. In the subsequent Sectior13,
we detail the computational techniques for calculating the excess free energy in the
canonical ensemble. Sectiofll4 presents our results for thexeess free energy of a stalk
in the canonical ensemble and for the free energy di erencetaconstant membrane
tension. In the nal subsection, we illustrate how to calculate the dependence of
the excess free energy on molecular architecture. The manaspt closes with a brief
summary and outlook.



2 A solvent-free, coarse-grained model of membranes

We illustrate the calculation of three-dimensional, selfassembled membrane structures
within the framework of a solvent-free, coarse-grained moel of amphiphiles [25 3435,
3d]. Integrating out the degrees of freedom of the solvent mecules drastically reduces
the computational requirements for studying sheet-like menbrane structures embedded
in three-dimensional space. In this work, we employ an e cient, minimal, coarse-
grained representation based on a simple, local density fustional for the free energy of
non-bonded interactions. We consider an amphiphilic soluion in the canonical nV T-
ensemble containingn amphiphilic molecules. The presence of solvent will be imtitly
taken into account, by proper choice of the interactions beween the interaction centres
(beads) that describe the amphiphile. The molecular archiecture can be described by
simple, bead-spring HamiltonianHy,

Holri(9)] _ X '3(N_ 1)

T a7 i) ri(s+1)]° 1)

s=1

where ri(s) denotes the coordinate of thes" bead of thei®™ molecule, andR2 char-
acterises the mean squared end-to-end distance of the ungarbed molecule. kg and
T are the Boltzmann constant and temperature, respectively. N denotes the number
of beads used to describe the molecular contour, of whiciN, are hydrophobic and
Ng are hydrophilic. Generalisation to more complex architectires, incorporating e.g.,
chain sti ness or branching, can be envisioned.

The free energy of non-bonded interactions in our solventrEe model is given by a
functional, H["a (r); "g (r)] of the molecular densities, A (r) and "g(r), of the A and
the B beads. In the following, we employ a third-order expansion bthe interaction
free energy in powers of the molecular densities
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The molecular densities, ” (r), are de ned by

R3 X X
n(r)= We (r ri(s) (s 3
i=1 s=1
where (s) = 1 if the s segmentis of type (with = A, orB)and (s)=0

otherwise. In our simulations, the local, molecular densiy is calculated via a collocation
lattice. Therefore, the simulation cell is partitioned in a cubic lattice, fcg, of grid
spacing L. Following related particle-to-mesh methods in electrosatics [34,[38], the
densities at each grid point,c, are calculated as:

Rg X
"= (ri(s)ic) (s) (4)
i=1 s=1
The function ( r;c) assigns the particles to grid points and a linear assignmetrfunction
is used in the following:
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whered =r c is the distance between the grid point,c, and the bead position,r,
along the Cartesian direction, . The grid size, L, de nes the range of non-bonded
interactions and we choose L = R.=6. Using the grid-based densities, we cgjculate the
non-bonded interactions in Eq. Q) from ~ (c) by replacing the integration dr with
summation over the lattice nodes , L3. The calculation of non-bonded interactions
via the collocation grid is computationally e cient becaus e the bead of our soft, coarse-
grained model interacts with many neighbours.

The grid-based version of Eq. [2) and the bonded interactios, Eq. (@), de ne a
particle-based, soft, coarse-grained mode[[39, 40, 4L, U2 Its statistical mechanics
can be studied by a broad spectrum of algorithms traditionaly used in Monte-Carlo
simulations [43,[44[45] of complex uids in the framework ofconventional atomistic or
coarse-grained representations. For example, new con gations can be generated by
Monte-Carlo moves proposing random monomer displacementer chain translations,
slithering-snake Monte-Carlo moves, identity exchanges bhydrophilic and hydropho-
bic beads, con guration bias Monte-Carlo techniques [[45[°4, [4€], and Monte-Carlo
algorithms that alter chain connectivity [49] b0] can be empoyed. The softness of the
interactions, i.e., the absence of harsh, excluded volumdacilitates the e cient imple-
mentation of some Monte-Carlo moves (e.g., chain insertios) and reduces relaxation
times.

The second- and the third-order coe cients, v andw ,in Eq. (B) are symmetric
with respect to permutation of indices, i.e., there are three second-order and seven
third-order coe cients. The strategy of their identifying has been described in Ref[[33]
and their values are compiled in Tab. 1.The model described Y Eqs. @) and (@)
results in stable amphiphilic bilayer with realistic mater ial properties, i.e., the molecular
density, a =40, and compressibility of the hydrophobic interior of the bilayer, which
is determined by the coe cients, van < 0 and waaa > 0. Vap Vgg parameterises
the solvent preference of the hydrophilicB beads. We useN = 32 with N, =28 and
Ng = 4. We note that the large di erence between the number of hydrophobic and
hydrophilic interaction centres per molecule does not giveise to a pronounced wedge-
shape of the amphiphiles because the hydrophilic bead®, of our solvent-free model
have a signi cantly larger e ective volume. In fact, the system forms stable bilayers
characteristic of amphiphiles with a molecular asymmetry d f  0:35 [51].

Selected properties of our solvent-free membrane model ainustrated in Fig. Zl
In order to measure the thickness of the membrane in the tensinless state, = 0,
we consider a con guration, where the membrane spans the p@&dic box only in one
direction (the z-direction in the lower inset of Fig. B) but not in the other di rection,
y. Thus, two free edges are formed and, in the canonical ensenah the extension of
the membrane in the y-direction freely adjusts until it neither grows or shrinks. At
this stage, the membrane tension, , vanishes. Pro les acress the membrane in its
tensionless state are shown in the main panel of Figd2. Intagting the pro les, we
obtain the area per amphiphile, A, = 0:034R32 for No = 28. The lateral self-di usion
coe cient of a single amphiphile in the bilayer is D 3 10 5R2=MCS, where we
propose a local random displacement for each bead on the awage once in a Monte-
Carlo step (MCS).



To calculate the excess chemical potential, £*, of an amphiphilic molecule in a
tensionless membrane, we pre-assemble a bilayer with laterdimensions, 1R, 10R,
and height, Ly = 5R,, comprised of 2.2=A, = 5830 amphiphiles. The bilayer spans
the simulation box across the periodic boundary conditionsas depicted in the upper
inset of Fig.[A. Using a about 3 10* con gurations, which are sampled after a time
interval Dt=R2  0:3in the nV T-ensemble, we accurately calculate the excess chemical
potential with respect to a gas of non-interacting molecules described by the bonded
interactions, Hy, employing a variation of the Bennet histogram method [52] poposed
by Shing and Gubbins [53]. To this end, one generates a confaration of a single
molecule according to the bonded interactions, Eq.[{l), andinserts it at a random
position. The insertion of a molecule changes the densities® (c) (with = A;B),
and we monitor the histogram, f (Un,) of the concomitant change, Uy, of non-bonded
interactions, H,. We also sample the distribution, g(Un,), of changes of non-bonded
interactions, Eq. @), in response to deleting a random ampiphile. The distributions,
g and f, are presented in Fig[B. The region of their overlap, albeitsmall, can be used
for the calculation of the chemical potential as [53]:

eX(n-\/- — g(Unb)
(n;V;T) = kg T log fU) Unp (6)
The ratio g(Unp) =f (Uny) and the t according to Eq. (€] is shown in the inset
of Fig. @) with thick solid and dashed lines respectively. Fom these data we es-
timate the chemical potential of an amphiphile in a tensionless bilayer to be £* =
37:7405(50kg T. Adding the translational contribution of the ideal gas, we obtain
o=keTIn § + g¥= 35284(5ksT. This value has been corroborated by mea-

suring the excess chemical potential via Rosenbluth sampiig [54].

3 Thermodynamic integration

3.1 Reversible path connecting two apposed bilayers and sta Ik

Two reversible paths that transform two, apposed bilayers 6tate 1) to a con guration
where the two bilayers are connected by a stalk (state 5) areketched in Fig. . First,
starting from the apposed bilayers, we gradually replace tle non-bonded interactions
by external, ordering elds such that the system at the end ofthis branch (state 2) is
an ideal gas of amphiphiles that do not mutually interact, but which are structured
by external, ordering elds. Along the branch, 2! 3, the external elds are gradually
turned o and the ideal gas becomes disordered (stage 3). The along the branch,
3! 4, adierent external, ordering eld is gradually switched on in order to structure
the non-interacting amphiphiles into a stalk morphology (stage 4). Along the last
branch, 4! 5, the strength of the external, ordering elds is reduced tozero, while,
in turn, the non-bonded interactions are switched on. Altematively, the branches,
2! 3! 4, can be replaced by a gradual change of the external orderin eld from a
eld that creates two, apposed bilayers to one that orders the non-interacting system
into a stalk structure.

The changes of the structure of the ideal gas of non-intera@hg amphiphiles due
to altering the external, ordering elds along the branches 2! 3, 3! 4, o0r 2! 4,
are completely gradual and free of thermodynamic singulaties because of the absence
of collective ordering in the non-interacting system. Along the other branches, 1!



2 and 4! 5, we choose the external, ordering eld such that the change of the
morphology from the interacting system to the ideal gas in the external, ordering eld
are minimised [8]. The absence of abrupt structural change#dicates that there are
no thermodynamic transitions along these branches either.

Since the transformation is reversible, the concomitant fee energy change can be
obtained by thermodynamic integration. In the following, we formulate the scheme in
the canonical ensemble using the strengths,, and g, of the non-bonded interactions
and the external, ordering eld as additional control variables. Generalisations to other
ensembles, e.g., the grandcanonical/ T | g-ensemble, can be envisioned.

The Helmholtz free energy,F, of the nVT | g-ensemble has the form:

Z
Fo_ 1= Y Hi+ gHP
kB—T - |n m - D[fr,(S)g] eXp T

(7
where the integration D[f ri(s)g] sums over all conformations of thei-th amphiphile,
taking account of the appropriate weight due to the bonded irteractions, i.e.,

Holri(s)]

W
Dlfri(s)g] =  dri(s) exp ke T

s=1

(8)

The term HZ in Eq. () describes the interaction of the amphiphiles with the
external, ordering elds, W' (r) and Wg'(r) (in units of kg T), and it is de ned as:
z
Hp X dr maa
T~ RS wWm(r)» (r) ©)
=A ;B
The superscript, m, denotes the morphology, which the extemal ordering elds cre-
ate (i.e., m= bilayers or stalk). The parameters, |, and g, are conjugated to the
corresponding interactions and can be used to control theirstrength. The di erent
combinations of m, |, and g corresponding to the ve states of Fig.[1 are listed in
Tab. 2.
The changes of the free energy with respect to independent vations of the control
parameters, | and g, can be calculated as
@m . @
@, - iy . and g
Along the branches, 2! 3 and 3! 4, only the strength of the external, ordering
eld, g, varies and the free energy di erence is given by

Z, D

E
Fos = d H bilayer 11
2 1 F E nViT; 0 e ( )

= hHElin;V;T; (10)

1, E

A similar expression holds for Fj4.
Along the branches, 1! 2 and 4! 5, both strengths, | and g, are simultaneously
altered accordingto | =1 e, and the free energy change is given by:

Z, D E

Fio= dg HX® H 12
12 . E E In;V;T;l L (12)



A similar expression holds for F45. Summing the changes, Fi2, Fz3, F34, and
F4s yields the total, Helmholtz free energy di erence between he stalk and the two,
apposing bilayers, F.
Alternatively, we can directly calculate the free energy dierence between states 2
and 4 by altering the external, ordering eld according to the linear superposition

HE - Hgtalk + (1 )H Iéilayer (13)

where we introduce an additional, thermodynamic integration parameter, , \mutat-
ing" the external, ordering eld from one that creates two, apposing bilayers, =0, to
one that orders the gas of amphiphiles into a stalk morpholog, = 1. The free energy
change is calculated according to:

Z1 D Ik bil E
Fos = d HFk g 22 14
= E E . (14)
The subscript in the average indicates that, for this particular branch, it acts as
a thermodynamic integration control parameter. As before, adding the contributions
Flg, F24, and F45 y|8|d5 F.

The relation, Fy3+ Fzu F24 = 0, provides an opportunity to gauge the error

of the thermodynamic integration scheme.

3.2 External eld calculation

An essential prerequisite of our thermodynamic integration technique is the reversibility
of the transformation along the path. To this end, the external, ordering elds along
the branches, 1! 2 and 4! 5, have to be chosen in strength and spatial structure such
that the spatial organisation of the system remains unalteed and mimics as closely as
possible the density distribution, ~(r), at the end points, 1 and 5, respectively. The
absence of abrupt changes indicates reversibility and, adtonally, it can be shown
that minimising structural changes corresponds to the optmal choice that minimises
the numerical error of the thermodynamic integration [8].

In previous applications to dense copolymer system$[6] 7$elf-consistent eld the-
ory provided an accurate estimate for the external, ordering elds

H,
) o)

that replace the non-bonded interactions of a molecule withits surrounding in a struc-
ture with density distribution, ~ ™(r). In the present study of amphiphiles in an implicit
solvent, uctuations turn out to be important, and the densi ty distribution that results
from the estimate, Eq. (I3), signi cantly di ers from the re ference distribution, ~(r).
In order to calculate the external, ordering elds in the general case, where the
mean- eld approximation is inaccurate we propose an iteratve strategy. First, we
simulate the system at the end points of the transformation path, states 1 and 5, to
obtain the density distribution, ~™(r). Using Eq. ({3) to obtain an initial estimate
for the elds, W™(r), we calculate the density distributions, @) (r) for , =0 and
e = 1. Using these results, we improve the estimates for the exdrnal, ordering elds
iteratively

W™(r)= R? (15)
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where n denotes the iteration index and a small, positive parameter. For our system,
we chose = 0:05 and simulated the system via random, local displacementsf beads for
10 000 Monte-Carlo steps to evaluate the average density disbution ™ (r) between
the iterative adjustments of the external, ordering elds. After about 10 iterations
convergence was achieved.

The similarity of the morphology of the self-assembled systm (state 5), 5@k (r),
and the ideal gas of the amphiphiles structured by the exteral elds at the nal
iteration (state 4) is presented in Fig. @ for the stalk morphology. The left panel
presents a 2D contour plot of the distribution of the hydrophobic A-beads in the self-
assembled system, state 5, while the right panel depicts theesults for the externally
ordered ideal gas, state 4. The distributions have been radily averaged. r denotes
the radial distance from the central axis of the stalk, while x is the coordinate along
the membrane normal. A similar quality of agreement is achieed for the case of the
two, apposed bilayers (not shown).

An alternative technique (or a possibility to optimise ) consists in re-weighting
histograms of the densities. To this end, one stores the deitg distributions, (”)(r;t),
atdierent stages, t=1; ;T, in the course of the simulation and chooses W™:" (r)
according to

h

P R i
(r) = w e g Wt Py (17)
TLiep & W) O
3.3 Absence of thermodynamic singularities and expanded-e nsemble

simulation

On general grounds, the ideal gas structured by external, afering elds on branches,
2! 3,3! 4,and 2! 4, does not exhibit collective, ordering processes that chac-
terise phase transitions. The careful choice of the exterrlaordering elds presented in
Fig. @l demonstrates the similarity of the self-assembled sstem and the non-interacting
gas in the external, ordering eld and suggests that the stricture also does not signif-
icantly changes along the branches, 1 2 and 4! 5, of the path of integration. It
has been argued that the absence of abrupt structural changeindicates the absence
of thermodynamic singularities [8]. In order to prove the alsence of thermodynamic
singularities on the branches, 1! 2 and 4! 5, and accurately calculate the free en-
ergy change, we employ expanded-ensemble simulatioris [58jhere the strength of the
ordering eld, g, is considered to be a uctuating, dynamic variable of the expanded
system.

In a simple application of the thermodynamic integration scheme, the considered
system is simulated at di erent, xed values, of the control parameters, | and g,
along the integration path. From these simulations the integrands, Eq. (I0), can be
estimated and the integrals, e.g. Eqs.[I2), are numericayl evaluated.

In an expanded ensemble, the control parameter, g, of the original system, is
regarded as a dynamic variable. In addition to the Monte-Cato moves used to sample
the molecular con gurations, one uses a Monte-Carlo move tht changes the values of



the control parameter in the course of the simulation. Thus,during a single simulation
run, the system visits di erent state points, f Kg, along the integration path. The
index, k =1; ;K, enumerates the di erent, discrete sampling points into which the
path of integration is partitioned. In the present study, we discretise the branches with
j=0and | =1 g into K =58 and K = 66 sampling points, respectively. This
number ensures that the distribution function at neighbouring sampling points overlap.
The con gurations at each xed value, £ are distributed according to the canonical
Boltzmann weight and the integrands of Eq. {T0) can be obtaired at di erent values
of X.
The partition function of the expanded ensemble takes the fom:

X k Z k K pgm
Zoo= e B 1T pprggep AT _EME (g
_ kBT n! - kBT
k=0 i=1
where along the branches, 1 2 and 4! 5, are described by K = K while for

the other parts of the path of integration ¥ vanishes.

The set of pre-weighting factors,fw( K)gis chosen to facilitate transitions between
neighbouring sampling points, £. The probability of nding the system in the sub-
ensemble, £ is given by:

1 F(n;V;T; % Ky w( X
Pod £)= oexp e WE)
ex

(19)

Measuring the probability distribution we can estimate the free energy change along
the path of integration.

Choosingw( £) ' F(mV;T; ¥ k) the dierent sub-ensembles are visited with
approximately equal probability. We obtain an estimate for these optimum weights
from the free energy that we estimate by sampling the integrads in Eq. (Id) in the
simulations with xed | and g. We note that the variation of the free energy along
the path of integration amounts to O(10%kg T). Eq. (T9) shows that small deviations
between the pre-weighting factors and the actual free energwill give arise to large
Boltzmann weights and will result to a very non-uniform sampling of the integration
interval. In this initial stage, when the pre-weighting factors are inaccurate, the system
will remain stuck for a large part of the simulation run in a portion of the path of
integration.

In order to achieve a uniform sampling of the sub-ensemblesthe pre-weighting
factors have to be known with an accuracy of the order ofkg T, corresponding to a
relative accuracy of the free energy estimate 0©(10 #). Several strategies have been
devised to optimise the pre-weighting factors[[55[- 5758, % [60,[671 [62]. In this study,
we iteratively use Eq. (I9) to improve the weights and, simutaneously, accumulate
statistics for the integrands, Eq. (0), to improve the free energy estimate.

In Fig. Bl we present the evolution of g in the course of the expanded-ensemble
simulation of branches, 1! 2 and 4! 5 using our nal estimates of the pre-weighting
factors. From the observation that all sub-ensembles are ited with roughly equal
probability, we conclude that the absolute change of the fre energy is known with
an accuracy of a fewkg T. We also note that the simulation freely di uses across
the di erent sub-ensembles,f Kg, and that there are no \kinetic barriers" or a band
structure in the \time"-sequence of £. This observation demonstrates that there are
no hidden free energy barriers along the path of integrationwhich are not resolved by

10



the speci ¢ choice of the reaction coordinate, g. Therefore, the branches, 1 2 and
41 5, are free of thermodynamic singularities and the applicaibn of thermodynamic
integration to calculate free energy changes is justi ed.

4 Excess free energy of a stalk

4.1 Helmholtz free energy, F, of a stalk

The di erence in the grandcanonical potential, = stk bilayer - characterises the
(meta)stability of the stalk, i.e., we compare the free enegy of the two morphologies at
equal chemical potential and therefore at equal membrane tesion. As a consequence,
the number of amphiphilic molecules in the stalk morphologyis larger than their num-
ber in the two, apposed bilayers. While the thermodynamic inegration technique
described in the previous section can be performed in the gralcanonical ensemble, we
rst calculate the Helmholtz excess free energy, F = Fs@k  pbilaer jnthe nv T
ensemble, and, in a second step, we calculate

The canonical ensemble turned out to be computationally comenient for two rea-
sons: (i) If we used the grandcanonical ensemble and requiethat the number of par-
ticles approximately remained constant, the strength of the external, ordering elds
would have to be extremely ne tuned and the simple linear degndence of the eld
strengths, | and g, along the branches would not be su cient. (ii) In our system,
stalks are only metastable structures, i.e., > 0. In the canonical ensemble, they
are rather long-lived. A typical lifetime of a stalk in the canonical ensemble is on
the order of 1 Monte-Carlo steps, which is larger than the relaxation time of g in
the expanded-ensemble simulations around the end-point ahe branch, 4! 5. In the
grandcanonical ensemble, however, the use of insertion artkletion Monte-Carlo moves
reduces the kinetic barrier and the typical lifetime of a metastable stalk is reduced.

For the calculations, we pre-assemble a stalk between two,pposing bilayers with
the help of an external ordering eld using a system geometryL, Ly, L, =
10R, 6Re 6R¢ with periodic boundary conditions in all directions. Initi ally, the two
membranes are comprised ofl4,L,=A, 4197 amphiphiles. The dimension along the
bilayer normal, Ly = 10R¢ is chosen large enough to minimise interactions between the
two, apposing membranes across the periodic boundary cortitins. Once a stalk has
formed in the external eld, we remove the auxiliary eld and perform a grandcanonical
simulation using a chemical potential close to that of a tengonless bilayer. The num-
ber of amphiphiles increases to provide the extra material equired to form the stalk
connection, and their average number is estimated tam3®k = np; = 4240 molecules.
We select a con guration with this number of molecules as a sarting con guration of
the thermodynamic integration scheme in thenV T-ensemble at state 5.

The con guration of the two, apposing bilayers is created usng the same number
of amphiphiles, ntp; = 4240, assembled by auxiliary elds in a box with the same
dimensions as above. The auxiliary elds are then removed ath, after an equilibration
in the nV T-ensemble, a starting con guration for the thermodynamic integration at
state 1 is generated. The system of two, apposing bilayers otains a larger number
of molecules than in the tensionless state, i.e., the membrees are characterised by a
negative tension, < 0. The excess of amphiphiles, however, is too small to create
signi cant bilayer distortions such as buckling.

The results for the integrands, Eqg. {I0), along the di erent branches of the path

11



of thermodynamic integration, 1! 2! 3! 41 5 are presented in Figs[lb and
[ Fig. @ depicts the results for the branches, ! 2 and 4! 5, with | =1

e. The transformation of the self-assembled, two-bilayer mophology into a non-
interacting system structured by external, ordering elds is shown by solid lines, while
the transformation of the self-assembled stalk structure © the ideal gas in external,
ordering elds is marked by open circles, respectively. Theintegrand varies more
rapidly upon approaching the ends of the branch. For ¢ ! 0, the behaviour can be
traced back to thermal membrane uctuations (e.g., undulations), which occur in the
self-assembled systems, states 1 and 5, but which we rapidiuppress by turning on
the static, external, ordering eld. The pronounced depencence of the integrand in the
limit, g ! 1, can be rationalised by the strong reduction of compressibity and the
concomitant growth of uctuations as the intermolecular in teractions are completely
turned o. Thus, the system is very susceptible to the external, ordering eld in the
absence oH,.

In Fig. [l we present the results for the branches, 2 3 and 3! 4, where the
non-interacting, structured systems with | = 0 are transformed into a disordered one.
The smooth dependence of the integrands on the reaction codinate, g, corroborates
the absence of a rst-order transition along the integration path. The dependence of
the free energy di erence of the stalk and two-bilayer strudure on ¢ is shown in the
insets of Fig.[@ for branches 1! 2 and 4! 5 and Fig.[d for branches, 2! 3 and
3! 4, respectively.

At g = 1 these data yield, Fi» + Fy5 = 70:10%gT and Fy3 + Fgg =

56:045, respectively. Thus, the Helmholtz free energy di erece between stalk and
two-bilayers morphology is F = 14:06kg T. Alternatively, we can estimate the free
energy di erence between states 4 and 2 by altering the extaral, ordering eld from
one that creates a two-bilayers structure to one that generées a stalk morphology. The
corresponding integrand, Eq. [I#), is presented in Figd8, ad the free energy, Fa4( )
along the branch, 2! 4, is plotted in the inset. The accumulated free energy, Fy4 =

Fos( =1)= 537 compares well with the previous result, F,3+ Fz4 = 56:045.
Thus, our nal resultis F =14(4)kgT.

An analytical estimate for the integrands around the disordered, ideal gas state, 3,
can be obtained by utilising the Random-Phase-Approximaton (RPA) [63]. Utilising
Egs. @), @), and @) we can calculate the average densityh (r)i, the external elds
generate in the system without the non-bonded interactions | =0

R h nl

o L Dln9dr e £
VT, =05 e T R o mt

o S Dfr(s)dlexp

Expanding the right hand side of Eq. (Z0) in powers of g up to linear order, we obtain
for the Fourier componentsh a (k)i

(20)

i n VNa . N2Wa(0) = NaNgWg(0)
ha(K)inyr =0 . = v NA + AN/; + NA EZB )
n eWa(K)Saa (k) N eWg(K)Sas (k)

(21)

VN VN

and a similar expression holds for the density of Rydrophilc beads,B. The Fourier
transform and its inverse were de ned byW (k)= drW (r)exp[ ikrJandW (k)=
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P
Vi « W (k) explikr], respectively. S; (k) with ; = A;B denote the partial struc-
ture factor of a single molecule in state 3, i.e. only subjead to the bonded interactions,
Eq. @.
* +
1 X .
S (=g (s) (Mexp[ ikfr(s) r(t)q] (22)
sit=1

They have been numerically obtained averaging over a largersemble of single chain
con gurations at state 3. Using the Fourier transform of the densities and external,

ordering elds, we can rewrite the integrand, Eq. @), along the branches, 2! 3 and
3! 4, in the form

H

m i X X
ke T

h (Kipvr =0 W ( K) (23)
=A ;B k

After Fourier transforming numerically the external elds , the integrands for the
stalk and the two-bilayers morphology are obtained accordig to Egs. Z1), (Z3) as a
function of g. The result is shown in Fig.[d for the stalk and the two-bilayers mor-
phology with solid and dashed lines, respectively. The Randm-Phase-Approximation
describes well the behaviour for small values of ordering ks, g < 0:05, but it
becomes inaccurate for larger values of g. In the inset, the behaviour of the free
energy di erence obtained from the Random-Phase-Approxination is compared with
the simulation results and good agreement is found for small g.

4.2 Dependence of the excess free energy on chemical potenti  al

If a stalk connects two membranes of large size, the planar,nperturbed portions of the
membranes farther away from the stalk act as reservoir of ampiphilic molecules. In
this situation the free energy excess, , at constant chemi cal potential, , describes
the stability of the stalk. is related to the Helmholtz free energy via:

(;V;T)= F(mi;V;T) i (24)

where i denotes the average number of amphiphilic molecules at cheigal potential,

To obtain , rst, we calculate the chemical potential, =In ¢ + © of both
morphologies, the stalk structure, state 5, and the two-bibyers morphology, state 1, in
the canonical ensemble withnp, = 4240. Employing Eq. (6), we obtain $&k =
0:0103%s T and 21@° [ =0:0402%T. sk < Dl phecayse the bilayers far
away from the stalk are thinner than those in the two-bilayers morphology.

Second, we calculatemi™ as a function of for the two morphologies, stalk and
two-bilayers, indicated by the superscript, m. The simulation data are presented in
Fig. & and have been obtained by grandcanonical simulationat di erent values of
The histograms ofn at the di erent values of have been combined by the weighted
histogram analysis method [64/6b] and the results are deptied as lines in Fig.[@. We
observe that the excess number of amphiphiles in the stalk, mi = mis@k h njbilayers
is on the a few tens and it decreases as we decrease the cherhpratential, , orincrease
the tension of the membrane, . We also note that the area dengty of amphiphiles
in the single bilayer is slightly larger than in the two, apposed bilayers. We speculate
that this e ect mirrors the repulsive interactions between the apposed bilayers.
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Using the -dependence ofni™, we obtain

"GV;T)= FM"(nor s V;T) nor 1oy d mim (25)
and the excess free energy, , is obtained by subtracting th e values of the two-bilayers
morphology from the value of the stalk.

Z bilayers
( sviT) = F(nm;ViT) Td mitek ngg,
stalk
| TDI{Z }
S50 T
d mistalk h nibilayers (26)

bilayers
TDI

At %ﬁ”ers‘ o = 0:0402%5; T, we obtain the value, =13 :5kgT, i.e., the stalk
is metastable. This positive value quanti es the observaton that the stalk disappears
in very long simulation runs. From the dependence ofmi on the chemical potential
in the stalk and the two-bilayer structures we compute the -dependence of . The
data are presented in Fig.[ID.

The excess grandcanonical energy, , as a function of the chemical potential,
also provides information about the dependence of the stality of the stalk on the
tension, , of the membrane [66] because the tension of a bilger is related to  via

the Gibbs adsorption isotherm

0) VA 0 mi singlebilayer

_ )« _

- LyL, d LyLz @7)
where denotes the grandcanonical potential of a single biayer andmi the -dependent
number of amphiphilic molecules in a bilayer patch of sizel.yL,. In Eq. (ED), the ten-
sionless state, = 0, at chemical potential, ,, has been used as a reference state.
Using this information about the dependence of on , we plot the simulation results
for as a function of in Fig. 10.\/le observe that increase s with membrane
tension.

4.3 Dependence of the excess free energy on molecular archi-
tecture

Much of the dependence of the fusion rate on the molecular ahitecture of the lipids
has been rationalised via the excess free energy of the stalEExperiments observe that
stronger molecular asymmetries, which give rise to a more mmounced wedge-shape of
the molecules, increase the fusion rate. Moreover, stalksrdiourglass-shaped passages
between membranes may become thermodynamically stable. Uier these conditions,
many stalks are formed and condense into dense arrays. In ditick copolymer systems
this structure is commonly denoted as hexagonally perforaed phase. It has been
experimentally observed in synthetic polymer melts [T1[7TP and aqueous solutions of
biological lipids [L3] and its range of stability has been eplored by self-consistent eld
calculations [23,[67].
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Rather than performing the thermodynamic integration for each amphiphilic ar-
chitecture, we accurately compute the change of the excessee energy of a stalk by
using semi-grandcanonical simulations[T68] of a mixture oamphiphiles. To illustrate
the technique, we consider two lipid species that are reprented by the same number
of e ective interaction centres, N = 32. Like in the previous section, lipid species,L 1,
is comprised ofNa = 28 hydrophobic beads, while the lipids of speciesl. 2, are more
symmetric containing Na = 27 hydrophobic beads.

The partition function, Zsg, of the amphiphile mixture in the semi-grandcanonical
ensemble takes the form,

! #
Zg(n; VT )= = Zwa Hi 5
sg(M; V3T )= RTCI [fri(s)glexp T

nL1=0

(28)

where n_; denotes the number of amphiphiles of specied, 1, while the number of
lipids of the second species is givenbg o= n n_ ;. = L1 L2 is the exchange,
chemical potential between the lipid species and it contrad the number di erence,
n=n, nNni=n 2n;. For 1 the system is solely comprised of lipids,
L1, i.e,, n = n. In the limit, I +1 it only contains amphiphiles, L2, i.e.,
n = n. In the Monte-Carlo simulations, we use canonical moves, wich update the
conformations of the molecules, and semi-grandcanonical bhte-Carlo moves that \mu-
tate" one species into the other andvice versa The structural symmetry between the
two lipid species considered in this example greatly facitates the application of these
semi-grandcanonical identity switches, which, in the pregnt mixture, only consist in
changing the type of a single bead at the junction between hytbphobic and hydrophilic
blocks, keeping the molecular coordinates unaltered.

The semi-grandcanonical free energyG(n; ) (the arguments, V and T being

omitted), is related to the Helmholtz free energy, F, via the standard thermodynamic
hni

relation G(n; )= F(nL1;nL2) —— and its change with respect to variations of
the exchange potential, , is

@G_ 1, .

@ Ehm (29)

In Fig. [T we present the dependence dfini, on the exchange chemical potential,

, for the two, apposed bilayers and the stalk. hni is a smooth function of
indicating that the two, similar components are completely miscible. The inset depicts
the dierence, hni = hnis@k p pjbilaers

Using Eq. (Z9), we can compute the Helmholtz free energy dieence, F 12 =
FL2 FL1 between a system that is entirely comprised of lipidsL 1, and one that con-

tains only amphiphiles, L 2. Itis obtained in the limit, F 3 2 =1lim 3 F( +; )
with
F( . ) = G L)+ +hnig G(n: ) hni
7 2 2
70 g fni honi “q hnie honi
- 2 o 2
(30)
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wherehni. andhni are the values of the number di erence of amphiphiles g -
and , respectively. Using the asymptotic berrllaviour,hn i+n=[hni +n]lexp ———
i B

for 1 andn h ni=[n h ni.]exp T for ! +1 , we obtain for
the free energy di erence of each morphology

z 4 :
. _ 0 g nrhni 7o nohoni
LiL2 - 72 0 72
N . :
kBTn hni +kBTn hni, (31)
2 2
if are chosen such that the asymptotic behaviour is reached. Satracting the

results of the two-bilayers morphology from those of the sté&, we calculate the change
of the excess free energy, F 1.2, in the canonical ensemble

Z
* hni hni + hni
FLi2= d > ke T 5 u

(32)

The negative values of hni in the inset of Fig. I show that the speciesL 2, with
the smaller hydrophobic tail destabilises the stalk structure. From Eq. (8d), we obtain
the estimate F 1.2, = 18:1(6)kg T and F = 32(5)kg T for a stalk comprised of
L 2-lipids.

Like in the previous section, we measure the excess chemicpbtential of a ten-
sionless bilayer, by simulating a membrane with a free edgemeasuring its thickness,
A, = 0:035R2, and calculating the excess chemical potential, ® = 36:05%g T, of
a bilayer of this thickness in a simulation box of size Re 10Re 10R,, comprised
of n = 5680 amphiphiles. The area per amphiphile,A,, is larger than the pervious
value, A, = 0:034R?Z, for the tensionless bilayer comprised oL 1-lipids because the
hydrophilic segments are e ectively larger than hydrophobic segments. Thus, gradu-
ally \mutating" a tensionless bilayer of L 1-lipids into a membrane of L 2-amphiphiles,
we obtain a membrane under negative tension, < 0 (i.e. compression).

5 Conclusions

Using a thermodynamic integration method [6,[7], we have calulate the excess free en-
ergy of a stalk that connects two, apposing bilayer membrans. The technique relies on
reversibly transforming one self-assembled structure i@ another by substituting the
non-bonded interactions by external, ordering elds. In order to ensure reversibility,
these external, ordering elds have to be chosen as to genamathe structure of the self-
assembled system in a system, where the non-bonded interachs have been turned
0, i.e., an ideal gas. Previous applications to dense polymar systems, which stud-
ied the uctuation-induced, rst-order transition betwee n a disordered and a lamellar
phase of a symmetric diblock copolymer[6] and the free eneygof grain boundaries
in block copolymer materials [7], exploited that the mean- eld theory provides an es-
timate for the external elds. For the present model system, however, the mean- eld
approximation is not su ciently accurate and we have devised a numerical strategy for
determining the external elds.
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The thermodynamic integration along the reversible path has been performed using
expanded-ensemble simulations, which allow for an accurat computation of the free
energy di erences and prove the reversibility of the choserpath. If the reversibility were
taken for granted, it would be advantageous to combine this echnique with replica-
exchange Monte-Carlo simulations[[69[_/0,41].

The calculations have been performed using a solvent-freeparse-grained model[33]
which can be e ciently studied by computer simulations because of the lack of solvent
particles and the computationally fast evaluation of the sdt, non-bonded interactions
via a collocation grid. Other than speeding up the simulatins, none of these bene cial
features is essential for applying the thermodynamic integation method. It can be
implemented in coarse-grained models with Lennard-Jonesteractions, DPD-models
with soft, non-bonded potentials and eld-theoretic models and employed in conjunc-
tion with Monte-Carlo simulations, molecular dynamics, Single-Chain-in-Mean-Field
simulations |[40,[41], and eld-theoretical simulations [72, [73]. Generalisations to other
soft-matter systems, e.g. with liquid crystalline order, may be envisioned by using
external, ordering elds that couple to the order parameter of the transition.

Since the stalk is formed by a few tens of amphiphilic molecus while the total
system is comprised of hundred times more amphiphiles and ste free energy di er-
ences between di erent morphologies in soft-matter systera typically are small, gen-
erating accurate data for the thermodynamic integration method is computationally
challenging although thermodynamic integration techniques are inherently well-suited
for parallel computations.

Once, the excess free energy, F, of a stalk has been computed in the canonical
ensemble the dependence of the excess free energy on the clwainpotential, , or
membrane tension, , can be easily obtained. Using semi-gradcanonical simulation
techniques [68], the molecular architecture of the amphipiles can be altered and one
lipid species can be gradually \mutated" into another. Provided that the corresponding
mixture of amphiphiles is completely miscible, the change bthe excess free energy of
a stalk can be computed with relative ease. These two exampéeillustrate that the
absolute value of the excess free energies of a stalk is di duto compute and, with
our computational resources, we obtained an accuracy ofkg T. Relative changes of
the excess free energy in response to changing the membrarension or the molecular
architecture can be determined rather accurately.

Within our solvent-free, coarse-grained model, we comput¢he excess free energy of
a stalk between two tensionless membranesto be = 15kg T. This value is lower than
earlier estimates based on phenomenological models but isiin very good agreement
with self-consistent eld calculations [23]. This is particularly notable because our
solvent-free, coarse-grained model and the model of the $alonsistent eld calculations
signi cantly di er in their microscopic structure, e.g., w e use an implicit solvent while
the self-consistent eld model represents the solvent by a bmopolymer. This nding
suggest that the excess free energy is not very sensitive tdné speci c interactions of
the model.

In our simulations, the stalk is comprised of about 33 amphighiles. Upon increasing
the membrane tension, we observe that the number of molecuge of which the stalk is
comprised, decreases and, in turn, the excess free energy, increases slightly. This
nding di ers from the results of self-consistent eld calc ulations [Z23], which observe
that the free energy of stalks is almost independent from themembrane tension or
decreases with . As we make the amphiphilic molecules more yanmetric, the excess
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free energy of the stalk increases in agreement with self-ogistent eld calculations

[23].
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Table 1: List of virial coe cients used in Eq. (Z)

Vaa = -5.15

VB = -0.01

Vap = -1.775
waaa = 0.095625
waag = 0.095625
Wage = 0.095625
WBBB — 0.0

Table 2: Combinations of the external, ordering eld, m, and the strength of the non-
bonded interactions, |, the strength of the external, ordering eld, g for the di erent
states indicated in Fig. 0. If the strength of the external, ordering eld vanishes,

e =0, the type, m, in brackets indicates the type of the external, ordering eld along
the path that is connected to this state.

state m I E
1 (bilayer) 110
2 bilayer 0| 1
3 (bilayer/stalk) | 0 | O
4 stalk 0|1
5 (stalk) 110
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Fig. 1

Fig. 2

Fig. 3

Fig. 4

Fig 5

Fig 6

Fig 7

The inset sketches the classical fusion pathway, encompasg the initial
stage of two, apposing bilayer membranes, the stalk, the heifusion di-
afragm, and the nal fusion pore. Arrows indicate the expected time order
of these fusion intermediates. The main panel depicts the tw reversible
paths (1! 2! 3! 4! 5andl1l! 2! 4! 5)usedtoconnectthe two,
apposed bilayers, state 1, and the nal stalk morphology, sate 5. The
other snapshots show the system of mutually non-interactig amphiphiles
(ideal gas) structured by the external, ordering eld, states 2 and 4, or
the disordered system without ordering eld, state 3. In all cases the hy-
drophobic, A, and the hydrophilic, B, beads are shown in red and green,
respectively.

The top inset shows a snapshot of an isolated bilayer with 583 am-
phiphiles, a typical number for the systems studied in this work. The
main panel presents the density pro les of theA and B monomers calcu-
lated across a membrane patch with a free edge (shown in theueer inset).
Length scales are measured in units oR.. The molecular densities of the
hydrophobic and the hydrophilic segments are shown in red ad green,
respectively.

Probability distributions of the energy change, Un,, upon deleting a ran-
domly chosen amphiphile, g(Uny) (circles), or inserting an amphiphile,
f (Unp) (triangles), at a random position in an isolated, tensionless bilayer
membrane, respectively. The inset presents the excess chaal potential,

calculated according to ®*=kg T = In g(Unp)=f (Unp) + Unp=ks T in the

energy interval where both histograms overlap. The dashedihe marks
the our estimate for the excess chemical potential.

2D contour plot of the distribution of hydrophobic A-beads in the stalk
morphology for the case of the self-assembled system (lefgnd the ideal
gas of amphiphiles structured by external, ordering elds which have been
obtained via the iteration procedure, Eq. (I8)(right). The graphs corre-
spond to density distributions radialy averaged around the central axis
of the stalk, i.e., r is the radial distance from the central axis, while x
denotes the coordinate along the membrane normal.

Evolution of the control parameter, ¢ of the ordering eld during expanded-
ensembles simulations along the branches 1 2 (green line) and 4! 5
(black line) as a function of the lateral motion of a single anphiphile in a
tensionless membrane.

Variation of the integrands, Eq. (), along the branches wth, | =1 g,
i,e. 1! 2 (bilayer structure, line) and 4 ! 5 (stalk, symbols). The
inset shows the sum of the free energy changes for the bilayand stalk
structures, obtained after integrating the data of the main gure (with
proper sign to account for the direction of the branch), as a finction of
the control parameter, .

Variation of the integrands, Eq. (1), along the branches wih | = 0,
i.e. 2! 3 (bilayer structure, line) and 3 ! 4 (stalk, symbols). The
inset shows the sum of the free energy changes for the bilayand stalk
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Fig 8

Fig 9

Fig 10

Fig 11

structures, obtained after integrating the data of the main gure as a
function of the control parameter, g. The prediction of the Random-
Phase-Approximation (RPA), Eq. (£3), for the behaviour of t he integrands
near the disordered state (g = 0) are shown with thick solid and dashed
lines for the stalk and the two bilayers, respectively. The RPA behaviour
of the free energy di erence for small values of g is marked in the inset
with red line.

Variation of the integrand, Eq. (I4) along the branch, 2! 4, changing
the external, ordering eld from one that creates two, apposng bilayers,
=0, to one that orders the gas of amphiphiles into a stalk morghology,
=1. The inset shows the free energy change as a function of obtained
after integrating the curve in the main gure.

Number of amphiphiles per area in a single bilayer (diamondg two-
apposed bilayers (squares), and the stalk-morphology (cales) as a func-
tion of the chemical potential referred to the chemical potetial, o, of
the tensionless state. The inset depicts the excess numbef molecules of
the stalk, Mmi = mis@k h pjbilayers a5 3 function of o

Excess grandcanonical potential, (circles), of the stal k as a function of
the membrane tension, . On the right hand side, we show the dgpendence
of the chemical potential, (dashed line), on the membrane tension, .

The main plate shows the dependence of the dierencehni e,
niii, (where niz and n.; are the numbers of lipids with No = 27 and
Na = 28, respectively) on the exchange chemical potential , for the
two, apposed bilayers (straight line) and the stalk (symbok). The inset
shows the dierence hni = hnisek p pijbilaers a5 3 function of
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